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INTRODUCTION AND PRELIMINARIES 

The definition of the Gauss’s Hypergeometric Series is denoted by  Fଵ
ଶ ቂ

a, b
c

| zቃ which 

can be further written as  

Fଵ
ଶ ቂ

a, b
c

| zቃ =  1 +
ab

c

z

1!
+

a(a + 1)b(b + 1)

c(c + 1)
 

zଶ

2!
+

a(a + 1)(a + 2)b(b + 1)(b + 2)

c(c + 1)(c + 2)

zଷ

3!
+  … .. 

Fଵ
ଶ ቂ

a, b
c

| zቃ  = Σ୬ୀ
ஶ

(a)୬(b)୬

(c)୬

 
z୬

n!
                                                         … (1.1.1) 

 For 𝑎 =  1 and  𝑏 =  𝑐 or 𝑏 =  1 and 𝑎 =  𝑐, the series (1.1.1) reduced to the well 

known geometric series and for 𝑎 =  0 and b =  0 or both zero, the series becomes unity. If 𝑎 

or 𝑏 or both are negative integers, the series becomes polynomial.  

The natural generalization of the above mentioned functions is the generalized 

hypergeometric function with 𝑝 numerator parameters and 𝑞 denominator parameters denoted 

by F୯
୮ and is defined in the following manner. 

F୯
୮


aଵ, aଶ … . a୮

bଵ, bଶ … b୯
, x൨  =  Σ୬ୀ 

ஶ
∏ (a୧)୬

୮
୧ୀଵ

∏ (b୧)୬
୯
୧ୀଵ

x୬

n!
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Also, if we take p =  q = 1, the generalized Hypergeometric function reduces to 

confluent Hypergeometeric function [5], given as 

 Fଵ
ଵ[a; b|z] =  Σ୬ୀ

ஶ (ୟ)

(ୠ)
 


୬!
                                                               … (1.1.2) 

where (a)୬ is the well known Pochhammer symbol (or the raised or the shifted factorial, since 

(1)୬  =  n!) defined for a ∈  C by 

(a)୬ = ൜
a(a +  1) … (a +  n –  1);  n ∈  N

1 ;                                         n = 0
                        … (1.1.3) 

or in terms of Gamma function 

(a)୬ =
Γ(a + n)

Γa
     (a ∈ C/ Z

ି )                                         … (1.1.4) 

Let α, β, η ∈ C  and x ∈ Rା. Then the generalized fractional integration due to Saigo [12] 

is defined as  

I,୶
,ஒ,[f(x)] =

xିିஒ

Γα
 න (x − t)ିଵFଵ

ଶ α + β, −η, α; 1 −
t

x
൨ f(t)dt

୶



          … (1.1.5) 

=
d୬

dx୬
 I,୶

ାஒି୬,ି୬[f(x)]                                     

where 0 < 𝑅𝑒(α) , 0 < 𝑅𝑒(α) + n ≤ 1, n ∈ N also for σ being real, then function xିଵ has 

the integral formula, 

I,୶
,ஒ,[xିଵ ] =  

ΓσΓ(σ + η − β)

Γ(σ − β)Γ(σ + η + α)
xିஒିଵ                                           

where Re(σ) > max{0, Re(β − η)} . 

HYPERGEOMETRIC SERIES IDENTITIES 

In this section we obtain derivations of some Hypergeometric functions for Saigo 

operator. 

Theorem 2.1 

I,୶
,ஒ,

xିଵeି୶Fଵ
ଵ ቂ

a
b

; xቃ൨ =  
Γ(σ)Γ(σ + η − β)

Γ(σ − β)Γ(σ + η + α)
xିஒିଵ 

Fଷ
ଷ 

b − a, σ, σ + η − β
b, σ − β, σ + η + α 

;  −x൨      … (2.1.1) 

Where Re(α), Re(β) > 0, 𝑅𝑒(σ) = max{0, Re(β − η)} ; a is a non positive integer. 

Proof: We know that  

eି୶Fଵ
ଵ ቂ

a
b

; xቃ = Fଵ
ଵ ቂ

b − a
b

; −xቃ                                              … (2.1.2) 
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and                        I,୶
,ஒ,[xିଵ ] =  

ΓσΓ(σ + η − β)

Γ(σ − β)Γ(σ + η + α)
xିஒିଵ 

Where a is a non positive integer.  

Now taking Left side of (2.1.1) and using (2.1.2) we have 

I,୶
,ஒ,

xିଵeି୶Fଵ
ଵ ቂ

a
b

; xቃ൨ =  I,୶
,ஒ,

ቂxିଵFଵ
ଵ ቂ

b − a
b

; −xቃ ቃ                                                         

=  I,୶
,ஒ,

ቈxିଵΣ୬ୀ
ஶ

(b − a)୬

(b)୬

(−x)୬

n!
    

       =  Σ୬ୀ
ஶ

(b − a)୬(−1)୬

(b)୬n!
I,୶

,ஒ,[xା୬ିଵ ]൩   

=  Σ୬ୀ
ஶ

(b − a)୬(−1)୬

(b)୬n!

Γ(σ + n)Γ(σ + n + η − β)

Γ(σ + n − β)Γ(σ + n + η + α)
xା୬ିஒିଵ   

=
Γ(σ)Γ(σ + η − β)

Γ(σ − β)Γ(σ + η + α)
xିஒିଵ           

Σ୬ୀ
ஶ

(b − a)୬

(b)୬

(σ)୬(σ + η − β)୬

(σ − β)୬(σ + η + α)୬ 

(−x)୬

n!
 

I,୶
,ஒ,

xିଵeି୶Fଵ
ଵ ቂ

a
b

; xቃ൨  =
Γ(σ)Γ(σ + η − β)

Γ(σ − β)Γ(σ + η + α)
xିஒିଵ Fଷ

ଷ 
b − a, σ, σ + η − β
b, σ − β, σ + η + α 

;  −x൨      

This complete the prove of Theorem 2.1. 

Theorem 2.2  

           I,୶
,ஒ,

ቈxିଵeି୶Fଶ
ଶ 

a, 1 + d
b, d

; x൨ =  
Γ(σ)Γ(σ + η − β)

Γ(σ − β)Γ(σ + η + α)
xିஒିଵ Fସ

ସ                 

൦
b − a − 1,

d(a − b + 1)

a − d
+ 1, σ, σ + η − β

b,
d(a − b + 1)

a − d
+ 1, σ − β, σ + η + α 

;  −x൪      … (2.2.1) 

Where Re(α), Re(β) > 0, 𝑅𝑒(σ) = max{0, Re(β − η)} ; a is a non positive integer. 

Proof: We know that  

eି୶Fଶ
ଶ 

a, 1 + d
b, d

; x൨ = Fଶ
ଶ ൦

b − a − 1,
d(a − b + 1)

a − d
+ 1

b,
d(a − b + 1)

a − d

; −x൪       … (2.2.2) 

Now taking left side of (2.2.1) and using (2.2.2) we have  

 I,୶
,ஒ,

ቈxିଵeି୶Fଶ
ଶ 

a, 1 + d
b, d

; x൨ =  I,୶
,ஒ,

xିଵFଶ
ଶ 

b − a − 1,
ୢ(ୟିୠାଵ)

ୟିୢ
+ 1

b,
ୢ(ୟିୠାଵ)

ୟିୢ

; −x   
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=  I,୶
,ஒ,

⎣
⎢
⎢
⎡
xିଵΣ୬ୀ

ஶ

(b − a − 1)୬ ൬
d(a − b + 1)

a − d
+ 1൰

୬

(b)୬ ൬
d(a − b + 1)

a − d
൰

୬

(−x)୬

n!
 

⎦
⎥
⎥
⎤
  

   =  

⎣
⎢
⎢
⎢
⎡

Σ୬ୀ
ஶ

(b − a − 1)୬ ൬
d(a − b + 1)

a − d
+ 1൰

୬

(−1)୬

(b)୬ ൬
d(a − b + 1)

a − d
൰

୬
n!

I,୶
,ஒ,[xା୬ିଵ ]

⎦
⎥
⎥
⎥
⎤

 

=
Γ(σ)Γ(σ + η − β)

Γ(σ − β)Γ(σ + η + α)
xିஒିଵ  

Σ୬ୀ
ஶ

(b − a − 1)୬ ൬
d(a − b + 1)

a − d
+ 1൰

୬

(b)୬ ൬
d(a − b + 1)

a − d
൰

୬

(σ)୬(σ + η − β)୬

(σ − β)୬(σ + η + α)୬ 

(−x)୬

n!
  

I,୶
,ஒ,

ቈxିଵeି୶Fଶ
ଶ 

a, 1 + d
b, d

; x൨  =
Γ(σ)Γ(σ + η − β)

Γ(σ − β)Γ(σ + η + α)
xିஒିଵ 

Fସ
ସ ൦

b − a − 1,
d(a − b + 1)

a − d
+ 1, σ, σ + η − β

b,
d(a − b + 1)

a − d
+ 1, σ − β, σ + η + α 

;  −x൪  

This complete the prove of Theorem 2.2. 

Theorem 2.3 

I,୶
,ஒ,

ቈxିଵeି 
୶
ଶFଵ

ଵ ቂ
a

2a
; xቃ =  

Γ(σ)Γ(σ + η − β)

Γ(σ − β)Γ(σ + η + α)
xିஒିଵ 

Fହ
ସ ൦

σ

2
,
σ + 1

2
,
σ + η − β

2
,
σ + η − β + 1

2

a +  
1

2
,
σ − β

2
,
σ − β + 1

2
,
σ + η + α

2
,
σ + η + α + 1

2
 

;  
xଶ

16
൪    … (2.3.1) 

where Re(α), Re(β) > 0, 𝑅𝑒(σ) = max{0, Re(β − η)} ; a is a non positive integer. 

Proof: We know that  

eି 
୶
ଶFଵ

ଵ ቂ
a

2a
; xቃ = Fଵ

 ቈ

−

a +
1

2
;  

xଶ

16
                                               … (2.3.2) 

Now taking left side of (2.3.1) and using (2.3.2) we have 

                           I,୶
,ஒ,

ቈxିଵeି
୶
ଶFଵ

ଵ ቂ
a

2a
; xቃ =  I,୶

,ஒ,
ቈxିଵFଵ

 ቈ

−

a +
1

2
;  

xଶ

16
  

                                               =  I,୶
,ஒ,

൦xିଵΣ୬ୀ
ஶ

1

ቀa +
1
2

ቁ
୬

(x)ଶ୬

n! (16)୬
 ൪ 
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=  

⎣
⎢
⎢
⎢
⎡

Σ୬ୀ
ஶ

1

ቀa +
1
2

ቁ
୬

n! (16)୬
I,୶

,ஒ,[xାଶ୬ିଵ ]

⎦
⎥
⎥
⎥
⎤

  

=
Γ(σ)Γ(σ + η − β)

Γ(σ − β)Γ(σ + η + α)
xିஒିଵ                       

Σ୬ୀ
ஶ

1

ቀa +
1
2

ቁ
୬

ቀ
σ
2

ቁ
୬

ቀ
σ + 1

2
ቁ

୬
൬

σ + η − β
2

൰
୬

൬
σ + η − β + 1

2
൰

୬

൬
σ − β

2
൰

୬
൬

σ − β + 1
2

൰
୬

ቀ
σ + η + α

2
ቁ

୬
ቀ

σ + η + α + 1
2

ቁ
୬

  

(x)ଶ୬

n! (16)୬
  

I,୶
,ஒ,

ቈxିଵeି
୶
ଶFଵ

ଵ ቂ
a

2a
; xቃ =

Γ(σ)Γ(σ + η − β)

Γ(σ − β)Γ(σ + η + α)
xିஒିଵ  

Fହ
ସ ൦

σ

2
,
σ + 1

2
,
σ + η − β

2
,
σ + η − β + 1

2

a +  
1

2
,
σ − β

2
,
σ − β + 1

2
,
σ + η + α

2
,
σ + η + α + 1

2
 

;  
xଶ

16
൪  

This complete the prove of Theorem 2.3. 

Theorem 2.4 

I,୶
,ஒ,

xିଵeି୶ ቄFଵ
ଵ ቂ

a
2a

; xቃቅ
ଶ

൨ =
Γ(σ)Γ(σ + η − β)

Γ(σ − β)Γ(σ + η + α)
xିஒିଵ                                            

F
ହ ൦

a,
σ

2
,
σ + 1

2
,
σ + η − β

2
,
σ + η − β + 1

2

a +  
1

2
, 2a ,

σ − β

2
,
σ − β + 1

2
,
σ + η + α

2
,
σ + η + α + 1

2
 

;  
xଶ

4
൪        … (2.4.1) 

where Re(α), Re(β) > 0, 𝑅𝑒(σ) = max{0, Re(β − η)} ; a is a non positive integer. 

Proof: We know that  

eି୶ ቄFଵ
ଵ ቂ

a
2a

; xቃቅ
ଶ

= Fଶ
ଵ 

a

a +
ଵ

ଶ
 ,2a  ;  

୶మ

ସ
 ൨                                                           … (2.4.2)   

Now taking left side of (2.4.1) and using (2.4.2) we have 

I,୶
,ஒ,

xିଵeି୶ ቄFଵ
ଵ ቂ

a
2a

; xቃቅ
ଶ

 ൨ =  I,୶
,ஒ,

ቈxିଵFଶ
ଵ ቈ

a

a +
1

2
 ,2a  ;   

xଶ

4
  

=  I,୶
,ஒ,

൦xିଵΣ୬ୀ
ஶ

(a)୬

ቀa +
1
2

ቁ
୬

(2a)୬

(x)ଶ୬

n! (4)୬
 ൪        

=  

⎣
⎢
⎢
⎢
⎡

Σ୬ୀ
ஶ

(a)୬

ቀa +
1
2

ቁ
୬

(2a)୬n! (4)୬
I,୶

,ஒ,[xାଶ୬ିଵ ]

⎦
⎥
⎥
⎥
⎤
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=
Γ(σ)Γ(σ + η − β)

Γ(σ − β)Γ(σ + η + α)
xିஒିଵ                                                

Σ୬ୀ
ஶ

1

ቀa +
1
2

ቁ
୬

(a)୬ ቀ
σ
2

ቁ
୬

ቀ
σ + 1

2
ቁ

୬
൬

σ + η − β
2

൰
୬

൬
σ + η − β + 1

2
൰

୬

(2a)୬ ൬
σ − β

2
൰

୬
൬

σ − β + 1
2

൰
୬

ቀ
σ + η + α

2
ቁ

୬
ቀ

σ + η + α + 1
2

ቁ
୬

  

(x)ଶ୬

n! (4)୬
  

I,୶
,ஒ,

xିଵeି୶ ቄFଵ
ଵ ቂ

a
2a

; xቃቅ
ଶ

൨  =
Γ(σ)Γ(σ + η − β)

Γ(σ − β)Γ(σ + η + α)
xିஒିଵ  

F
ହ ൦

a,
σ

2
,
σ + 1

2
,
σ + η − β

2
,
σ + η − β + 1

2

a +  
1

2
, 2a ,

σ − β

2
,
σ − β + 1

2
,
σ + η + α

2
,
σ + η + α + 1

2
 

; 
xଶ

4
൪  

This complete the prove of Theorem 2.4. 

Theorem 2.5 

I,୶
,ஒ,[xିଵ{(1 − x)ିୟ + (1 + x)ିୟ}]  = 2 

Γ(σ)Γ(σ + η − β)

Γ(σ − β)Γ(σ + η + α)
xିஒିଵ  

Fଷ
ସ ൦

a

2
,
a

2
+

1

2
, σ , σ + η − β 

 
1

2
 , σ − β, σ + η + α 

;  x൪                   … (2.5.1) 

where Re(α), Re(β) > 0, 𝑅𝑒(σ) = max{0, Re(β − η)} ; a is a non positive integer. 

Proof: We know that  

(1 − x)ିୟ + (1 + x)ିୟ = 2Fଵ
ଶ ൦

a

2
,
a

2
+

1

2
1

2

  ;   x൪                   … (2.5.2) 

Now taking left side of (2.5.1) and using (2.5.2) we have 

I,୶
,ஒ,

൦xିଵ. 2Fଵ
ଶ ൦

a

2
,
a

2
+

1

2
1

2

  ;  x൪ ൪ = 2 I,୶
,ஒ,

൦xିଵFଵ
ଶ ൦

a

2
,
a

2
+

1

2
1

2

  ;  x൪ ൪ 

=  2I,୶
,ஒ,

൦xିଵΣ୬ୀ
ஶ

ቀ
a
2

ቁ
୬

ቀ
a
2

+
1
2

ቁ
୬

ቀ
1
2

ቁ
୬

(x)୬

n!
 ൪  

=  2

⎣
⎢
⎢
⎢
⎡

Σ୬ୀ
ஶ

ቀ
a
2

ቁ
୬

ቀ
a
2

+
1
2

ቁ
୬

ቀ
1
2

ቁ
୬

n!
I,୶

,ஒ,[xା୬ିଵ ]

⎦
⎥
⎥
⎥
⎤
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= 2
Γ(σ)Γ(σ + η − β)

Γ(σ − β)Γ(σ + η + α)
xିஒିଵ Σ୬ୀ

ஶ
ቀ

a
2

ቁ
୬

ቀ
a
2

+
1
2

ቁ
୬

(σ)୬(σ + η − β)୬

ቀ
1
2

ቁ
୬

(σ − β)୬(σ + η + α)୬

x୬

n!
 

               I,୶
,ஒ,

xିଵeି୶ ቄFଵ
ଵ ቂ

a
2a

; xቃቅ
ଶ

൨ 

=  2
Γ(σ)Γ(σ + η − β)

Γ(σ − β)Γ(σ + η + α)
xିஒିଵ Fଷ

ସ ൦

a

2
,
a

2
+

1

2
, σ , σ + η − β 

 
1

2
 , σ − β, σ + η + α 

;  x൪ 

This complete the prove of Theorem 2.5. 
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