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In this paper we present the completeness and
uniqueness of fixed point on b-metric space which extend
the known results of fixed point theorems.
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%TRODUCTION

ackhtin introduced the concept bfmetric space in 1989, results brmetric space
were extended by Czerwik [1, 5], Mehmet kir [6],rBeanu [4], Bota [3] and Pacurer [7].

SOME PRELIMINARY RESULT

Definition 2.1. Let X be a non-empty set argt>1 be the given real number. A mapping
d: X+ X - Rtis called &-metric iff

2.1.1d(x,y) = Oifand only ifx =y

2.1.2d (x,y) =d(y, X)

2.1.3d (x, 2 < 9d (x, y) +d(y, 2)] for all X, y, ze X and s=1wheresis a real number.

The pair K, d) is called &-metric space.

Definition 2.2. A sequenceg x} is called a Cauchy sequencebimetric spaceX, d) if
all £>04d (X%,, X,,) <& for eachm, n= n(g) e N.

Definition 2.3. A sequencd X} in b-metric spaceX, d) is called a convergent sequence
if d(x,, ¥<¢ forall e>0 andn=n(e) wheren(e) e N (Set of natural numbers).

Definition 2.4. b-metric space is said to be complé&tenetric space if every Cauchy
seguence is convergent.

/AN RESULT

heorem 2.1. Let (X, d) be a completd-metric space. LeT be a mapping : X — X
such that
d(Tx, Ty<adx, yY+dx Ty +bmax{d(x, TX, d (x, Ty, dy(x, TR} ... (1)
wherea, b> 0 such thah (1 + &) + b < 1 for everyx, ye X ands> 1. ThenT has a unique
fixed point.
Proof : Letxge X andx, be a sequence Kdefined by recursion
Xn=TX1—1=T X0 n=1,2,3,4 .. (2)
By (1) and (2) we obtain that
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d(Xn, Xn +1) <@ (d (Xn-1, Xn) +sa(d (Xn-1, Xn) +d (X Xoe1)) + b Max {d (Xo-1, Xn), d (Xn, Xn+1)}
d (Xn, Xn+1) < @ (d (Xn-1, Xn) +sa{d (Xn-1, Xn) +d (Xn, Xn+1)} + BM
whereM; = maxd (Xn-1, Xn), d (Xn, Xn + 1)
Case 1. If suppose thavl1 =d (Xn + 1, Xn) then we havéMy =d (X, + 1, Xn) then we have
d (Xn, Xn+1) < ad (Xn-1, Xn) +as d(Xn-1, Xn) +asd(Xn, %1+ 1) + b d (Xn+1, Xn)
d(Xn, Xn+1) (1 —as —h < (a+as) d (Xn-1, Xn)

(a+as
d()(n, )§*|+1)S (1—as— b) d()ﬁ—l' )h)

+
A0 Xpa) < kd(pa, ) wherek = 2-22 <1

0%, K1) < K dopz, Trd)
Continuing this process we gd{(%,, %+1) < K d( % X)
Case 2. If supposeM; =d (X,-1, %)
dOg, ¥p)sadOpg )+ ag d ¥ H+ @ x x)l+ bldgg X
(1-as) d(x, k)< (ar as b d xq, ¥
_(arab

d(Xy, X1) < kd(Opg, %) wherek (1-as)

d(%, %) < K d(Opeg, %)
Continuing this process we géfx,, X,11) < K' d( %, %)
ThusT is a contractive mapping. Now we show thg{} is a Cauchy sequenceXn
Letm, neX, (m>n)

d (%1, Xn)< $d(Op )+ d( %1 Xl
d Oq, Xn) < sdOf, Ra)t sd %1, %)
d (% %) S $d % %)+ S d( %1 %2+ 5 € g2 Al
d (O, %)< SKLd( %, R+ 8 R @ o )+ B2 @ ox ket
d (%, X< s d( 5 YA+ sk 5%+..]
Thenlim d(x,, %,) =0 asm, n- o, sincek< 1

sk
T 1-sk 09 =0

Hence n} is a Cauchy sequence ¥ {xn} converges to< e X.
Now we show thaxx is a fixed point ofT.

d (xx, Txx) <s[d (X*, Xp+1) +d (Xn+1, TX*)]

d (xx, Txx) < s[d (X%, Xae1) +d (TXn, TX)]
d (xx, Txx) < s[d (X, Xn+1) +d (Txn, Txx)]

< gd (x*, Xn+1)] + as d(xp, X*) + asd(Xn, Txx) +bsmax {d (Xn, Xn+1),

d (Xn, Txx), d (X*, Xn+1)}
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d (xx, Txx) <s[d (%, Xn+1)] + @sd (Xn, X*) + asd (X, Txx)
+bsmax {d (Xn, Xn+1), d (Xn, Txx), d (X*, Xn+1)}
d (xx, Txx) <s[d (x*, Xn+1)] + @s d(xn, Txx) + bsMp
whereMz = {d (Xn, Xn+1), d (X, Tx*), d(x*, Xn+1)}
Casel: If Mo =d (Xp, Xn + 1)
d (x*x, Txx) <s[d (x*, Xn + 1)] + @sd(Xn, xx) +asd (xn, Txx) + bsd (X, Xn+1)
d(x*, Txx) < s[d (xx, Xn+1)] + as[sd (X, Txx)] + as[sd (xx, Txx)] + asd (X, Txx)
+bsd(Xn, Xn+1)
d (%, Txx) <5 [d (%, Xns1)] + asPd (0, Txw) +as” d (xx, Toxew) + asd (xn, Txx)
+bLd(Xn, x*) + bd (0, Xnre1)
(1-5%a) d(xx, Txx) < (5 + 5°b) d (x*, Xne1) + (@S + @9 S [d (Xn, X*)
+d (xx, Txx)] + bsed (%, X*)
(1 —SPa-s2a® —a) d (x*, Txx) < (s + 5°b) d (%%, Xn+ 1) + @25+ as + bS) d(xn, X%)
s+<b o % Q+zf§+ ad+ b%(a ¥
1-2ad-22 g 22 T
Taking limitn — o we getd (xx, Txx) =0
Xk = Txk
Thereforexx is a fixed point ofT.
Case 2: Suppose iMa=d (xx, Txx)
d (xx, Txx) <sd(x*, Xn+1) + SA (Xp+1, Txx) =sd (X*, Xn+1) + SA(TXy, Txx)
<sd (xx, Xn+1) +S[a(d (Xn, Xx) +d (X, Txx)] + sb d(xx, Txx)
d (xx, Txx) < sd(X*, Xp+1) +as d(xp, xx) + as (d (Xp, X*) +d (xx, Txx)) +sbd(x*, Txx)
(1—as’— sb) d(x*, Txx) < sd (x*, Xn+1) + @S+ asD) d (xn, X*)
s
e
Taking limit asn — oo we getd (xx, Txx) =0
Therefore Xx = Txx
xx is a fixed point ofT.
Case 3: Suppose iM2 = d (xx, Xn+1)
d (xx, Txx) <sd(X*, Xn+1) + SA (Xp+1, Txx) =sd (X*, Xn+1) + S (TXy, Txx)
< sd(X*, Xn+1) +s[a (d (Xn, x*) +d (%o, Txx)] + sbd (xx, Xn+1)
d(xx, Txx) < (s+ sb) d (Xx, Xn+1) +asd(Xp, X*x) + ad [d (X, xx) + d(x*, Txx)]
(1 —s%a) d (xx, Txx) < (s + B d (x*, Xn+1) + (@s+as) d (Xn, X¥)
15_:? A% 3+ faf d % %
Taking limit asn — oo we getd (xx, Txx) =0
Thereforexx = Txx
xx is a fixed point ofT.

d(x, TX) <

ast+ a§

d (¢ TX) < e
1- 2ag- sb

4 x *%

d (%, TX) <
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%NIQUENESS OF FIXED POINT

We have to show thatx is a unique fixed point of. Assume thak' is another fixed

point of T. Then we havéx =x'
andd (xx, X) =d (Txx, TX) <a (d (xx, X') +d (xx, TX) + b max {d (xx, Txx), d (X, TX),

d(x, Txx)}
d(xx, X) <a(d (xx, X) +d (X, X) + b max {d (x*, xx), d(X, X), d (X, xx)}
d(x*, X) < (2a + b) d (x*, X)}.
This is a contradiction. Therefore = x'.
This completes the proof. Henge is the unique fixed point df.

Example 2.1: Let X = [0, 1] andd : X * X — [0, ) is defined byd (x,y) = = | X; yl

Xif xz0

and the mapping : X — X defined by Tx= < 2

0if x=0
It satisfies the contraction condition
d(Tx Ty)<a(d(xy) +d(x Ty) + bmaxd (x, TX), d (x, Ty), d (y, TX)

fora=2,b=3 ands= g Then 0 is the fixed point of the mappihg
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