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In this paper we present the completeness and 
uniqueness of fixed point on b-metric space which extend 
the known results of fixed point theorems. 
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IIIINTRODUCTION 

Backhtin introduced the concept of b-metric space in 1989, results on b-metric space 
were extended by Czerwik [1, 5], Mehmet kir [6], Boriceanu [4], Bota [3] and Pacurer [7]. 

SSSSOME PRELIMINARY RESULT 

Definition 2.1. Let X be a non-empty set and 1s ≥  be the given real number. A mapping 
:d X X →⊻  ℜ+ is called a b-metric iff 

2.1.1 d (x, y) =  0 if and only if x = y 
2.1.2 d (x,y) = d(y, x) 
2.1.3 d (x, z) ≤ s[d (x, y) + d(y, z)] for all x, y, z ϵ X and 1s ≥ where s is a real number. 
The pair (X, d) is called a b-metric space. 
Definition 2.2. A sequence { }nx  is called a Cauchy sequence in b-metric space (X, d) if 

all 0 ( , )n md x xε > < ε  for each , ( )m n n N≥ ε ε . 

Definition 2.3.  A sequence { }nx  in b-metric space (X, d) is called a convergent sequence 

if ( , )nd x x < ε  for all 0ε >  and ( )n n≥ ε  where ( )n Nε ε  (Set of natural numbers). 

Definition 2.4. b-metric space is said to be complete b-metric space if every Cauchy 
sequence is convergent. 

MMMMAIN RESULT 

Theorem 2.1. Let (X, d) be a complete b-metric space. Let T be a mapping T : X → X 
such that 

   d (Tx, Ty) ≤ a (d (x, y) + d (x, Ty) + b max {d (x, Tx), d (x, Ty), dy (x, Tx)}  ... (1) 
where a, b > 0 such that a (1 + 2s) + b < 1 for every x, y ϵ X and s ≥ 1. Then T has a unique 
fixed point. 

Proof : Let x0 ϵ X and xn be a sequence in X defined by recursion 

     xn = Txn − 1 = Tn
x0                  n = 1, 2, 3, 4 ... (2) 

By (1) and (2) we obtain that 
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d(xn, xn + 1) ≤ a (d (xn−1, xn) + sa (d (xn−1, xn) + d (xn xn+1)) + b max {d (xn−1, xn), d (xn, xn+1)} 

d (xn, xn+1) ≤ a (d (xn−1, xn) + sa {d (xn−1, xn) + d (xn, xn+1)} + bM1  

      where M1 = max d (xn−1, xn), d (xn, xn + 1) 

Case 1. If suppose that M1 = d (xn + 1, xn) then we have M1 = d (xn + 1, xn) then we have 

  d (xn, xn+1) ≤ ad (xn−1, xn) + as d (xn−1, xn) + asd (xn, xn + 1) + b d (xn+1, xn) 

  d(xn, xn+1) (1 – as – b) ≤ (a + as) d (xn−1, xn) 

     1 1
( )

( , ) ( , )
(1 )n n n n

a as
d x x d x x

as b+ −
+≤

− −
 

     1 1( , ) ( , )n n n nd x x kd x x+ −≤  where 1
1

a as
k

as b

+= <
− −

 

     2
1 2 1( , ) ( , )n n n nd x x k d x T+ − −≤  

Continuing this process we get 1 0 1( , ) ( , )n
n nd x x k d x x+ ≤  

Case 2. If suppose 1 1( , )n nM d x x−=  

    1 1 1 1 1( , ) ( , ) [ ( , ) ( , )] ( , )n n n n n n n n n nd x x a d x x as d x x d x x b d x x+ − − + −≤ + + +  

       1 1(1 ) ( , ) ( ) ( , )n n n nas d x x a as b d x x+ −− ≤ + +  

    1 1( , ) ( , )n n n nd x x kd x x+ −≤  where 
( )

1
(1 )

a ab
k

as

+= <
−

 

   2
1 1( , ) ( , )n n n nd x x k d x x+ −≤  

Continuing this process we get 1 0 1( , ) ( , )n
n nd x x k d x x+ ≤  

Thus T is a contractive mapping. Now we show that { }nx  is a Cauchy sequence in X. 

Let m, n ϵ ℵ, ( )m n>  

   1 1( , ) [ ( , ) (( , |)]n m n n n md x x s d x x d x x+ +≤ +  

   1 1( , ) ( , ) ( , )n m n n n md x x s d x x s d x x+ +≤ +  

   2 2
1 1 2 2( , ) [ , ) (( , ) (( , )]n m n n n n n md x x s d x x s d x x s d x x+ + + +≤ + +  

   2 1 3 2
0 1 0 1 0 1( , ) [ ( , )] (( , ) (( , )] .....n n n

n md x x sk d x x s k d x x s k d x x+ +≤ + + +  

   2 2
0 1( , ) [ ( , )[1 ....]n

n md x x sk d x x sk s k≤ + + +  

Then lim ( , ) 0n md x x =  as ,m n→ ∞ , since k < 1 

     0 1lim ( , ) 0
1

n

x

sk
d x x

sk→∞
=

−
 

Hence {xn} is a Cauchy sequence in X. {xn} converges to x ϵ X. 
Now we show that x⋆ is a fixed point of T. 

   d (x⋆, Tx⋆) ≤ s [d (x⋆, xn+1) + d (xn+1, Tx⋆)] 

   d (x⋆, Tx⋆) ≤ s [d (x⋆, xn+1) + d (Txn, Tx⋆)] 

d (x⋆, Tx⋆) ≤ s [d (x⋆, xn+1) + d (Txn, Tx⋆)] 

   ≤ s[d (x⋆, xn+1)] + as d (xn, x⋆) + asd (xn, Tx⋆) + bs max {d (xn, xn+1), 

      d (xn, Tx⋆), d (x⋆, xn+1)} 
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d (x⋆, Tx⋆) ≤ s [d (x⋆, xn+1)] + as d (xn, x⋆) + asd (xn, Tx⋆)  

      + bs max {d (xn, xn+1), d (xn, Tx⋆), d (x⋆, xn+1)} 

d (x⋆, Tx⋆) ≤ s [d (x⋆, xn+1)] + as d (xn, Tx⋆) + bsM2 

where M2 = {d (xn, xn+1), d (xn, Tx⋆), d(x⋆, xn+1)} 

Case 1 : If M2 = d (xn, xn + 1) 

d (x⋆, Tx⋆) ≤ s [d (x⋆, xn + 1)] + asd (xn, x⋆) + asd (xn, Tx⋆) + bsd (xn, xn+1) 

d(x⋆, Tx⋆) ≤ s [d (x⋆, xn+1)] + as [sd (xn, Tx⋆)] + as [sd (x⋆, Tx⋆)] + asd (xn, Tx⋆) 

      + bsd (xn, xn+1) 

d (x⋆, Tx⋆) ≤ s [d (x⋆, xn+1)] + as
2
d (xn, Tx⋆) + as

2 
d (x⋆, Tx⋆) + asd (xn, Tx⋆) 

      + bs2d(xn, x⋆) + bs2d (x⋆, xn+1) 

   (1– s2
a) d(x⋆, Tx⋆) ≤ (s + s2

b) d (x⋆, xn+1) + (a2
s + as) s [d (xn, x⋆) 

      + d (x⋆, Tx⋆)] + bs
2
d (xn, x⋆) 

(1 – s2
a−s

2
a

2 – as
2) d (x⋆, Tx⋆) ≤ (s + s2

b) d (x⋆, xn + 1) + (a2
s
2+ as

2 + bs
2) d(xn, x⋆) 

      
2 2 2 2 2

12 2 2 2 2 2
( *, *) ( *, ) ( , *)

1 2 1 2
n n

s s b a s as bs
d x Tx d x x d x x

as a s as a s
+

+ + +≤ +
− − − −

 

Taking limit n → ∞ we get d (x⋆, Tx⋆) = 0 
                                         x⋆ = Tx⋆ 

Therefore x⋆ is a fixed point of T. 

Case 2 : Suppose if M2
 = d (x⋆, Tx⋆) 

d (x⋆, Tx⋆) ≤ sd (x⋆, xn+1) + sd (xn+1, Tx⋆) = sd (x⋆, xn+1) + sd (Txn, Tx⋆) 

    ≤ sd (x⋆, xn+1) + s [a (d (xn, x⋆) +d (xn, Tx⋆)] + sb d (x⋆, Tx⋆) 

d (x⋆, Tx⋆) ≤  sd (x⋆, xn+1) + as d (xn, x⋆) + as
2 (d (xn, x⋆) + d (x⋆, Tx⋆)) + sbd (x⋆, Tx⋆) 

(1– as
2 – sb) d(x⋆, Tx⋆) ≤ sd (x⋆, xn+1) + (as + as

2) d (xn, x⋆) 

   
2

12 2 2 2
( *, *) ( *, ) ( , *)

1 2 1 2
n n

s as as
d x Tx d x x d x x

as a s as sb
+

+≤ +
− − − −

 

Taking limit as n → ∞ we get d (x⋆, Tx⋆) = 0 
Therefore   x⋆ = Tx⋆ 

x⋆ is a fixed point of T. 

Case 3 : Suppose if M2
 = d (x⋆, xn+1) 

d (x⋆, Tx⋆) ≤ sd (x⋆, xn+1) + sd (xn+1, Tx⋆) = sd (x⋆, xn+1) + sd (Txn, Tx⋆) 

   ≤ sd (x⋆, xn+1) + s [a (d (xn, x⋆) + d (xn, Tx⋆)] + sbd (x⋆, xn+1) 

  d(x⋆, Tx⋆) ≤ (s + sb) d (x⋆, xn+1) + asd (xn, x⋆) + as
2 [d (xn, x⋆) + d(x⋆, Tx⋆)] 

  (1 – s2
a) d (x⋆, Tx⋆) ≤ (s + sb) d (x⋆, xn+1) + (as + as

2) d (xn, x⋆) 

  
2

12 2
( *, *) ( *, ) ( , *)

1 1
n n

s sb as as
d x Tx d x x d x x

as as
+

+ +≤ +
− −

 

Taking limit as n → ∞ we get d (x⋆, Tx⋆) = 0 
Therefore x⋆ = Tx⋆ 
x⋆ is a fixed point of T. 
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UUUUNIQUENESS OF FIXED POINT 

We have to show that x⋆ is a unique fixed point of T. Assume that x′ is another fixed 
point of T. Then we have Tx′ = x′ 
and d (x⋆, x′) = d (Tx⋆, Tx′) ≤ a (d (x⋆, x′) + d (x⋆, Tx′) + b max {d (x⋆, Tx⋆), d (x′, Tx′), 

         d (x′, Tx⋆)} 
       d (x⋆, x′) ≤ a (d (x⋆, x′) + d (x⋆, x′) + b max {d (x⋆, x⋆), d(x′, x′), d (x′, x⋆)} 
     d (x⋆, x′) ≤ (2a + b) d (x⋆, x′)}. 

This is a contradiction. Therefore x⋆ = x′. 
This completes the proof. Hence x⋆ is the unique fixed point of T. 

Example 2.1 : Let X = [0, 1] and d : X ⋆ X → [0, ∞) is defined by d (x, y) = 
| |

2

x y−=  

and the mapping T : X → X defined by  Tx = 
if 0

2
0 if 0

x
x

x

 ≠

 =

 

It satisfies the contraction condition 
  d (Tx, Ty) ≤ a (d (x, y) + d (x, Ty) + b max d (x, Tx), d (x, Ty), d (y, Tx) 

for a = 2, b = 3 and s = 
4

3
. Then 0 is the fixed point of the mapping T. 
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