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The homogeneous trinity guadratic equation
3X2+y2 =16z2 is scrutinized for its non-zero unique

integral solutions. Integral solutions are derived in four
different patterns. A few intriguing relationships between
the solutions and a few unique polygonal integers are
shown.
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%TRODUCTION

here is a wide range of ternary quadratic equatisas [1-3 & 8-11] for a more

thorough understanding. [4-7] has been investigétedhe ternary quadratic Diophantine
equations of non-trivial integral solutions. Ingliommunication, consider another intriguing

ternary quadratic problerr8x2+y2:1622and find various non-trivial integral solution

patterns. Additionally, several intriguing conneas between the solutions and unique
polygonal, centered, Ghomonic star numbers are show

%TATIONS

Tmn= n{1+
Pr, =n(n+ 1)(Pronic number)

Gng, =2n-1(Gnomonic number)

Stay, = 6n(n-1)+ 1 (Star number)

CH, = 3% -3n+1 (Centered hexagonal number)

The quadratic homogeneous trinity equation is to be solved for a non-zero integral
solution using the following method:

(Polygonal number)

(n=1)(m- 2)}
2

3x° + y? =167 (D)

The linear transformation is used in place of
X=X+T,y= X=-3T . (2)
In (1) leads to X2 +372 =422 .. (3)

The various approaches to solving (3) and the fiagulrange of possible thegraI
solutions to (1) are shown under :

Pattern 1: Assume z=Zgh= g+386 .. (4)
wherea andb are positive integers.
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Enter 4 as, 4= (1+i/3)(1-i/3) .. (5)
Applying the factorization method and substitutegdd (5) in (3),
(X +iV3)(X —ix/3)= (+iV3)(-iv3)a+ivB Fa-iv ¥
By equating similar concepts and contrasting radlienagined components,
X =a®-3v%-6ab
T=a?-30%+2ab
z=a%+3p?
By using the values oX andT from (2), the corresponding integer solutions Df &re
provided by

x=a’ - 6b? - 4ab
y=-2a’ +6b® -12ab
z=a’+3p?

Thought Provoking Results:

. —X(G,G) - G Qis a Perfect Square

. X(G,G)- G §+2Z G Qis a Nasty Number
. —X(G,G)+ 4 G Qis a first abundant number
. —2X(G,G)- 2y(G, G+ 4 G Qis an abundant Number
. —X(G,1)- y(G,1)= 0(mod16
- ~XGD-YGD+ B+ 2~ Gng = 0(mod8
. 3y(G, 1)+ z(G,1)— Stag + 15Gng = 0(mod 38
8.19x(G,1)+ 16y G, 1 2Z G ,1 3, - 3%Gng = 185(mod1
Pattern 2:
Equation (3) has the following form
X2 472 =-3T12 ... (6)
In the ratio form, write (6) as

[EEN

N o o WDN

= =" (7
=37 X-2z b @

The following two equations represent this as dtsiealent
bX +3aT+2bz= 0
aX-bT-2az=0

With regard to using the cross ratio multiplicategproach,

X =-6a% + 2b?
T =4ab
z=-3a%-b?

Given (2), the integral solutions to (1) are présdrby
x =—6a° + 2b? + 4ab
y=-6a’+2b%-12ab
z=-3a%-b?
Thought Provoking Results:
1. X(G,G)-2y(G, G+ 4 G Q is a Perfect square number
2. X(G,G) - G §-24 G G is a Nasty Number
3. X(G,G)-2Y(G G-64 G Qis a Tetranacci Number and also it gives sumref fiix

triangular numbers
4. x(G,1)- y(G,1)= 0(mod16
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5. X(G,)- y(G )~ (G- §c = Y(mod18

6. —x(G,1)- y(G,1)- 4CH; - 10Gng, = 0(mod 2

7. =2y(G,1)+ 2z(G,1 Stgt — 15Gng = 0(mod¢

8. —8x(G,1)- 5y(G,1)+ 10z(G,1y Hec - 36Gng = O(mod7.

Pattern 3:
Equation (3) can be expressed as
X2 =47%-3T12 . (8)
Let X(ab)=4& -3 .. (9)

Applying the factorization approach and substitt{l) into (8) results in
(2a++/30)? (2a-/3Y = (2z++/ 3T)(22 3T
Putting factors that are rational and those thatnat rational on an equitable basis,
4 b):%(4a7'+3tf)

T(a,b)=4ab
Since we are looking for integer solutions, we nieedhangex andb to equal % and 2,
respectively.

X(2G,2J)= 16G° - 12F°
T(2G,2J3)=16GJ
2(2G,23)=8C + 6F
Consequently, in context of (2), the integral valte (1) are provided by

x=16G? - 1232 + 16GJ
y=16G? -12J% - 483J
2=8G*+6J

Thought Provoking Results:

. X(G,6) - (G QG is a Perfect square number

2. X(G,G)- G G+ % G Gis an abundant number
3. -y(G,G)+ 4 G Qis a Smith number

4. x(G,1)- y(G,1)= 0(mod 64
5
6
7

[EEN

- X(GD)-¥(GD+ (Gl Jgg = 6(mod 71

. 8X(G,1)-5y(G, )+ 10z(G,1) 16[gg = 24(mod22

. =8x(1,J)- 5y(d.J ) 10z(1,J > 16Stgr= 272(mod 46
8. -y(G,1)- 2z(G,1)+ C$ = 16(mod1€

Pattern 4:
The trinity quadratic equation (3) can be expressed
47?2 -31% = X?*1 .. (10)
Assume X =482 -3pb° .. (11)
Write 1= (2+,/3)(2-/3) .. (12)

By replacing (11) and (12) in (10) and using thetdazation approach, the following
result is obtained,
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(22++/3T)(22-+/3T)= (2a++/ 3bf (2a+/ 36 *(2++/ 3)(2V/ 3

Putting factors that are rational and those thanat rational on an equitable basis

z=4a + 31 + 6ab

T =4a® +3b° +8ab
Therefore, in context of (2), the integral valueg) are provided by

x=8a® +8ab

y=-8a%-120% - 24ab

z=4a® +3b® +6ab

Thought Provoking Results:

1. -x(A A- A A- 1 A Ais atriangular number

2. —10x(A, A)—- 10y (A, A 10z(A Ais a Nasty number

3. x(AD- y(Al)= 12(mod16

4.-x(AD- y(AL+ Z{ Al Toa = 15(mod 25

5. X(AD+ y(AD+ Z( Al Joa+ 7 A O(modS

6. -10x(A,1)- 5y (A, 1) & (AL} 8p+ 3XGng= 0(mod:
7. =8x(A1)- 5y(A 1} 10z(A Ly 8gp+ 2Xng= 0O(mod!
8.-x(AD=-2y(A1D)- 3z(Al} Joa = 15(modis

ConcLusion

or the trinity quadratic equatioﬁx2 + y2 =162, we have given numerous non-zero

unigue integral solution patterns. To conclude, cae look for further options for solutions
and their respective attributes among the varibasces.
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