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In this paper we have obtained the Lagrange Space with a
Special (y, B)-Metric (1.1), where y is a cubic metric and g
is a 1-form metric.c. We have also calculated the
fundamental tensor, its inverse, Euler-Lagrange equations,
semispray coefficient, the canonical nonlinear connections
and some important properties for this Lagrange space.
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INnTRODUCTION

et F™ = (M™ L) be a n-dimensional Finsler space where M™" is the n-dimensional

differentiable manifold and L (x,y) is the Fundamental function, which is a function of point
x = (x%) and element of support y = (y%). L (x,y)is positively homogenous of degree one in
V.

In the last four decades, various significant generalizations of Finsler space have been
obtained. These generalizations have many applications in the field of mechanics, theoretical
physics, variational calculus, optimal control, complex analysis, biology, ecology and so forth.
The geometry of Lagrange space is one such generalization of the geometry of Finsler spaces
which was introduced and studied by Miron [7, 8].

A Lagrange space is a pair L = (M L (x, y)), where M is a smooth manifold and L (x,y)
is a regular Lagrangian [8]. In the last twenty years this field has attracted worldwide
geometers and physicist [2], [19], [9], [14], to work on its development and applications in

various disciplines of science.

In the year 2013, Shukla, K. Suresh and Pandey, P. N.,[18] have developed a revised and
modified theory of Lagrange Spaces with a Special (y, 8)-Metric, where y (x,y) is a cubic
metric given byy® = a;;(x) ¥' y/y* and Bis a 1-form metric given by B (x,y) = b;(x) y*.

PCM0210170



94 Acta Ciencia Indica, Vol. XLVII-M, No. 1 to 4 (2021)

In this paper, we have studied about Lagrange space in the light of a special (y, 8)- metric
whose Lagrangian L(y, ) is given by

Ly,B) = (v + B)? (L)

This Langrangian is too much interesting because the Lagrange space determined by this

metric (1.1) is reducible to a Finsler space. For basic notations the terminologies related to
Lagrange space is referred to [1], [8].

PRELIMINARIES

et M be an n-dimensional smooth manifold and let T M be its tangent bundle. Let ( x%)
and (x, y*) be local coordinates on M and TM respectively. A Lagrangian is a function L:
T M — R which is a smooth function on T M = T M \{0} and continuous on the null section.
The Lagrangian L (x, y) is said to be regular if rank (gi nes y)) =n,

1.. . 0

where gij (x,y) = 5616] L, 0, = W (21

Is a covariant symmetric tensor called the fundamental metric tensor of the Lagrangian
L (x,y). A Lagrange space is a pair L" = (M, L (x,y)), L (x,y) being a regular Lagrangian

whose metric tensor g;; has constant signature on TM.

The integral of action of the Lagrangian L (x,y) along a smooth curve ¢ : [0,1] = M
leads to the following Euler-Lagrange equations:

E,L

oL d(éL) o dxt
dt

=———(——)=0,y'" = .. (2.2
axi dt\ayi y (22)
The coefficient of the semispray S of a Lagrange space L = (M L (x, y)) are given by

. 1 . .
Gi(x,y) = Zglh (%040, L — 8,4L), 0, = . (2.3)

9 xk
the semispray S is called a canonical semispray as its coefficients depend on L (x,y) only.
The coefficients of canonical nonlinear connection N (N]-i (x, y)) of a Lagrange space
L= (M, L (x,y)) are given by
N} = 9,G" . (2.4)
Y3 = a(x) y'yly* . (2.5)
B (x,y) = bi(x) y' - (2.6)
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FuNDAMENTAL METRIC TENSOR OF L" = (M,L (x,))

f we differentiate (2.5) partially with respect to y’/ and use the symmetry of @, in its
indices, we obtain
oy =y 2a;(x,y) (3.0
where a;j(x,y) = ajse(x) y° y*

Again differentiating (3.1) partially with respect to y", using symmetry of a, (x) in its
indices and simplifying, we find

0,0ny = 2y 2a;,(x,y) — 2y %ajay, ..(32)
where ajp = Ajps y°

Differentiating (2.6) partially with respect to y’/, we have

0,8 = b;(x) ..(33)
Differentiating (3.3) partially with respect to y" , we get
9,0,6=0 ..(34)

Proposition 1. : In a Lagrange space L™ with_(y, 8)- metric (1.1) the following holds
good:

dy =y 2a;(x,y)

0,0ny = 2y 2a;(x,y) — 2y Sajay, .. (3.9
0,8 = bj(x), 9,0,=0
where ai(x,y) = a5 () y° ¥yt , ajpn(x,y) = ajps y° -.(3.6)

The moments of Lagrangian L (x,y) are given by
1.
Pi=50,L -~ (3.7)

L(x,y)=Ly,p)

In our case the Lagrangain L (x, y) is the function of y and f only. Therefore, we have

1, . .
Pi=3 (L,0, vy + Lgod, B) ..(3.8)
- oL - oL . . .
where L, = . =200 +pB) ., Lg= 6_[3 = 2(y + B) using equation (3.1), (3.3) in (3.8) we
Y
obtain
a;
Pi=+p) (ﬁ"‘ bi) ..(3.9)

thus, we have the following.
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Theorem 2.In a Lagrange space (y, B)- metric (1.1) the moments of Lagrangian L (x,y)

are given by

Pi =paq; + plbi , (310)
where
y+8
p= 7 . (3.11)
pr= (v +p), .(3.12)

the scalars p and p; are called the principal invariants of the space L™.

Differentiating (3.11) and (3.12), partially with respect to y’/ and simplifying we,
respectively, have

dp=—-y" a(y +2B) +y % ..(3.13)
0,p1 = b; +y % .. (3.14)
where
0%L _ 0%L 0%L _ 0%L

Ly},:a—yz=2,L.yﬁ=ayaﬁ=aﬁay=LBy=2,LBﬁ=a—ﬁ2=2 (315)

Thus, we have the following.

Proposition 3. The derivative of the principal invariants of a Lagrange space with (y, B)-

metric (1.1) are given by

3]p = p_4a; + p_3b;, 3]p1 = b; + p_,aq; ...(3.16)
p-a =~V (00 +2B),p, =y? (3.17)
the energy of Lagrangian L (x, y) is defined as
E, =y, L—1L .. (3.18)
using (1.1) in (3.18), we have
Er=2y'(0v + By ?a; + b} — (v + B)? (3.19)

Since y and B are positively homogenous of degree one in y!, by virtue of Euler’s

theorem on homogenous functions, we have

y=y9,y, B=y0,p .. (3.20)
in view of (3.20), (3.19) takes the form
Er=@+p?*=1L ..(321)

Thus, we have the following.

Theorem 4. In a Lagrange space with(y, B)- metric (1.1), the energy of the Lagrangian
L (x,y)is given by E; =1L

Now, we find out expression for the fundamental metric tensor g;;(x,y) of a Lagrange

space with (y, B)- metric (1.1). Using (1.1) in (2.1), we have
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1. . . d
gij(xry) = Eala]l" al. = 6_y‘

In view of proposition 1, (3.22) takes the form

gij = p_laij + P-4Q; aj + p_z(aibj + ajbi) + bi bj
where P =y 20 +B) v E=papa=(y—28y75)

Equation (3.23) can be written as
9ij = p-1aij + d; d;
where d; = q_,a; + b;
and q_,satisfy
P-2=0q-2, p-sa=(q-2)°

Thus, we have the following:

97

..(3.22)

.. (3.23)

(324
.. (3.25)

.. (3.26)

Theorem 5. The fundamental metric tensor of a Lagrange space with (y, B)- metric (1.1)

is given by.
9ij = p-1a5 + d; d;

The following result gives the expression for the inverse of g;; .

Theorem 6. The inverse g'of the fundamental metric tensor gij of a Lagrange space

with (y, B)- metric (1.1) is given by
gl = al__ dd
p-1 p-1(p_ +d?)
where
(a) d'=a"d, (b) d? =d¥d; d;
the non-singular matrix g;; given by (3.24).
In [15] Pandey and Chaubey obtained the following
dy =y 'y 9.9y =2y""a;(x,y) — vy
Vi = Qij (x:}’)yj
P; = py; + p1b;
where p and p; are, respectively, given by (3.11) and (3.12),

0p = p-2yi + p-1b;
0p1 = p-iyi + b

..(327)

(3.28)

.. (3.29)

..(3.30)

b

. (3.31)

where p_, = (1/2) y*(L,, —v™*L,) =y7% p_1 = (1/2) y*L,s =y 2(y + B) as given

in (3.17)
Er=y'L,+BLg—L,

9ij(x,y) = p_1a;; + d; d;

.. (3.32)
.. (3.33)
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where d; = q_, y; + b; and q_, = p_,, satisfy qoq_1 = p_1,(q_2)* = p_4 ,

o [t g
9= o (1+a2>dd]

where d = %airdr and d? = d,d'.

In view of corresponding result obtained by us, these results are erroneous.
EULER-LAGRANGE EQUATIONS

e consider the case of minus polynions and plus polynions separately.

Using (1.1) in (2.2), we obtain

9L d(dL  dx

For the Langrangian L given by equation (1.1), we have

d (0L dy dp\a dy d
a _=2(y+ﬁ>y+2(y+ﬁ>ﬁ
dt \dy! dt dt/ oy’ dt ayt

+2( + ) (aﬁ)
VB G Gy
In the view of ;L = L, 0; y + Lg0; B and (4.2), (4.1) takes the form
dy dp\dy
E(L) = 2(y + B)E;(y) + 2(y + BIE;(B) — TR 3y
d dp\ o
_2<_V+_ﬁ) 4
dt ayt
Since
oy dy?
(v3) = 2. 37
E;(y®) =3v*E;(y) 3ayi It
1 ,0y dy?
- -2 3
we get Ei(y) = 3V E(y)+vy” 3yt dr
From
E(B) = 2 Fyy™y" = 25
i(B)=2Fy",y" = dt
h F _1<6br 6bi>
where =2 \oxt axT

..(3.34)

(A1)

(37

. (42)

o (43)

. (44)

.. (45)

e (4.6)

(A7)

Is the electromagnetic tensor field of the potentials b; . Using (4.5) and (4.6) in (4.3), we

obtain
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2 _2 . L0y dy? .

Ei(L)=§(y+/3)y E(y)+2(r+B)y ayiw""l‘(y"’ﬁ)FirY
dy dp\dy dy dp\op

_2<E+E)ayi_2<E E)ayi - (+8)

Thus, we have the following.

Theorem 7. The Euler-Lagrange equations of a Lagrange space with (y, B)- metric (1.1)

are given by

) dy dy? dy dp\ody
. = — . 3 T — - -
EL(L)—SPEL(V )+2p ayi dt +4p1FLT'y z(dt+dt>ayi
dy dB\0pB
-2 (E-l_E) a7~ 0, ..(49)
;_dxt
Y = ar
where p=y2(y+B), p-1=B+7y)

For the natural parametrization of the curve ¢ : t € [0,1] — xi(t) € M with respect to
the cubic metric y(x, dx/dt) = 1. Thus, we have the following.

Theorem 8. In the natural parametrization, the Euler-Lagrange equations of a Lagrange
space with (y, B)- metric are

dy dp ) dp dp _
dyt ds dylds

2
E(L) =3 p Ei(r®) + 4 piFypy” =2 0  ..(410)

If B is constant along the integral curve c of the Euler-Lagrange equations with natural
parametrization, then (4.10) takes the form

2
E() =5 pE(r®) +4piFpy” =0 (411

Thus, we have the following.

Theorem 9. If [ is constant along the integral curve of the Euler-Lagrange equations
with natural parametrization, then the Euler-Lagrange equations of a Lagrange space with
(v, B)- metric (1.1) are given by (4.11).

CANONICAL SEMISPRAY

En this section, we obtain the coefficients of the canonical semispray of a Lagrange space

with (y, B)- metric (1.1). Using (1.1) in (2.3), we obtain
i L gk 2 2
G'(x,y) = 79y 0 0y + £ = 0n (v + B)?}, 01 = - (5.1)

since y? = a;(x) y'y/y*¥ and B = b;(x) y*, we have

axk
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Oy =AYy ™2, OpB =By ..(52)

where Ay = 2 (9nayi) ¥' YY", By = (0 b))y . (53)
using (5.2), (3.11) and (3.12) in 0L = L,0) ¥ + Lg0y B , we get

0y +B)> =2p A +2pBy . (5.4)

Differentiating (5.4) partially with respect to y" and simplifying, we have
0k (v + B)? = 2(p-san + p_ybp) A + 2 p App
+2 (by, + p_,ay,)By + 2p1 by, ... (5.5)
where  (a) Agp, = 0,4, (b) byy = 0By, ..(5.6)
Using (5.4) and (5.5) in (5.1), we obtain

Gi = lgih (p-44o + p—zBo)ay + (p-2A¢ + Bo)bp + p Agp + plboh] - (5.7)
2 —(p Ap + p1Br)
where
() 4o = Ak(x.}’)yk (i) By = Bk(x.}’)yk
(iii) Agp, = Apr (x, Y)y* (iv) bop = byn (x, ¥)y* - (5.8)

Thus, we have the following

Theorem 10. The local coefficients of canonical semispray of a Lagrange space with
(v, B)- metric (1.1) are given by (5.7).
CANONICAL NONLINEAR CONNECTION

In this section, we obtain the local coefficients of the canonical nonlinear connection of a

Lagrange space with (y, B)- metric (1.1).
Partial differentiation of g g;; = 61 , with respect to y/ yields.
0, g™ = -2g™c}; .. (6.1)

If we partially differentiate the quantities appearing in (3.17) and (5.8) with to the respect

y/, we find the following quantities:

0p-s=p7a;+psby  9p_,=p sq

9,4y = A; + Ay; 0,By = 0,b;y* + 0;b,y’
0,Aon = 2 Agnj + Ajn 0,bon = bjn .. (6.2)
where U, =y 86y +108), u_g=-2y"° ... (6.3)
and &) denotes interchanging indices s and j and taking sum. Also, we have
d,an = 2 aj, .. (6.4)

Now, applying (5.7) in (2.4), we get
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Nj = -2 grhc;'jl (p-44o + p_2Bo)ay + (p_240 + Bo)by + p Aon
2 +p1bon — (p Ap + p1Bp))

{(9) p-a)Ao + p-4(9,A40) + (0, p-2)Bo + p—»0,Bo} an + (p_sho + p_2Bo)
gt (a’, ah) + {(6] p_Z)A0 + p_y 3]A0 + 6]Bo} by, + (ajp)AOh +p 6]A0h + pq 3]b0h
| thond, 01 — (B0 + (0 ) + (3,52 B + s 8,51)

1
2

...(6.5_)

using (3.16), (5.6)— (5.8), (6.1), (6.2) and (6.4) in (6.5) and simplifying, we obtain

. . 1 .
N;=—2Qﬁr+§gm
p-o{(4; + Ag;) an + (Ao — Ap) a; + 2 Agay }
+p_2{(4; + Ao;) bn + (Aon — An) b; + a; boy, + S(sjy(0sb;)y*an + 2By ajn — a; B}
+8&(sj)(95b;)y by — b;By + bjbor + Mijny{bjn} p1 + p(240n; + Ajn — Ary)
+u_sA¢a;an + u_s{Aobjah +a;(By a + Ay bh)}
.. (6.6)

where m’t(]h){b]h} = in — bh]

Thus, we have the following.

Theorem 11. The local coefficients of canonical nonlinear connection of a Lagrange

space with (y, B)- metric (1.1) are given by (6.6).
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