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%TRODUCTION

uman beings are facing real life problems due teettainty. Zadeh [17] introduced

the notion of fuzzy set to solve such real life jemns due to uncertanity. Thereafter,
Atanassov [1] introduced the notion of intuitioiisfuzzy set by adding non-membership
value along with the membership value. As it waksufficient to solve all real life problems
due to uncertainty on decision making under unoggaSmarandache [14] introduced the
notion of neutrosophic set (in brief, NS) wherereatement had three associated defining
functions, namely the membership functiof), (the non-membership functio)(and the
indeterminacy functionl) defined on the universe of discoupseThese three functions are
completely independent. Smarandache [15] furtheestigated on the neutrosophic theory.
After the development of the notion of neutrosogget theory, we can easily take decision to
solve the real life problems on decision makingerBafter, the notion of neutrosophic
topological space (in brief, NTS) was first intregd by Salama and Alblowi [11], followed
by Salama and Alblowi [12].

Choquet [2] initiated the brilliant notion of a riSubsequently, it turned out to be a very
convenient tool for various topological and neubgdsic topological investigations. It is found
from the literature that in many situations, griise more ffective than certain similar
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concepts like nets and filters. The notion of conmpess in topological space via grills was
introduced by Roy and Mukherjee [10]. Patl al. [8] introduced the notion of grill in
neutrosophic topological space and neutrosophiécnmainspace. Pal and Dhar [7] introduced
the notion of compactness in neutrosophic minirpakce. Gupta and Gaur [6] introduge@-
compact space angl>-compact space in topological space. Further differesearchers [3, 4,
9, 13, 16] investigated in neutrosophic topologisphce. Following their works, we have
motivated to introduce and investigate basic prige@nd results compactness via grills in
neutrosophic topological space. Throughout thisepaihis shall be denoted by neutrosophic
G-compactness. We shall also focus on to constrwttygpes of neutrosophic spaces through
grills. The paper indicates different section dtofes. The next section briefly focuses some
known definitions and results related to neutrogpgkt and neutrosophic topological space.
In section 3, we introduce the notion of neutrosopiG-compact space and investigate
several basic properties of this space. Sectiomfélds the notion of neutrosophiG -
compact space and its basic properties in neuthisogpological space.

ZRELIMINARIES

un this section, we recall some basic concepts andlts which are relevant for this
article.

Definition 2.1. [2] A collectionG of nonempty subsets of a séis called a grill if

(i) AeGandAcBc Ximplies thatB € G and

(i) AUBEeG(A BcX)impliesthatAe GorB e G.

Definition 2.2. [10] Let G be a grill on a topological spack, ). A cover U, :a € A}
of X is said to be & - cover if there exists a finite subgegt of A such that X Ug,ecpoU, € G.

Definition 2.3. [11] Let X be an universal set. A neutrosophic Aéh X is a set contains
triplet having truthness, falseness and indeterayinenembership values that can be
characterized independently, denotedilyFa, |4 in [0,1]. The neutrosophic set is denoted as
follows:

A={(X, Ta(X), Fa(¥), 1a(¥) : xO X
andTa(X), Fa(X), 1a(X) € [0,1]} with the condition
0<TA(X) + Fa(X) + 1a(X)<3.
The null and full NSs on a nonempty Xeare denoted by\dand 1, defined as follows:
Definition 2.4. [11] The neutrosophic setg@nd 4 in X are represented as follows:
@i)oy ={<x,0,0, 1>x€e X}.
(i) Oy ={<x,0,1,1>xeX}.
(iii) Oy ={<x,0,1,0>x€X}.
(iv) Oy ={<x,0,0,0>x€e X}
V) Iy ={<x,1,0,0>x€eX}.
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(vi) Iy ={<x,1,0,1>x€eX}.

(i) Iy ={<x, 1,1, 0>x€e X}.

(viii) Iy ={<x, 1, 1,1 >x€ X}

Clearly, Oy O 1y. We have, for any neutrosophic get0y O A0 1.

Definition 2.5. [11] Let X be a non-empty set andbe the collection of neutrosophic
subsets oK. ThenT is said to be a neutrosophic topology (in brief) dn X if the following
properties holds:

(()On Wy ET.

(iHYUpU, eT=> U NUET.

(iii) Ojpau; € T, forevery Ui €A} O T.

Then , T) is called a neutrosophic topological space (irefbNTS) overX. The

members ofT are called neutrosophic open sets (in brief, N@Sheutrosophic seD is
called neutrosophic closed set (in brief, NCSyifl anly if D® is a neutrosophic open set.

Definition 2.6. [11] Let (X, T) be a NTS andJ be a NS inX. Then the neutrosophic
interior (in shortN;,) and neutrosophic closure (in shd\g) of U are defined by

Ninf(U) = O {E : Eis aNOSin X andE O U},
Ng(U) =n {F: Fis aNCSin X andU O F}.

Remark 2.7. [9] Clearly Ni(U) is the largest neutrosophic open set oXewhich is
contained iJ andN (V) is the smallest neutrosophic closed set dhich containgJ.

Proposition 2.8. [11] For any NSBin (X, T), we have
0 Nint(Bc) = (NCI(B))C-
(i) Nai(B) = (Nim(B))".
Definition 2.9. [11] Let X be a neutrosophic topological space. A subcobeds (not
containing @) of P(X) is called a grill orX if G satisfies the following conditions:

(iAe GandAOBimpliesBe G.
(ii) A, BOXandA O B e Gimplies thatAe GorB e G.

Definition 2.10. [5] Let G be a grill on a neutrosophic topological spaXeT). A cover
{U, : o € A} of Xis said to be a neutrosophiecover if there exists a finite subsg$ of A
such thaf \ Ugea,Uq € G.

Definition 2.11. [5] Let G be a grill on a neutrosophic topological spa¥eT). Then
(X, T) is said to be neutrosophic compact with respette grillG or simply neutrosophiG-
compact if every open cover ¥fis a neutrosophiG-cover.

L EUTROSOPHIC pG-COMPACT SPACES

un this section, we introduce the notionpdf - compact space and investigate some of its

basic properties in neutrosophic topological space.
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Definition 3.1. Let (X, T, G) be a neutrosophic topological space with a @idindA be
a neutrosophic subset ¥f ThenA is said to be neutrosophi-compact if for every family
{V}aea Of neutrosophic open subsetXofif A— U,ea V, € G, then there exists finite subset
Ao of A such thatA— U,ep, V, € G. The grill neutrosophic topological spacg T, G) is said
to be neutrosophieG-compact ifX is neutrosophipG- compact.

It is obvious that if X, T, G) is neutrosophipG-compact thenX, T, G) is neutrosophic
G-compact.

Definition 3.2. A neutrosophic subse&t of a grill neutrosophic topological spacg (T,
G) is said to be neutrosophBg-closed if for everyd € T, if A—U ¢ G, then cl@) € U.

It is easy to check ifAis neutrosophi€g-closed therA is neutrosophig-closed.

Theorem 3.3. Let (X, T, G) be a neutrosophic topological space with a @iindB be a
base forT. Then (X, T, G) is neutrosophipG-compact if and only if all familyV,},ca of
neutrosophic open sets B) if X— U,ep V, € G, then there exists finite subsk of A such
thatX— Ugep, Vo € G.

Proof. Necessary part is obvious.

For sufficiency, le{l,},ca be a family of non - empty neutrosophic open stgeéX
such thatX— Ugep V, € G. For alla € 4, there exists a familyW,; € A,} of elements inB

such that, = Ugea, Wop- Given thatX — Ugep Ugea, Wop € G and K, T, G) is neutrosophic
pG - compact, there existd, g, We,p,, - - s W, such thatX — Ui, Wep € G. But X
— Uity Vo, € X— Uiy Wy, and saX — Ui, W, € G.

Theorem 3.4. Let (X, T, G) be a neutrosophic topological space with a @illThen the
following are equivalent:

(i) (X T, G)is aneutrosophieG - compact.

(i) (X, Tg, G) is a neutrosophipG - compact.

(i) For any family{F,},c,0f neutrosophicclosd subsets of Xf,e, F, € G, then there

exists a finite subset, of A, such thaN ey, F;, € G.

Proof. (i) < (iii). This is easy to prove.

(ii) & (i). Obvious, sincdgis finer thanT.

(i) & (ii). We know thaB={U —A: U € Tand A ¢ G} is a base for the neutrosophic
topology Tg. Let{V,},eca be a family of non-empty neutrosophic open subseBsuch that
X —Ugep V, € G. For eachx € A, there existd/, € T andA, € G such that, = W, — A,.
SinceX— Uqep W, € G, then there exists a finite subggt of A such thalX — Uy, W, € G.
NOW (X — Ugen, Vo) S (X— Ugen, Wi) U (Ugen, Ag) & G and saX — Uy, Vs € G.

Therefore X, Tg, G) is a neutrosophigG - compact.

Theorem 3.5. Let (X, T, G) be a neutrosophic topological space with a @ilndA c X
be neutrosophi€g - closed set. TheA is neutrosophipG - compact.
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Proof. Let {V,},ea be a family of neutrosophic open subseta Buch thalA— U,cp V, €
G. SinceA is Gg - closedcl(A) SU,ep V. ThenX = (X — cl(A4))) U Ugep V, and soX - [(X
—cl(A)) UUgep Vo] = 0y € G. Given thatX is neutrosophipG - compact. So there exists a
finite subset, of A such thatX— Ugeq, Vo € G. ThenX - [(X — cl(A)) U Ugeq, Vol €G.
But X - [(X — cl(A)) UUgeq, Vol = CI(A) — Ugen, Vo @and sinCeA— Ugeq, V, € cl(A) —
Ugesn, Vo € G, We haveA — U,e,, V, € G implies A is neutrosophigG - compact.

Theorem 3.6. Let (X, T, G) be a neutrosophic topological space with a @illf A andB
are two neutrosophigG-compact subsets of the spaee T, G), thenAuU B is neutrosophic
pG-compact.

Proof. Let {V,},ca be a family of neutrosophc open subsetsXo$uch that Au B)
— Ugep Vi € G. SinceA— Uyep V, S(AU B) — Ugep V, andB— Ugep V,, S(AU B) — Ugen Vs,
thereforeA— U,ep V, € G andB — U, V, & G. Hence there exist finite subsetsandA, of
A With A= Ugep, Vo € G andB— Ugeyp, V, € G. This implies thatA — Ugen, ua, Vo € G and
B— Ugea,un, Vo € Gand sOAU B) — Ugep,un, Vo € G.

Theorem 3.7. Let (X, T, G) be a neutrosophic topological space with a @idindA c X.
Suppose that for all € T, if A—U ¢ G, then there exid < X such thaB is neutrosophipG-
compactA € BandB — U ¢ G. ThenA is neutrosophipG-compact.

Proof. Let {V,}.ca be a family of neutrosophc open subsetX efich thatA — U,ep V, €
G. There exist8 € X such thaB is neutrosophipG - compactA< B andB — U,c, V, € G.
Then there exists a finite subglt of A such thatB — Uyey, Vi € G. SinceA— Ugyeq, Vo S
B— Ugen, Vo We haveA— Uy, V, € G.

Theorem 3.8. Let (X, T, G) be a neutrosophic topological space with a dgilland
Ac Bc X Bc cl(A) andA be neutrosophiGg-closed. TherA is neutrosophipG-compact
if and only if B is neutrosophipG - compact.

Proof. Let {V,},ea be a family of neutrosophc open subsetX efich thaB — U,cp V, €
G. ThenA— U, V, € G. Given thatA is neutrosophipG - compact. So there exists a
finite subsef\, of A such thatA— U,e,, V, € G. Since A is neutrosophicGg-closed,
Cl(A) S Ugen, Vo and sacl(A)— Ugeq, Vo € G. This impliesA— Ugey, V, € G.

Conversely, let{V,},ea be a family of neutrosophc open subsetsXofsuch that
A—Ugen V, € G. Given thatA is neutrosophidsg - closed, sacl(A) —Ugea V, = Oy € G.
This impliesB — Uyep V, € G. Since B is neutrosophigpG-compact, there exists a finite
subset\, of A such thaB — U,e,, V, & G. HenceA — Uyey V, € G.

Theorem 3.9. Let (X, T, G) be a neutrosophic topological space with a @iind ¥, T)
be Hausdorff. IfA is neutrosophipG-compact subset of, thenA is neutrosophic closed in
(X, Tg).

Proof. Let A be neutrosophipG-compact subset of a Hausdorff grill neutrosophic
topological spaceX, T, G). Let x ¢ A. Then for eachy € A, there exist there exist
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neighbourhoodd/, andV, of x andy respectively such thaf, n V, = Oy. Note thatx ¢
cl(%3). Now {V, : y € A} is a neutrosophid - open cover of\. Let {,},cx be a family of
neutrosophc open subsetsXfGiven thatA is neutrosophipG-compact. So there exists a
finite subsetl, of A such thatA— U, V, € G.As x & cl(l}), so for eachy implies
X& Uyeqn, cl(V,) = cl(Uyep, V). LetU =X —cl(Uy ey, V) @ndI =A —cl(Uyeq, V) EA

— (Uyen, ) = Gy (say) withG, € G. ThenU - J e Ts(x) and U -J) N A=0y = X ¢
Oy (A4). HenceOy(A) A, soAis neutrosophic closed iX(Tg).

Theorem 3.10. Let (X, T, G) be a neutrosophic topological space with resfmeatgrill G
and K, T, G) is neutrosophipG-compact. Let X, T) and (Y, T,) be two neutrosophic
topological spaces. ff: (X, T) = (Y, T,) is a neutrosophic continuous function athe {B <
Y : f~1(B) € G}, then the following hold:

(i) Hisagrill ony.

(ii) (Y, Ty, H) is neutrosophipG - compact.

Proof. (i) Suppose tha € B € Y andA € H. Sincef~1(A) € f~1(B) € G, thenf~1(B)
€ G and soB € H. Now if A¢ H andB ¢ H thenf~1(A) ¢ G andf~1(A) ¢ G and then
fFTYAUB)=f"Y(A) U (f1(B) ¢ G. ThisimpliesAu B ¢ G.

(ii) Let {V,}4en be a family of non - empty neutrosophic open subséty such that
Y — Ugea Vi € H. SinceX — Ugea f1(V) = fTYY — UgeaVy) € G. Given thatX, T, G)
is neutrosophicpG - compact. Hence there exists a finite subAgtof A such that
f_l(Y - UaEAO Va) =X - UaEAOf_l(Va) € G.Thusy — UaEAOVa € H.

Theorem 3.11. Let (X, T, G) be a neutrosophic topological space with resgeatgrill G
such that X, T, G) is neutrosophipG - compact. LetX, T) and (Y, T,) be two neutrosophic
topological spaces. ff: (X, T) = (Y, Ty) is a neutrosophic continuous bijective functithen
(Y, Ty, f(G)) is neutrosophipG - compact.

Proof. Let {V,},ea be a family of non - empty neutrosophic open stshsgY such thaty
— Ugea Vy € f(G). There existH € G with Y— Ugea Vi = f(H). ThenH = f~1(f(H)) andX
— Ugeaf (V) ¢ G. Given that X, T, G) is neutrosophiaG - compact. Therefore there
exists a finite subset, of A such thatf ~'(Y — Ugen, Vo) = X — Ugen, f (Vo) €6G.
Sincef is bijective andK is a grill onY, then the sef~1(K) = {f~1(J) : Je K} is a grill onX.

Theorem 3.12. Let (Y, Ty, H) be neutrosophipH - compact andX, T) and {, T,) be two
neutrosophic topological spaces. lfet (X, T) = (Y, T1) be a neutrosophic continuous
function. ThenX, T, f~1(H)) is neutrosophipf ~1(H) - compact.

Proof. Let {V,},ea be a family of non - empty neutrosophic open suhsEX such thakX
— UgeaVy & f71(H). There existd € H with X — Ugea V, = £71(J). ThenY — Ugea f (V)
=f(f~1(J)) =J €H. Given thatY, T, H) is neutrosophipH - compact. Therefore there
exists a finite subset, of A such thaf(X — Ugea, Vo) = Y = f(Ugen, Vo) € H. This implies
thatX — Ugea, Ve € £~ (H).
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“VEUTROSOPHIC 6G-COMPACT SPACE

un this section, we introduce the notionaf - compact space and investigate some
basic properties in neutrosophic topological space.

Definition 4.1. Let (X, T, G) be a neutrosophic topological space with resfmeatgrill G
andA c X. ThenAis said to be neutrosophi& -compact space if for every famify,, },ca of
neutrosophic open subsetsXoff A — U,eqVy € G, then there exists a finite subggt of A
such thath € Ugea, V- The spaceX, T, G) is said to be neutrosophit-compact space X
is neutrosophieG-compact space.

We note that if X, T, G) is a neutrosophic topological grill space ai{d Tg, G) is
neutrosophicoG-compact, thenX, T, G) is neutrosophicsG-compact. Also X, T, G) is
neutrosophieG-compact if and only if for any famil§F, },<a of neutrosophic closed subsets
of X, if Ngea Fy € G, then there exists a finite subggtof A such thaNgea, Fy = Oy.

It is clear that if X, T, G) is neutrosophieG-compact thenX, T, G) is neutrosophipG-
compact andX, T) is neutrosophic compact.

Theorem 4.2. Let (X, T, G) be a neutrosophic topological space with restzeet grill G
andB a base foil. Then K, T, G) is neutrosophiaccG-compact if and only if for every family
{V }aen Of neutrosophic open setsBn if X — Ugeq V, € G, then there exists, finite subskt
of A such thalX = Ugen, Vo -

Proof. Necessary part is easy to proof. Converselyligt,c, be a family of non - empty
neutrosophic open subsets ¥fsuch thatX — U,c,V,, € G. For all @ € A, there exists a
family {W,p: B € A} of elements inB such thatl, = UgesWyp. Given thatX —
UgeaUgea,Wop € G and &, T, G) is neutrosophicoG-compact, there exisW, g,
Weypyreeervenn: s Wa, g, such thaiX = Uj_; Wy, g, ButX = Uiy Wy,p, © Ui, Vg, © X and soX

Now we investigate the behavior of subspaces @urasophieG-compact space.

Theorem 4.3. Let (X, T, G) be a neutrosophic topological space with resgeatgrill G.
Let (X, T, G) be a neutrosophieG-compact space andl X be Gg-closed, thenA is
neutrosophieG-compact.

Proof. Let {V,},ca be a family of non - empty neutrosophic open sieéX such that
A — Ugea Vs € G. SinceA is neutrosophidsg - closed,cl(A) € Ugea Ve ThenX = (X -
cl(A)U(UgeaV,) and soX - [(X - cd(A) U (UgeaVy)] = Oy ¢ G. Given thatX is
neutrosophieG-compact. Then there exists, finite subégiof A such thaX = (X - cl(A)) U
(UaEAO Va) ThenA=An [(X - CI(A)) u ( UaEAO Va)] = [A n UaEAO Va] c UaEAO Va-

Theorem 4.4. Let (X, T, G) be a neutrosophic topological space with resgeatgrill G.

If A andB are neutrosophieG-compact subsets of the spae T, G), AU B is neutrosophic
oG-compact.
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Proof. This proof is similar to that of Theorem 2.8.

Theorem 4.5. Let (X, T, G) be a neutrosophic topological space with resfeatgrill G.
If A andB are neutrosophieG-compact subsets of the spa¥eT, G), A U B is neutrosophic
oG-compact.

Proof. This proof is similar to that of Theorem 3.6.

Theorem 4.6. Let (X, T, G) be a neutrosophic topological space with restzeet grill G
andA c B <€ XandB < cl(A). Then the following hold:

(i) If Ais neutrosophig-closed and neutrosophi6-compact, theiB is neutrosophic
oG-compact.

(i) If A is neutrosophicGg-closed andB is neutrosophiccG-compact, therA is
neutrosophieG-compact.

Proof. (i) Let {V,},ea be a family of non - empty neutrosophic open suhséX such
thatB — UgeaVy € G. ThenA — Ugea Ve € G. Given thatA is neutrosophieG-compact. So
there exists a finite subsaf of A such thath © Uyen, V- SinceA is neutrosophig-closed,
Cl(A) € Ugen, Vo and this implie € Ugep, Va-

(ii) Let {V,}a € A be a family of non-empty neutrosophic open subsiXssuch thath —
UaeaVz € G. Given thatA is neutrosophicsg-closed. Socl(A) — Ugea Ve = Oy € G. This
impliesB — Ugep V, € G. SinceB is neutrosophieG-compact, therefore there exists a finite
subsetl, of A such that B=Ugen, Vo HENCEA € Ugen, Var-

Theorem 4.7. Let (X, T, G) be a neutrosophic topological space with restmeet grill G
such that X, T) is Hausdorff. IfA is neutrosophiccG-compact subset oK, then A is
neutrosophic closed itX( T).

Proof. This is an easy consequence of Theorem 3.9.

Theorem 4.8. Let (X, T, G) be a neutrosophic topological space with restmeet grill G
such that X, T, G) is neutrosophicG-compact. Iff : (X, T) - (Y, Ty is a neutrosophic
continuous subjective function and if = {B € Y : f~! (B)¢ G}, then (Y, T, H) is
neutrosophiesH-compact.

Proof. In Theorem 3.10, we prove thidtis a grill onY. Let {V,},eAbe a family of non -
empty neutrosophic open subset¥auch thaty — Uy, V, € G. SinceX — Ugea f1(V,) =
7YY= Ugea Vo) € G and K, T, G) is neutrosophieG - compact, therefore there exists a
finite subsetd, of A such thatX = Ugea, f (V). Given thatf is surjective. So we have
Y= UaEAO Va-

Theorem 4.9. Let (X, T, G) be a neutrosophic topological space with restmeet grill G
such that X, T, G) is neutrosophieG - compact. LetX, T) and (Y, T,) be two neutrosophic
topological spaces. K: (X, T) = (Y, Ty) is a neutrosophic continuous bijective, th¥nT;,
f(G)) is neutrosophief(G) - compact.

Proof. Let {V,}a € A be a family of non - empty neutrosophic open st#sgY such that
Y — Ugea Vy € 1(G). There exist € G with Y— Uzeq V, # f(H). ThenH = f~1(f(H)) and
X = Ugea f7Y(V,) € G. Given that X, T, G) is neutrosophieG - compact. Therefore there
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exists a finite subset, of A such thatX = Uaerf‘l(Va). Sincef is bijective, so we have
Y =Ugen, Ve

Theorem 4.10. Let (X, T) and {, T,) be two neutrosophic topological spaces and
f: (X T - (Y, T) be a neutrosophic bijective and open functionsoAlY, T;, H) is
neutrosophic oH - compact space. TheK, (T, f "1(H)) is neutrosophief ~*(H)-compact.

Proof. Let {V,}.ca be a family of non-empty neutrosophic open subséfs such that
X — UgeaVe & f7Y(H). There existsKk e H with X— UgeaVy = f71K). ThenY —
Ueea f (V) = f(f"1(K)) = K ¢ H. Given that Y, T;, H) is neutrosophicH - compact.
Therefore there exists a finite subdgtof A such thalt = Ugea, f (V). This implies thaX =

UaEAO Va-
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