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In this paper our aim is to introduce and investigate the
function

v,8,q,r _ goo (Y)qn(5)rnzn

EO(,B (z) = =0 r(qn+p) n!n!
where for a,B,y,8 € C; Re(a) > 0,Re(B) > 0,Re(y) >0,
Re(6) > 0and q,r € (0,1) U N. This is a generalization
of the exponential function exp(z), the confluent

hypergeometric function @®(y,8,«; z), the Mittag-Leffler
function Eq(z),the Wiman's function Eqg (z) and the

function E&B (z) defined by Prabhakar and the function
Eyg (z) Shukla and Prajapati with its various properties.
For the function El:g'q'r (z) including usual differentiation

and integration, generalised hypergeometric series form,
Mellin—Barnes integral representation with their several
special cases are obtained and its relationship with
Laguerre polynomials, Fox H-function and Wright
hypergeometric function is also established.

Keywords: Confluent hypergeometric function; Euler
transform; Fox H-function; Mellin transform; Mittag-Leffler
function; Whittaker transform; Wiman’s function; Wright
hypergeometric function.

InTRODUCTION

n 1903, the Swedish mathematician Gosta Mittag-Leffler [6] introduced the function
E.(z), defined as follows,
Zn

Ea(Z) = gozo m (11)
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where z is a complex variable and I'(s) is a Gamma function, o > 0. The Mittag-Leffler
function is a direct generalisation of the exponential function to which it reduces for a = 1.

For 0 < a <1 it interpolates between the pure exponential and a hypergeometric function
ﬁ . Its importance is realized during the last two decades due to its involvement in the
problems of physics, chemistry, biology, engineering and applied sciences. Mittag-Leftler
function naturally occurs as the solution of fractional order differential equation or fractional

order integral equations.

The generalization of E,(z) was studied by Wiman [12] in 1905 and he defined the

function as

n

VA
Eqp(z) = 235, Tan+p)

~(1.2)

where o, € C; Re(a) > 0,Re(f) > 0 and which is known as Wiman’s function or for
B =1, generalised Mittag-Leffler function as E, ;(z) = Ey(z).

In 1971, Prabhakar [7] introduced the function EK,B (z) in the form of
n
Eyg (@) = Ziio F(a(;/i_%
where o,B,y € C; Re(a) > 0,Re(B8) > O,Re(y) > 0 and (y), is the Pochhammer
symbol (Rainville [8])
o= LWn =y +D +2) - (v +n = 1).
The function EZLB (z) is a most natural generalisation of the exponential function exp(z),

Mittag-Leffler function Ey(z) and Wiman’s function E, g (z). Gorenflo et al. [2 ,3], Kilbas
and Saigo [4,9] investigated several properties and applications of (1.1)—(1.3).

(13)

In 2007, Shukla and Prajapati [11] introduced the function Eg:g (z) in the form of

(V)qnz"
EY,q — ZOO_ q
i "= T'(an + B) n!

which is defined for o, 3,y € C; Re(a) > 0,Re(B) > O,Re(y) > Oandq € (0,1) U N.

. (14)

Y,0,9,r
[od

In continuation of this study, we investigate the function E g

(V) gn(®)rnz"
Ey,8,q,r = 3y q
g @ "=0 I'(an + B) n! n!
which is defined for o,B,y,6 € C; Re(a) > 0,Re(B) > 0,Re(y) > 0,Re(5§) > 0and

qr € (0,1) U N also where (y )gn = F(%Yq)n) and (8),, = %;n) denotes the generalized

(z) in the form of

. (15)

Pochhammer symbol which in particular reduces to q%" 2:1 ((Y%_l))n if ¢ € Nand
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™ 5, ((8+—:_1)) . The function Ez'g'q'r (z) converges absolutely for all Zif qr <
N :

Re() + 1 and for |z| < 1 if q,r = Re(a) + 1. It is an entire function of order
(Re )72,

(1.5) is a generalization of all above functions defined by Eqs. (1.1)—(1.4).
Remarks:
o Ifwetakef=1,y=1,6=1,qg=1r=1in(1.5) then we get (1.1)
o Ifwetakey =1, =1,q=1,7 =11in(1.5) then we get (1.2)
o Ifwetakeq=1, 6§ =1, r =1 in(1.5) then we get (1.3)
o Ifwetaked =1, r = 1in (1.5) then we get (1.4)
e s special case of (1.2) for § = 1.
e is special case of (1.3) fory = 1.
e s special case of (1.3)forf = y = 1.
e is special case of (1.4) for g = 1.
e isspecial case of (1.4) forg = y = 1.
e isspecial caseof (1.4)forf =q =y =1.
e s special case of (1.5) for§ =r = 1.
e isspecial caseof (1.5)for g =6 =r=1.
e isspecial case of (1.5)for y=q=6=r=1.
e isspecial caseof (1.5)for f=y=q=86=r=1.
En® @ = B} (@ = B3 @) = BE(®@ = E()
Also
(1.5) = (14) = (13) = (1.2) = (1.1)
But in general,
(15 ¢ (14) «+ (13)« (1.2) & (1.1)
This is also known as the Pochhammer—Barnes confluent hypergeometric function and is

defined as

1 o) (a)n Zn
®(a,b; z) = Fi(a,b; z) =222, mﬁ ,

where b # 0 or a negative integer is convergent for all finite z.

(1.6

e Generalised Laguerre polynomials (Rainville [8]):

These are also known as Sonine polynomials and are defined as
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1+, [ —
L(on (x) = % PR

in which # is a non-negative integer.

~(17)

e  Wright generalised hypergeometric function (Srivastava and Manocha

[11]):
This is denoted by ‘P}; and is defined as
lpp[ (0, A1), ..., (ap, Ap) ;Z] _ 3o, [T, I'(a; + Ajn) z"
41z (1,B1),...,(Bq,Bq) = I, T'(B; + B;n) n!
[—Zl (1 - alf Al)' ey (1 - aplAp)
(0,1),(1 —B1,By), .., (1 = Bg,By) |

P4 (B4, B1), .-\ (Bq' Bq)

_ glp
- Hp,q+1

where

denotes the Fox H —function.

Carlitz [1] used the following formula:
(a + b)m = 211}1:0 (a)r (b)m—r-

Basic PROPERTIES OF THE FUNCTION E!3%

s a consequence of the definitions (1.1) to (1.5) the following results hold:

Theorem 2.1. If o, 3,7,6 € C,Re(a) > 0; q,r € N then

d
,8,9, ,8,q, 8,0,
Evg® () = BEY g (2) + aZEE;Bj{ (),

(v - 1)qn+q—1(5)rn+r— z"
F'(an+ B) (n + 1)! n!
Man+q-1(6 = Dippyr— 2"
I'(an + B) n! (n + 1)!

,8,9, -1,6—-1,q,
Epon (@) —Egple " (2) = 2137,

+zqZ%,

+7are® (Y)qn+q—1(8)rn+r—1zn
=0 Tn+ B m+ D! (n + D!’

in particular,

(y = Dn(8)nz"

.. (1.8)

. (1.9)

..(1.10)

~(2.1.1)

. (2.12)

o (Dn(8 — Dyz"

EVi o @) —El e (2) = 23

oB-a

gm0 (V)n(8)nz"
" Tlan+B) (n+ 1! (n + 1!

Proof: We know that

"=0 TI'(an + B) (n + 1)! n! Z&n=0 I'(an + B) n! (n + 1)!

. (2.13)
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Ey,&,q,r (Z) — 3y (Y)qn (S)rnzn
B "=% I'(an + B) n! n!

Let us consider

d d Vqn(®)rmz"
_Ey,&q,r — el ZOO_ qn rn
02 4z Sop @) = o dz “™° I'(an + B + 1) n! n!

(O(I’l + B - B)(Y)qn(s)rnzn
F'(an + 3+ 1) n! n!

d (V) gn(®)rnz" (V) gn(&)rnz"
—_gvoar — y® qn\®/rn _ o qn\9J)rn
* 4 Ecprn (2) = 2o I'(an + B) n! n! BZnzo IF'(an+ B+ 1) n! n!

d 8 .
O(ZEEZ:B'ET (z) = I,

d S S S
az—Eogh (2) = Egg™ (2) — BEggly (2)
d
,8,0, 8.4, 8.9,
Evg®" (@) = BERY () + oz o-Eyply (@)

This proves (2.1.1).
Again consider L.H.S of (2.1.2) we have

Ey,&,q,r (2) — Ey—1,8—1,q,r (Z) - 3 (Y)qn(s)rnzn _ g (Y - 1)qn (8 - 1)rnZn
wp-a ap-a "=% P(oan +  — ) n! n! "=0 T(an+ B —a) n! n!
_ voo (Y)qn(a)rnzn © (Y - ]-)qn((S - 1)rnZn

"0 Tam—-1)+p)n' n “™°T(a(n—1)+p)n! n!

[(y)qn(s)rn - (Y - 1)qn(8 - 1)rn] z"
F(a(n—1) + B) n! n!

=Znso
. [yrn+qnd + qnrn — qn — rnl{(y)gn-1(8)rn—1} 2"
n=0 ['(a(n—1) + B) n! n!

[(y = Drn+qn(8 = 1) + qurnl{(¥)gn-1(8)rn_1} 2"
F'(a(n—1) + B) n! n!

(Y - 1)FH(Y)qn—1(5)m—1Z" © qn(8 - 1)(y)qn—1(8)rn—1zn

—_ oo
- z:n:O

= Inzo I['(a(n —1) + B) n! n! "= T'(a(n—1)+p)n! n!
o0 ann(Y)qn—l(a)rn—lzn
2= ['(a(n—1) + B) n! n!
— 3 (Y - 1)qn—1(8)m—1zn © (Y)qn—1(8 - 1)rn—lZn

"=l T'(a(n—1) +B) (n — 1)! n! 4%n=1 IF'a(n—1)+ ) n! (n—1)!

© (Y)qn—l(S)rn—lzn
H 1 F = D)+ B) (n— Dl (n = 1)!

Put (n + 1) in place of n

(Y - 1)qn+q— (8)m+r—1Zn
T'(an + B) (n + 1)! n!

= 7zri;yl,
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(Y)qn+q—1(8 - 1)rn+r—1Zn © (Y)qn+q— (S)rn+r— z"
Tan+ B nl (n+ D1 T 24020 Tian 1 8) (0 + 1! (n + 1!

(Y - 1)qn+q—1(8)rn+r—lzn
F'(an+B) (n+ 1)! n!

(Y)qn+q—1(8 - 1)rn+r— z" + I (Y)qn+q—1(8)rn+r— Z
Tlan+B)n! m+ D! =0T+ B (n+ 1) (n + 1)!

+2qZ5,

,8,9, -1,6—-1,q,
Epon (@) —Eqply " (2) = 2rifl,

n

+z2qZp%

This proves (2.1.2).
By substitute ¢ = r = 1 in (2.1.2) we get (2.1.3).

Theorem 2.2. If a,B,y,6,w € C; Re(a),Re(B),Re(y),Re(§) > 0 and g, r € N then
form € N,

dy" (y + qm) g (8 + rm), 2"
- v,.8,q,r — 0 qn rn
( dz) Egg " (2) = (am®)mmZizo Fo 07 B+ o)l (0 + )] ~(2.2.1)
i m[ B—lEY.&q,r( a)] — B—m—1Ey,8,q,r( @) Re(B—m) > 0 (2.2.2)
1 Z ap  (WZ =z ap-mWZ%),Re m , . (22.
In particular,
d m
(E) (2P Bap(wz®)] = 287" Eq pm (w2®) . (2.2.3)
And
i m B-1 . — F(B) f-m-1 _ i
(5) [F 00w = ;22 [2F" 0y, B — m; wa)] . (22.4)

Proof: From (1.5) we have
d\" /8,q,r _ dy\" . (y)qn (S)rnzn
(E) EZ"Bq @ = (&) Zn=o T(an + B) n! n!
- WMgn@®mn(n =DM —2)...(n —m+ z"™™
"=0 Tlan + B)[n(n — 1)(n —2) ..(n —m + 1)] (n — m)! n!
o (V) gn(8)rnz" ™™
"=0 T'(an + B) (n — m)! n!

Put n = n + m then

e (Y)qn+qm(6)rn+rmZn
"=0 T'(an + B + am) n! (n + m)!
" (v + qm) 4, (8 + rm) 2"

() EB¥ ) = Mam(®m2s
dz) "B = Wam{®)rm&En=0 Teen ¥ B+ am) n! (n + m)!

This complete proves of (2.2.1).

d m d m (Y) (8) anan+B—1
< B-1 pv.8ar . ay| (_) w anO)rn
(dz) [Z Bap ™ (w2 )] dz [ "=0" T(an + B) n! n!
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(V) gn (8)paW"z*™*F~1""T'(an + B)
I'(an + B)F'(an + B — m) n! n!

= B m—1y oo (Y)qn(a)mWnZom
"=0 I'(an 4+ B — m) n! n!

— oo
- z:n=0

m
(i) [ B-1 Evﬁqr(wza)] — ,B-m-1 Evﬁqr(wz )
dz
This complete prove of (2.2.2).

Letus considery = 6 = q =r = 1in (2.2.2) then we get

d m
(&) [ZB_lEalB(wz"‘)] = Zﬁ_m_lEa,B_m (wz%)
This complete prove of (2.2.3).

For the proof of (2.2.4) wetakea = q=r = 11in(2.2.2) we get

F(B)

(5) 005 pw] = s [

This complete the proof of (2.2.4).
Corollary 2.3. If o, 3,y € C,Re(a) > 0; g € N then

2P 14 (y, §; B — m; wz)|

d
Egp(@ = BEggy, (@) +azErg,, (@), .. (23.1)
(Nan+g-1 2"
v.a _ qn+q-
EotB o« (@)= OLB « e (@)= qzZy, T(an + B) oL’ ..(2.3.2)
in particular,
EVe o @ —Elg t (2) = 2EVR(2). ..(233)
Proof: If wetake 8 = 1,r = 1in (2.1.1), (2.1.2) and (2.1.3) then we get the result.
Corollary 2.4. If o, B,y € C, Re(a) > 0; then
d
EllB(Z) BEQ B+1 (z) +az— dz (xB+1 (z), ..(24.1)
va VL) = _ W2
E(xB o« (@)= EOLB « @) = ZE, T(an + B) n!.’ ..(24.2)

in particular,

Elp o @ —Elg, (2) =2El (). - (243)
Proof: If wetake § =1,q= r=1in(2.1.1), (2.1.2) and (2.1.3) then we get the result.
Corollary 2.5. If o, € C, Re(a) > 0; then

d
OLB(Z) = BE,, B+1 (z) + az—

Iy Db+ (2), ..(25.1)
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Zn

Eap-o (2) = Eap-o (2) = qzZ35, Tn+B) .. (2.5.2)
in particular,
Vi o (@ —Elgld (2) = 2EVR(2). . (25.3)

Proof: If wetake y=86=1,q= r=1in (2.1.1), (2.1.2) and (2.1.3) then we get the
result.

Corollary 2.6. If o, 3,y,w € C; Re(a),Re(B),Re(y) > 0and q € Nthenform € N,
d m

(3) EA® = WamElfmd@ = @ mELpmi@ - (261)
d m

(E) [ZB_lEz:g(WZa)] = ZB‘m‘lEZ(:g_m(wz“), Re(B—m) > 0, ..(2.6.2)

Proof: If we take 6 = 1,r = 1 in (2.2.1) and (2.2.2) then we get the result.

GENERALIZED HYPERGEOMETRIC FUNCTION REPRESENTATION OF

8,4,
EVS9" (2).

sing(l.S), takinga = k € N, and q,r € N we have

EY’&q'r(Z) =3%®  — (V)qn(8)rnz"
B "=% T'(an + B) n! n!
1 &) nz™
EK:S'QI(Z) — © (Y)qn( )rn

I ™" (B)kn (Vg 1!

q (YHi—1\ r 8+j—1> (qqrrz>"
1 i=1( q )n szl( r N k2k

[ee]
Zn=0

IN(S)) H{(:l (&k_l) (1), n!
L [ ) () 6) ) () e

N B IC O R P

Convergence criteria for generalized hypergeometric function F

,8,0,
EIZ,B (@) =

8.9,
EK,B Y(2) =

q+r .
k+1 -

i) If q + r < k, the function converges for all finite z.

i) If k, the function F}l] for all fini

(i) If g+ r = k + 1, the function FE:; converges for [z|] < 1 and diverges for |z] > 1.
iii) If g +r > k + 1, the function is divergent for z # 0.

iii) If k + 1, the function F[] is di fi 0

(iv) Ifq + r = k + 1, the function FE:; is absolutely convergent on the circle |z| = 1 if
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+1-1 +i—1 §+j—1
Re (zﬁl(BT) —xd, (%) —3r, (+)> > 0.

MELLIN-BARNES INTEGRAL REPRESENTATION OF EVST (2).

Theorem 4.1. Let o € R+; v, 8 € C (y = 0) and q € N. Then the function Ezzg’q’r(z) is

represented by the Mellin—Barnes integral as

1 ['(s)T'(y — gqs)T'(6 — rs)
2milyrs fL T'(B— as)

where |arg(z)| < m; the contour of integration beginning at —ico and ending at +ico, and

8,4,
EZ(,qu(Z) =

(-z)~5ds w(41.1)

indented to separate the poles of the integrand at s = —n for all n € N (to the left) from
thoseat s = ? foralln € N (to the right).

Proof. We shall evaluate the integral on the RHS of (4.1.1) as the sum of the residues at
the poless = 0,—1,—2,.... We have

1 ['(s)T'(y — qs)T'(6 —rs)
T 2mi fL I'(B—as)

(—z)7sds

T'(s)I'(y — gs)I'(8 —rs)
I'(B—as)
(s + n) 1 T(y —qs)T'(8 —rs)

=Znzo Resy's [ (=2)7°

= Znzo Jim sinms T'(1—5s) I'(B— as) =2
_ 5 (<) 1 I'(y + qn)I' (8 + rn) (o

I'1+n) r'(B + an)
= T(YI(8) EXg ™ (@),
That is

TSIy —gs)I'(6 —rs)

1
EYdary — f
ws ()= 20mTs 5 (g — as)

(—z)75ds.

RELATIONSHIP WITH SOME KNOWN SPECIAL FUNCTIONS
(GENERALISED LAGUERRE POLYNOMIALS, FOX H-FUNCTION, WRIGHT
HYPERGEOMETRIC FUNCTION)

5.1. Relationship with generalised Laguerre polynomials

Putting a = kK, = p+1, y =-m, §=1,r=1, q € N with q| m and replacing
z by zk in (1.5), we get
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-m,q,1,1 k) [%] (_m)qn Z
Bt Fn=0 T'(kn + p+ Dn!

5] (-1)9"m! zkn
n=0 (m — gn)! T'(kn+ p+ 1)n!

_ Tm+1) [G] (—DT(km +p+ 1) 2

T T'(km4p+1) ™0 (m—qn)! I'(kn+ p+ n!
'm+ 1)

By (2) = Z8 @K,

F(km +p+ 1) ]

where Z[(“] (z,k) is a polynomial of[ ] in zX.

In particular, Zr(#) (z,1) = LEE) (z) so that

'(m+ 1)

W
F'(km+p+ 1) L’ (2 1).

Exiea (2) =

5.2. Relationship with Fox H-function

Using (4.1.1), we get

T'(s)I'(y — qs)I'(8 —rs)
2mil'yrs fL I'(B—as)

1 " [ . (A=v)a).((1-8),r)
)] oD, (a-B)a) |

5.3. Relationship with Wright hypergeometric function

EV3Y (2) = (—z)"5ds

Ifg,r € (0,1) then (1.5) can be written as

SAr, s 1 w Ty +qnI(8+rn)z"
Bas” ) = F)r@) ™0 " T(an + B) Dy nl
y8qr 1 2 (Y,Q)' (S!r)
Eas” @ =t 2| 1 )

. (5.1.1)

.. (5.1.2)

. (5.2.1)

. (5.3.2)
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