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In this note we introduce the notion of polynions and
discuss their mathematical relevance. We note that the
well-known mathematical structures like quaternions,
octonions and sedenions etc. are special cases of
polynions.
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“NTRODUCTION

he main pupose of this note is to exhibit thatwhedi-known mathematical structures

like quaternions, octonions and sedenions etcspeeial cases of polynions. The well known
qguaternions [1-3] were discovered by William Rowdamilton. These are very useful in
mathematics as well as in physics. Octonions [8die discovered later on the basis of the
theory of quaternions. Similarly sedenions [5] ameextention of octonions.

We introduce the notion of polynions, plus and mipakynions. It is noted that the well-
known mathematical structures like quaternionspmicins, sedenions are special cases of
minus polynions.

The mathematical structures given by minus polymiamd plus polynions are quite
distinct and have different algebraic properti¢ss well-known that Quaternions form a four
dimensional non-commutative but associative algé¢tmaever the algebra of octonions is
neither associative nor commutative. But in thsecof the mathematical structures given by
plus polynions we retain the both commutativitynasl as associativity for multiplication.

In general the notion of plus polynions leads tostrnuct a unital commutative as well as
associative algebra of dimensiam+1 for each Nwhere n= 2 -1tON U{q . Here N
denotes the set of natural numbers.

In the next section we introduce the notion of paws. In section 3 we discuss the

mathematical relevance of polynions. In the lastieae we provide conclusions.
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pOLYNlONS

Definition 2.1: Polynion: Let p be an expression of the form

p=ayt+tae tag,t..tag . If ef:egz...:enzz—l or ef:e%:...:enzzl thenpis

called a polynion. Her@y,ay,a,,...,a,are real numbers and=2' -1t N U{Q . Here N
denotes the set of natural numbers. It may bedribist e, =1.

Definition 2.2: Minus Polynion:  If ef :eg =..= en2 =-landee; +e;g =0 for each
€,€; such thatg #e;, 1<si<n,1<s j<n then p=a, +ae +aL,+...+a,g, is called the
minus polynion. LelJ; ={+1,+q ,+e,,...x6,} . Then the set of all unit minus polynions

forms a group under the multiplication of unit msnpolynions for eacln< 3. If n=7then

U, satisfies each condition to be a group except &tbaty.

Definition 2.2: Plus Polynion: If ef :eg :...:enzzl and ge; +e;g =2ge; for
each g,e; such thatg #e;; 1<i<n, 1<j<n then p=a,+ag+ag,*+..+a,g, is
called the plus polynion. Lat y ={1,,€,,...6,} . Then the set of all unit plus polynions

forms a commutative group of ord@ under the multiplication of unit plus polynionsn
this group each element is self inverse.

It shuld be emphasized that multiplication oftysius polynions is carried out in the
same way as it is done in the case of unit mindgngms but we replace minus sign by plus
sign in the case of unit plus polynions. By this r@&ain commutativity and associtaivity of
multiplication for unit plus polynions. We illustie this by means of the following example.

Let n=3 then in the case of unit minus polynions we haver (g #e;)
86, = -6 = €3, 6,63 =—eL,=e; and e;6; = —ee; =6,. However in the case of unit plus
polynions this becomesge, = e, = €3, ,6;=eL,=e,andee =ee; =6,.

In the next section we discuss about the setdl ofiiaus polynions and plus polynions

and provide multiplication rule fo€ and & in the case of plus polynions for=1,3 and 7.

mMATHEMATlCAL RELEVANCE OF POLYNOINS

e consider the case of minus polynions and plugnpmhs separately.
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Case |: Minus Polynions: Let B, denotes the set of all minus polynion. Let us take
n=0 then it is easy to see that the $gtof all minus polynions reduces to the set of real
numbers. If we taken =1 then B, reduces to the set of complex numbers. Similamky may
see thatR, reduces to the set of all quaternions and octnior n=3 and 7 respectively.
Further if we taken =15 then B; gives the set of all sedenions.

It may be noted that real numbers, complex numbgusternions, octonions and
sedenions are well-known mathematical structuressanthe multiplication rule for them can
be found in mathematical literatures. Thereforedeenot discuss the multiplication rule for
§ ande; in these cases. For further details on quaternmetsnions and sedenions one may

refer [3-5].

We now come to the set of plus polynions, srﬁy, and describe the multiplication rule

for g ande; in this case.

Case II: Plus Polynions: We see that the sd?, of all minus polynions contains the set
R of real numbers as well as the s2bf complex numbers. However the sjefof all plus
polynions contains the sd® of real numbers but not the s& of complex numbers. Below
we discuss about the s& of plus polynions fom=1,3 and 7 (for n=0, Py reduces to

the set of real numbers itself).

If we take n=1 then we can writeR" ={a+eb:a,b0OR}. Clearly " gives a special

class of numbers which is neither real nor complgixit looks like complex numbers.

One may easily verify thaf"is a commutative ring with identity under additiand
multiplication of polynions defined below.

Let pj=a+eb and p, =c+edOR; then the sum ofp, and p, is defined by
p+p,= (a+eb)+(c+ed)=(a+c)+e(b+d) and the product of, and p, is defined
by p,p, =(a+ep)(c+ed)=(ac+bd)+ey(bc+ad). One may find it interesting to note that
ideals of this ring satisfy the properties of egguare ideals [6].

Moreover one may see th&'is a unital commutative and associative real algeddr
dimension two but unlike the algebra of complex bers this algebra has zero divisors.
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If we take n=3 then the set of all plus polynions reduces to

P ={a+eb+ec+ed:ab,c,dOR . Clearly By gives a set which looks like the set of all

quaternions. As already explained in this case Wia/ehel2 :e§ :e32,:1. Also,
g6, =eL =€e; 6e3=eL,=e; and e;e, =ee; =6,. It may be noted that unlike usual
Hamilton quaternionsP:.;+ forms a unital commutative algebra of dimensioarfoNe have
retained commutativity as it is clear from the defg relations ofg and e;. It may be

verified that this algebra has zero divisors.

One may easily verify that in this case the Wgt={1,e,,e,,eq of unit plus polynions
forms the Klein’s group under multiplication.

If we take Nn=7 then the set of all plus polynions reduces to
P ={a, +ae +ae +ae +ae, +ae +ae tae 1o ORL.  ClearyP;
gives a set which looks like the set of all octoisioAs already explained in this case we have
ef = e,j = e32 == e72 =1. The multiplication of € and €such that € %€,

1<i<7,1< j <7 canbe given in several ways. For example we nefipe that

B8 =€X1=€y, 8 =EL1=Cq EE=E£=€) 6 =6 =€7, €& =€ =¢E;3,

887 =€£.=€5 683 =6£,=65 66 =€Lr=€1, EE;=6L,=€3 68 =€FLr=8€y,
€7 =€7£,=C €y =€4€3=€7, BB =E3=€), GG =EL3=€, GE = EE3 =€y,
€85 =€y =€Cq €8 =€ = €5, 87 €€y €3 &G TEL5=€y && T€L5 T8
€87 = €786 = €2

It may be noted that unlike usual octonioR$ forms a unital commutative as well as
associative algebra of dimension eighte have retained commutativity and associativityt as
is clear from the defining relations of unit plustanions. It may be verified that this algebra
has zero divisors.

One may easily verify that in this case theBgt={1,6,,e;,e3,64€5€5€7 of unit plus

polynions forms a multiplicative group of order lgign which each element is self inverse.

Similarly it may be seen that far=15, the set Pn+ of all plus polynions gives a

mathematical structure corresponding to the sedeni
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(oncLusions

nt is seen that quaternions [1-3], octonions [34#] aedenions [5] are special cases of

minus polynions. The notion of plus polynions leddsdefine mathematical structures
corresponding to each structure given by the mpalgnions. Moreover in the case of plus
polynions we retain commutativity and associativitder multiplication and thus the algebra

of plus polynionsP; is commutative as well as associative for each2' —1tON U{q

and these algebras have zero divisors whenewed.
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