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Constructing the effective Lagrangian for dyonic field in
Abelian projection of QCD, an Abelian Higgs model,
incorporating dual superconductivity and confinement, has
been constructed. It has been demonstrated that the non-
Abelian dyons give rise to Abelian dyons in this Abelian
projection (Abelianization). In this model the partition
function in the Euclidean space-time has also been
obtained. It has been shown that the dyonically condensed
vacuum is characterized by two massive modes where the
scalar mode determines how fast the perturbation vacuum
around a colored source reaches condensation and the
vector mode determines the penetration length of the
colored flux. It has also been shown that the
superconductivity provides a model for actual confinement
mechanism caused by dyonic condensation.

“NTRODUCTION

Eajput et all*23 conceived theexcellent analogy of supercondugtiait highT¢ with

QCD and demonstrated that the essential featuresipdrconductivity provided the vivid
model&-*! for actual confinement mechanismQED. Izawa and lwazaki made an atteRtpt
to analyze a mechanism of quark confinement anchodetrated that most important role of
monopoles and dyons in physics is their particgpatin the mechanism of confinement
through their condensati®h', leading to efficient microscopic theories of
superconductivity>'8], dual-superconductivii->?and color superconductivif§tl. However,
the crucial ingredient for condensation in a chremegnetic superconductor would be the
non-Abelian force in contrast to the Abelian onas ordinary superconductivity.
Topologically, a non-Abelian gauge theory is eqléafito a set of Abelian gauge theories
supplemented by monopoks The method of Abelian projection is one of thepylar
approaches to confinement problem, together with superconductivif§® 4 picture, in non-
Abelian gauge theories. The condensation non-Abeléonopole as a mechanism of
confinement (together with dual superconductiviigplies that long-range physics is
dominated by Abelian degrees of freedém® (Abelian dominance). The conjecture that the
dual Meissner effect is the color confinement medra is realized if we perform Abelian
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projection in the maximal gauge where the Abeliamponent of gluon field and Abelian
monopoles are found to be domird&me. The vacuum of gluon-dynamics behaves as a dual
superconductor and the key role in dual supercanducodel of QCD is played by Abelian
monopole. For the self-dual fields, the Abelian mpoles become Abelian dyoR¥. There
exists the modéi®-33lof QCD vacuum in which the non-Abelian dyons are resgmador the
confinement. The non-Abelian dyons give rise to lisimedyons in the Abelian projection and
hence an important problem, before studying theiwacproperties of non-Abelian theories,
is to Abelianize them.

In the present paper the effective Lagrangiandfgonic field has been constructed in
Abelian projection oQCD in SU(2) andSU(3) gauge theories and the Abelian Higgs model,
incorporating dual superconductivity and confinetndras been developed. It has been
demonstrated that the non-Abelian dyons give ns&lielian dyons in this Abelian projection
(Abelianization). In this model the partition fuiart in the Euclidean space-time has also
been obtained. It has been shown that the dyopicalhdensed vacuum is characterized by
two massive modes where the scalar mode deternhioesfast the perturbation vacuum
around a colored source reaches condensation engthor mode determines the penetration
length of the colored flux. The condition of borddretween type-I and type-Il
superconductors has been derived and it has beewmshhe superconductivity provides a
model for actual confinement mechanism where thercoonfinement is due to the
generalized Meissner effect caused by dyonic cosetém.

7CONDENSATION OF DYONS IN SU(2) GAUGE THEORY

The non-abeliannature of gauge groUgJ@) or SU(2)] is quite crucial to dyon
condensation as mechanism of confinement.A gemenalAbelian theory of dyons consists
of usual four-space (external) amddimensional internal group space, where the field
associated with dyons hasfold internal multiplicity and the multiplets ofagge field
transform as the basis of adjoint representationnafimensional non-Abelian gauge
symmetry group. The field equations and equatiomofion for abelian dyons preserve the
invariance under the local non-Abelian gauge tramsétions:

YooY =Sy ..(2.1)
whereSis the local element of non-Abelian gauge groupteHthe local gauge theory makes
the presence of interacting field necessary.

Choosing the internal gauge group as SU(2), themgdired dyonic field tensor may be
constructed as

G =Gy Ta .. (2.2)
with the generalized four-potential defined as
V.= Vo, .. (2.3)

where repeated indices are summed over 1, 2 amde3n@al degrees of freedom) , vector sign
is denoted in the internal group space and theicesatl, are three infinitesimal generators
of groupSU(2), satisfying the commutation relation
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[Ta Tol =i€ancTe
with €4, as structure constant of internal group.
We may conneaffw and Z through the following relation
- ab
Gl =0V — 0,V +[q eV Ve .. (2.4)
where the dyonic generalized charge q is giveroldswiing complex quantity with electric
and magnetic constituents as its real and imagipangs
q=e—ig ... (2.5)
and the generalized four-potentigl constitutes electric and magnetic constitueAtsand

B, respectively as follows :
V,=A, —iB, ... (2.5a)
A suitable Lagrangian density of a spontaneouskykdén non-Abelian gauge theory
U(2), yielding the classical dyonic solutions, maydonstructed as

L =~ ZGRGE" +2(D,9)° (0H6)q ~V($) = Liyon (A1, B, )
where Dy =0,9-1Re@V, ¥ = 0, —ieA, —igB, ... (2.6)

with Re denoting the real part and
1 1
V(9) =5 (07a)" - VA (97%a)

with v=(0)=(0[¢|0) .. (2.7)

which determines the vacuum expectation value dafgslifield. In simplest manner this
equation may be written as

V@) =-n(¢[*-v¥? .. (2.8)
with n as a constant.

The gauge dependent part of Lagrangian first term of rhs in eqn. (2.6) is invariant
under the following transformations of the fieldg and B, ;

_ AH' AIH ! 29
VH—<B#)—> b=V . (2.9)
with A’y =A,cos8 +B,siné
and B', = —A,siné + B, cos§
where o= tan_l(%J ... (2.10)

Using the Lagrangian density given by eqn. (2.8 #hectric and magnetic fields of
dyons may be calculated by imposing the Julia-@esat#:



An International Peer Reviewed Journal of Physical Science

52 Acta Ciencia Indica, Vol. XLVIII-P, No. 1 to 4 (2022)
i K(r)-1
Via =8aij(r)J ( )2
ldr
o J(r
Voa :(f)a(—;
lalr
o H(r
da :(r)a—(z) .. (2.12)
ldlr

where the functionk(r), J(r) andH(r) satisfy the following equations
r?H"(r) = 2HK 2
r23"(r) = 2JK 2 .. (2.12)
r2K"(r)=K(K?2-1)+KH?*-3?)

A solution of these equations may be written alefad :

3(r) = a0 H(r) = BONEK (D) =
where Bz —a?=1
and @(r) =C(r)cothCr -1 ... (2.13)
In the Prasad-Sommer field lirif
V(9)=0;
but v={($) %0 .. (2.14)

In this limit the dyons have lowest possible enefgy given electric and magnetic
chargese andg respectively. Thus we get the following expresdmmdyonic mass

1
M =v(e? +g?)2 =v|q| ... (2.15)

where the electric and magnetic fields associatiéiidyons obey the first order equations
E? =G%; =9'V3% +|o[e®VipVqe = (D1$)?sina,
B? = eijijka = (D;$)? cosa

and Do(9)2 =0

where a= tan_lE ... (2.16)
g

In these equationsand 0 indicate space and time directions and aniSU(2) vector
index. These electric and magnetic fields assatiatith dyons are non-Abelian in nature
having external as well as internal componentsn@§auss’s law and these expressions for
fields, we have the following expressions for giecnd magnetic charges on dyon:
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e= %f d? x0;(9°GS;) ;
g =5 d®xe0:(9°Gf) .. (2.17)

In the case of pure monopdlg ando given by relation (2.16) vanishes and the eqns.
(2.16) reduce to

E, =0;
B; =D;® ... (2.18)
and eqn. (2.14) give the static energy which foidaive Bogomol’'nyi bond:
V() = |k .. (2.19)
wherek is the monopole number given by
k= [d3x 0 tr(B;0) ... (2.20)

Condition (2.14) does not allow static dyonic smntbut in this case the dyons emerge
as time dependent solution and the ansatz givenedpy. (2.11) reduces to Prasad-
Sommerfield condition (2.14) and then the solutad Bogomol'nyi equation (2.18) give
Bogomol'ny-Prasad-Sommerfield (BPS) monopole atatic spherically symmetric solution
with smooth field and finite mass. The Bogomol'egjuation (2.18) is equivalent to the self-
duality equation of pure Yang-Mills iR* space restricted to be translationally invariamt i
one direction. Let us construct a connectiorRbrihat is invariant in the® direction via

Wt = A Wy =0 .. (2.21)
If m is the field strength corresponding@ in U(2) theory, then the self- duality
equation
[E— 1 —
Eo = 3 €upaFP° .. (2.22)

is equivalent to Bogomol'nyi equation (2.18). Intuwing covariant derivative,, given

by egn. (2.6), oR* with Vu) replaced by/_VP[ for e= 0, we may write Gauss's law as

DW, =0 .. (2.23)

It follows from this relation that BPS monopoleg &pological solitons in a Yang-Mills
gauge theoryin three space dimensions. Such a m@ndms four collective coordinates
which include three position coordinates and a pteawgle. When these four coordinates are
time dependent, the monopole acquires momentunekeatric charge and hence becomes a
moving dyon. It is equivalent to Abelian projectiAbelian Higgs Model).

In the Abelian projection, the fields given by eq(%16) reduce to the following form in
the asymptotic limit;

a 3b =\ /= 2 —\a /=

OGS
B;" = T .. (2.24)
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whereb andc are positive constants having the dimensions afgdnand mass respectively
For vanishingc (i.e, vanishing mass) these fields corresponds to pidatmass-less
dyons with electric charg%;l| and magnetic charg%. Then the generalized charge of the
dyon may be written as
q=|qi|(3b—i) ... (2.25)
Thus non-Abelian dyons give rise to the Abelian dyan the Abelian projection. The

infra-red properties oQCD in the Abelian projection can be described in Abelian Higgs
Model (AHM) Pl in which dyons are condensed. In this model thevamt degrees of freedom

are two massive gluong/,*, a U(1) gluon (associated with generalized figlg and a dyon

which we take to be scalar represented by compdék §. Then the Lagrangian (2.6) reduces
to

Ldyon(AJ,Bu,qJ):—%GWG“V +%| @y —ieA, -igB,) ¢ |2 (6 -v3)? .. (2.26)

In terms of this Lagrangian, the partition functionthe Euclidean space-time may be
written as

Zdyon = j DApDBp D¢ EXp{—Id4XLdyon (Ap ) Bu 0)} .. (2.27)

Applying the transformation (2.9) and integratingepo the field ﬁ'l this partition

function reduces to the following form in Abelianggs Model AHM,;

Zayon = | DBLDOeXP(-[ d*XL e (B, 0))

With L (B,6) = —% Hipy H +%|(au —ig)of” +n(of -v?)2 .. (2.28)
where the Higgs fielg has the magnetic charge

g=|al
and Hw =0,B, —0yB, ... (2.29)

This model (AHM) incorporates dual superconducyiveind hence confinement as the
consequence of dyonic condensation since the Higgs mechanism arises here. With the
first of conditions (2.29), the fiel@’,of equation (2.28) is the dual gauge field anchrries
the magnetic charge.

In equation (2.28)B’, is the dual gauge field whegecarries magnetic charge given by
first of equations (2.29). Thus the Lagranglaswm, given by equation (2.28), provides the
effective model ofQCD vacuum. If we se¢ = 0 in this model then monopoles are condensed
with the magnetic charge of the Higg's field giveenfollows from first of equations (2.29).

g=g
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and Hy =Hw =0,B, -0,B, ... (2.30)

In this case equations (2.28) and (2.30) give aml\effective theory valid for energies
less than some scale typical of the monopole sigajvalently the mass M of the massive

gluon Wpi . Then the Lagrangian (2.28) carries with it a ptglscut off= M. Then this theory

incorporates the following inferences:

0] Ak—14- propagator for gluon is dual equivalent to thateent that the gluon is

propagating in a chromagnetic superconductor.
(ii) The transition from <0¢|0>=0 to<0¢p| 0>% 0

is first order and leads, in an analogy with theds- Ginsburg — Landau theory of
superconductivity, to the vacuum becoming a chrenamnetic superconductor.

The vacuum of gluodymanics behaves as dual supguctor and the key role in dual
superconductor model of Abelian Higgs mechanisnes@nted here with, is played by
Abelian monopoles. For the self dual fields, theekdn monopoles become Abelian dyons.

The infrared properties @CD in the Abelian projection can be described byAbelian
Higgs model [AHM] in which dyons are condensed. Toajecture, that the dual Meissner
effect is the color confinement mechanism, is pedliif we perform Abelian projection in the
maximal gauge where the Abelian component of themlfield and Abelian monopoles are
found to be dominant. Then the Abelian electriddfiess squeezed by solenoidal monopole
current. Monopole condensation is confirmed byehergy-entropy balance of the monopole
trajectories and by evaluation of the monopole ratge. All these facts support the conjecture
that color confinement is due to the dual Meissitact caused by the dyonic condensation.

DYONIC CONDENSATION IN SU(3) GAUGE THEORY

un the presence of dyons, the presence of secomht@tthrough the eqn. (2.5a) is

actually compensated by an enlargement of the gobgjauge transformations fro8u(2) to
U(3). It is well known thaBU(3) gauge symmetry, spontaneously broken by art élitgy’s
filed, exhibitsSU(2)X U(1) symmetry with the non-zero expectation valuélimfg's field. As
per general topological argument [36], the veryspreee otJ(1) factor in the unbroken gauge
group guarantees the existence of smooth, finiterggn stable solution with quantized
magnetic charge and chirality quantized dyons. Uref8U(2) gauge theory without Higg's
field, the monopole field is unstable while theeetf of adding Higg's field irBU(2) is to
establish &J(1) gauge symmetry at large distance, reprodudirgtbpology which stabilizes
monopoles and dyons in ordinary electrodynamicpéynitting them to have a finite size
finite mass as given by eqn (2.15). In the intetmad-dimensional complex space introduced
at each point of Minkowski space-time, the charfield described byp through eqn.(2.1) in
U(2) is replaced by



An International Peer Reviewed Journal of Physical Science
56 Acta Ciencia Indica, Vol. XLVIII-P, No. 1 to 4 (2022)

P’ = exp{iA®(x)} ¢ .. (3.1)
in SU(2) x U(1) , whereA®(x) is a phase factor. Then the basic spinors ofnatespace are
acted upon by the following eleme&t(x)of SU(3):

S(x) = S(x) exp {—iA°(x)} ... (3.2)
whereS(x)is a local group element &8J(2). Under this gauge transformation the generdlize
four-potentiall_/;, given by eqgn. (2.3), and the generalized fietdste associated with Abelian
dyons as given by eqn (2.2) , transform as follows

V'e = syas — s~19as .. (3.3)
and G's, =SG5S .. (3.4)
whereGj, andV® satisfying eqns. (2.2) and (2.3) respectively, @epled by eqn. (2.4) in
U(3) theory also where the operatdis are eight generators &U(3) group and indices

a,b,c=12,....8

In SU(3) theory, relation (2.8) may be generalized itthe following form :

v = 0V, = 3, % + 141V, ] . (35)
where —is denoted in the internal space of gauge gr8uf8). This relation may also be

written as

G = G'Sy + €™V, Ve, ... (3.6)
with e%¥¢ as structure constant of internal gauge gr8ui(8) and
Gy = 0,V — 9,Vf .. (3.7)
Applying the operatorD" given by equation (2.6) on eqn.(3.6), we get
DVGE, = 0VG'%, + |qle™Vy G oy = ] ... (3.8)

wherej;; are the components of generalized non-AbeIiarréuturentfﬂ in eight dimensional
internal space of Gauge gro8p(3). This equation may also be written as

Ji = J'5+1qle™ V6 .. (3.9
where Ja=In—ik, = G, . (3.10)

with 7, and 75# as electric and magnetic four currents, is theegaized four current
associated with dyon in the Abelian Higgs Modetgafbelianization).
Equation (3.8) is manifestly conserved equatioesi

D*J, =0 .. (3.11)

but o], # 0 .. (3.12)
On the other hand equation (3.10) gives

oy, =0 .. (3.13)

which is usual Noetherian conservation lawof theeferian current;’,. These equation

show that while Noetherian curreﬁL of Abelian model is conserved in strict sense, the
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generalized non-Abelian currerfp in SU(3) theory is not so but satisfy generalized
conservation law (manifestly conserved equatiomenvordinary derivative is replaced by the
covariant derivative as shown by equation (3.11).

In the Abelian Higg With the development of non-ABe gauge theories, Dirac
monopole has mutated in another way as we haveake into account not only
electromagnetidJ(1) gauge group but also the color gauge gr8ufB)c describing strong
interaction. At energy around 100 GeV electromagnetmerges in the electroweak
interaction with the gauge growgJ(2) XU(1). These gauge theories still have monopoles of
Dirac type, but the ordinary magnetic fields of tihgonopoles, in general, will be
accompanied by color magnetic or magneto-weak gielapologically, the most important
difference between a non-Abelian gauge theory aset af Abelian QED type) gauge fields
is the compactness of the non-Abelian gauge grolps inQCD, becaus&U(3) is compact,
the color electric charges defined with respectatty maximal Abelian subgroup are
quantized. It implies that we can write down gafigld configurations that asymptotically
look like magnetic monopole of any chosen Abelidrection. The confinement of color
electric charge corresponds to the screening ofrcolagnetic charge. In particular, for
distances beyond 1 Fm the energy of the color ntagfield drops exponentially. This means
that beyond 1 Fm one can neglect the differencedsst realistic monopoles and Dirac ones.
Thus there are monopole field configurations in aop-Abelian gauge theory. To prove the
phase structure of the theory, we can add a sdalar (i.e. Higg's field) in the adjoint
representation so long as this does not changeattuee of flow of the coupling constant with
energy. For asymptotically free theories, the loergy behavior is dominated by the Abelian
monopoles of zero mass which are almost point-llikes interaction of point- like monopoles
with gluons and charged particles can be studied asial analog of point-like charged
particle interactions. It leads to condensatiormaiopolé®l, Topologically, a non-Abelian
gauge theory is equivalent to a set of Abelian gatlggories supplemented by monopoles
which undergo condensation. This condensation lead®nfinement. The scalar fieldse(
Higg's fields) have all decoupled by now and hetide field ¢ plays a role of a regulator

only. This theory also has massless gluons derimyed;, charged massive gluows, and

monopoles which are coupled minimally to mas&gsnd electrically charged particiig,.
These Abelian monopoles play the key role in thal duperconductor model of tf@CD
vacuum. In this process of Abelianizatione( the Abelian projection) the quark are
electrically charged particles and if the monopaes condensed the dual Abrikosov string
carrying the electric flux is formed between quaak&l antiquark. Due to a non- zero string
tension the quarks are confined by the linear giztleri-or the self dual fields the Abelian
monopoles become Abelian dy&ffs These dyons are coupled minimally to the masslgss
given by equation (2.3) and electrically chargedtipi@s W,.. In QCD for low energy the
dyons interactions are saturated by duality. Thesibfrared properties of th@CD in the
Abelian projection can be described by the Abelitiggs Model AHM) where dyons are
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condensed leading to confinement. As such, theAtmiian confinement of dyonic charge is
related to linear Abelian theory in a dyonic supeductor.
The non-Abelian dyonic field Lagrangian &J(3) gauge theory also reduces to the
similar form as given by eqn. (2.26) and the corsdéion of dyon takes place through the
process of Abelian Higgs Mechanism.

pUAL SUPERCONDUCTIVITY DUE TO DYONIC CONDENSATION

E model developed in the previous section in terrhsnagnetic gauge, defined by

equation (2.29)B’, is the dual gauge field with mass of dual gaugsoh (vector mode)
given by

Mp = |qlv, .. (4.2)
which is the the same as the mass of dyon giveedoy (2.15), and is the dyonic field
(scalar mode) with mass given by

My = @Bnv .. (4.2)

wheren) is a constant introduced in egn. (2.8). In terthese two mass scales we may get

the coherence length and the penetration lengteifiollowing manner:
1 1

€= "y = e (Coherence length) .. (4.3)
-1 _ i
A= iy = Tal (Penetration Length) .. (4.49)

The region in the phase space, where
=4, ... (4.5)
constitutes the border between type-1 and typexpesconductors. Thus the superconductivity
provides a model for actual confinement mechanidmare the color confinement is due to
the generalized Meissner effect caused by dyomdensation , where dyonic electric charge
produces the screening effect #§-propagator and anti-screening effect Bprpropagator,
while the dyonic magnetic charge produces screeeififigct for B,-propagator and anti-
screening effect forA,-propagator. The dyonically condensed vacuum isacherized by the
presence of two massive modes where the rng,sof scalar mode given by egn. (3.3)
determines how fast the perturbation vacuum aroandcolored source reaches the

condensation and the madg of vector mode, given by eqn. (3.1) determinespietration
length of the colored flux.

DiscussIion

he gauge depended part of the Lagrangian densitgn doy eqgn. (2.6) for the fields
associated with the non-Abelian dyons in the mithigeuge theory, is invariant under the
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linear transformation (2.9). Equations (2.12) a2dl8) demonstrate that the non-Abelian
dyons give rise to Abelian dyons in the Abelianjpcton (Abelianization). It follows from
equation (2.23) that BPS monopoles are topologickions in a Yang-Mills gauge theory in
three space dimensions. Such a monopole has félactiee coordinates which include three
position coordinates and a phase angle. When foeseoordinates are time dependent, the
monopole acquires momentum and electric chargehande becomes a moving dyon. It is
equivalent to Abelian projection (Abelian Higgs Mdd The infrared properties CD in
this Abelian projection can be described by thelineHiggs model with Lagrangian density
given by egn. (2.26) in which dyons are condenbethis model the partition function in the
Euclidean space-time is given by the first pareqfs. (2.26). This model incorporates dual
superconductivity and confinement as the conseaqueficdyonic condensation. Equation
(4.3) gives the Coherence length as the inversaass of dyonicfield (scalar mode) and the
eqgn. (4.4) gives the penetration length as thergevef mass of dual gauge boson (vector
mode). The former length.€. coherence length) determines how fast the pettiorbgacuum
around a colored source reaches the condensatibthadater one (penetration length) gives
the depth of penetration of colored flux as theseguence of dyonic condensation.Equation
(4.5) constitutes the border between type-l angedy superconductors. Thus the
superconductivity provides a model for actual cosmfient mechanism where the color
confinement is due to the generalized Meissneceffaused by dyonic condensation. On the
similar lines, it has been, very recently, dematstf” that in the background of a strong
magnetic field the electroweak sector of vacuumeerpces two consecutive crossover
transitions associated with zero temperature dyosmof W-bosons and the scalar Higgs
particle respectively, where above the first croger, the presence of W and Z condensate
supports the existence of exotic superconductidtyd second transition restores the
electroweak symmetry. Color confinement (and resmlt Superconductivity), Chiral
symmetry breaking and Catalytic effect induced bgnople condensation have also been
discusse@recently.
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