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%TRODUCT]ON

et A(n) denote the class of functions f(z) normalized by

f(Z) = zP _ZI?:n+p ay z¥ ’

a,=0 and n,peN=1{123,...}

(1)

which are analytic and p-valent in the open unitdisc U = {z:z€ Cand |z| < 1}

We introduce here an extended linear derivative operator of Ruscheweyhtype :

D*? : A(1) — A(1)which is defined by

where

DA (F@) = 27 -

k=n+p

A>—p,f€AMm)

</1+k—1

k—p )akzk

In particular when A = n,n € N , itis easily observed from (2) that

P FE)™

n!

D" (f (@) =

- (2)
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n € NU{0}.p € N

So that
D'?(f(2)) =1 -p)f (@) + zf (2)
1-p)(2 - , 2
p2r(f@) = B2 by 4 2 pef (0 + @)
And so on
N o (P e Sk /1+k—1> »
oG = (= ()04, )
k=n+p
here <k> _ k(= 1)(k—2) ..l....(k—m+1)
m m:

By using the operator D*?(f(z)), we introduce new subclass SY w(A,b,8) of p-
valently analytic function f(z) satisfying the following inequality

1{ 6z (Dﬂ » (f(z)))(mH) + Az* (Dl P (f(Z)))
b Az (DMJ (f(z)))(mH) +(@E—-A1) (D/1 P (f(z)))

p €EN,meNU{0}z eU, p>max(m,—1),b € CU{0},1=20,0< 6 <1

(m+2)

(m)—(p—m) <1

Furthermore a function £ (z) is said to belong to the class G} ,,(1,b, &) if and only if
2f'(2) € S} ,u(A,b,6)

The object of the present paper is to investigate the various properties and characteristics
of analytic p-valent functions belonging tothe subclasses S,’j_m(/l,b,d) and fo,m (4,b,6)
which we have defined here. Apart from deriving a set of coefficient bounds for each of these
function classes, we establish distortion theorem, radius of starlikeness, convexity and closure
theorem.

PRELIMINARY RESULTS

THEOREM 1:- A function f(z) € A(n) and defined by

f(2) = zP—Z,;“’szrpakz",ak >0 and peN,isinSy ,(1,b,6) ifand only if

o A+ k-1 (k
k;p( k—p )( ) 0tk = m = 1+ O = p + Iblla < 161 () o = m — 1) + 6]

COROLLARY 1.1:- f(2) € S? ,,(1,b,8) then

b (72:1) [Alp—-m—1)+ 6]
(k) (A+k—1) [).(k -m-1)+ 6][1{ —p+ |b|]

m k—p

akS
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COROLLARY 1.2:-forp =1,m =0 we have

|b|&
a, < , k=2n+
€= DAk — 1) + 81k — 1 + 1b]] b
COROLLARY 1.3:-forp =1,m =1 we have
“ |b[[6 — 2]
kS
ke (MF1) [k + 81k — 1+ bl

COROLLARY 14:-forp=1,m=1,2=1 we have
|b|[§ — 1]
ay <
k?[k + 61[k — 1+ |b]]

THEOREM 2:- A function f(z) € A(n) and defined by
f@)= 2P —¥¢ 1y @z, a2 0 and peN,isinG} ,,(4,b,8) ifand only if

o Atk -1y [k

2. ( )() KAt = m = 1)+ ik = p + 1511 < 151 (P ) plap = m = 1) + 5]

p
k=n+p k -p m

THEOREM 3:- If f(2) € S% ,,(A, b, &) then
b1 (P ) A —m = 1) + 6]
(YT TAm +p —m — 1) + 8l[n + [b]]
b1 (P) (A = m = 1) + 6]
(n;p)(“”:p_l)[/l(n +p—m—1)+68]|[n+]|b]]

|z|P — |2z|™*P

S If@l

< |z + |z|"*P

With equality hold for

bl (P) (A = m = 1) + 6]

f(z) = zP — z"*? (nn-:p)(/Hn:p—l)[l(n +p—-—m—1)+6][n+|bl]

THEOREM 4:- If f(2) € G} ,,(4,b,§) then
blp (P A —m — 1) + 5]
(";p)(“":p_l)(n +p)[An+p—-—m—1)+68][n+|b|]
Iblp (P) A —m = 1) + 6]
YT+ p)[An +p —m — 1) + 61[n + |b]]

|z|P — |z|™*P

<If@I

< [2lP + |z

With equality hold for

blp (P) (2 = m — 1) + 6]

f@ =20~ 27 ()P (4 p)[A( + p —m — 1) + 8][n + |bI]

THEOREM 5:- If f(2) € S? ,,(1, b, §) then
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b1 (1) @+ —m - 1) + 5]
(YA AM 4 p —m — 1) + 8][n + |b]]
b1 () o+ pap —m - 1) + 5]
(n;p)(Hn:p_l)[/l(n +p—m—1)+8][n+]|b]]

plz|P~ = |z|"+P

<If' @I

<plzP~ + |z*P

With equality hold for

b1 (") (At = m = 1) + 6]
(YA A +p —m — 1) + 8][n + |b]]
THEOREM 6:- If f(2) € G ,(1,b, ) then

b1 (") plap —m— 1) + 5]
(YA D A+ p —m — 1) + 8][n + |b]]

161 (P ) pla —m = 1) + 6]
("1:”)(“”:”_1)[/1(71 +p—m—1)+8][n+|b]]

f(z) = zP — z"*P

plz|P~t = z|"+P

<If' @l

<plzP~H + |z"P

With equality hold for

blp (P) A —m — 1) + 8]
("ntp)(“":p_l)(n +p)[An+p—m—1)+68][n+ |bl]]

f(z) = 2P — z"*P

THEOREM 7:- Iff(2) € 55,m (4,b,6) ,then f is close to convex of order o in

|z| <r(p,n,mA,b,5,x)where
Tl(p,n;m:/l;b;s;oc)

1
inf (/1+k—1)(k)(p—oc)[/1(k—m—1)+6)][k—p+IbI] kp
ok k—p J\m kIb|(P)[A(p —m —1) + 8]

THEOREM 8:- Iff(z) € S,’f‘m (1,b,8) ,then f is starlike of order « in

|z| <1 (p,n,mA,b,5 ,x )where
r,(p,n,mA,b,5,x)

_inf <<(,1 +k— 1) (k) (p—) Ak —m—1)+ &)k —p + |b|]>"1”\

e [\ k- M) Geomit e —m -1 + o1 )

THEOREM 9:- If f(2) € S} ,,(1,b,8) , then f is convex of order o« in
|z| <r3(p,n,m,A,b,5 ,x )where
T?)(plnlmlz"blaloc)
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1
_inf/ (,1+k—1>(k)p(p—o<)[/1(k—m—1)+6)][k—p+|b|] o
ok \ k(k—9)|b](2)[A(p —m — 1) + 5]

THEOREM 10 : Let f;(z) = z?
A+k—1)<k)[l(k—m—1) + 8]k —p+ |b|]Zk
bI(P)[A( —m —1) + 6]

k—p m

|
)

and fi(2) = zP — (

k—p m
for k=n+p

Then f(z) € S? m(,b,8) ifand only if f(z) can be expressed in the form

[oe]

[@=0@+ ) Wfi@

k=n+p

where Ay =0 and A4 + Z A, =1

k=n+p

WEIGHTED MEAN, ARITHMETIC MEAN AND LINEAR COMBINATION

oIIowing the earlier works by W.G.Asthan, H.D. Mustafa and E.K. Mouajeeb [2]
weighted mean, arithmetic mean and linear combination of regular function .

Definition 2.1 :Let f, g € B(4, B, §)then the weighted mean wy, of fand g
is defined as

1
Wrg =§[(1 -f@+1+tg@)] ,0<t<1

Definition 2.2 :Let f;(z) = zP — ¥_14, @i, z* , i = 1,2,3, ..., m be the functions in the
class B(4, B, ) then the arithmetic mean of f; (i = 1,2,3,...,m) is defined by

1 m
9@ = =3 (@)
i=1

Definition 2.3 :Let f;(2) = 2P — ¥ 14, Gip 2° . i = 1,2,3,...,m be the functions in the
class B(4, B, §)then the linear combination of f; (i = 1,2,3, ..., m) is defined by

G(z) = Zkifi(z), where Zki =1
i=1 i=1

THEOREM 2.1 Let f,g €S} ,,(4,b,6). Then the weighted mean wy, of fand g is
also in the class S} ,,(1,b,8)
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PROOF: By Definition 3.1, we have

1
wry =51 = Of @) + (1 +Dg()]

=%l(1 —t) (z” —kz akzk>+ (1+t)<z” —kz bkzkﬂ
=n+p =n+p

= - Z %[(1 —Da, + (1 + )b ] 2* ~(31)

k=n+p

Since g € S¥ ,.(1,b,8)s0 by THEOREM 1 we have

> (l“,:f; () 1= m =1+ 8311k~ p + 1olla < 161 () 1o —m— 1) + 6]
k=n+p
and

Z </1+k—1)(712)[/1(k_m_1)+5)][k_p+|b|]bkg|b|(::l)[/1(p—m—1)+6]

k=n+p k_p
Therefore
o A+ k—1\ [k
> () () Bl m= 0+ 1k = pl + o]
—p M
k=n+p
1
[E [(1-t)a, + (1+t)b,]
1 o A+k—1y\ [k
:5(1_t)k;p< e )<m>[/1(k—m—1)+5)][k—p+|b|]ak
1 o A+k—1\/k
+5(1+t)k;p( e )(m)[/l(k—m—l)+6)][k—p+Ibl]bk
1
s5<1—t>[|b|(fr’l)m(p—m—1)+5]]
1
+E(1+t)[|b|(::l)[l(p—m—1)+6]
=151 (7)) 12 —m — 1) + 5]
Therefore

wr, €SP . (A,b,6)

Hence the proof of theorem is completed.



Acta Ciencia Indica, Vol. XLVI-M, No. 1 to 4 (2021) 39
THEOREM 3.2 Letf(2) = z° — X7 ,4p @i 2° i =1,2,3,...,m be the functions in
the class S” m(A,b,6) then the arithmetic mean of f; (i = 1,2,3,...,m) is defined by
9(z) = — ¥, fi()isalso inthe class S, (1, b ,5)
PROOF :Since f;(z) = 2z — Yoy i 2° . i =1,2,3,..,m

Therefore

1 m
9@ = =3 (@)
i=1

I
3~
N
<
|
]
8
pu
N

We have f;(z) = 2P — X7 ,4p @i 2* , i=123,..,mareintheclass S} ,,(1,b,6)
So by THEOREM 1 we have

i (Angl)(:l)wk—m—1)+6)1[k—p+|b|]<%iai,k>

k=1+p i=1

HEAN i (TN ()t —m -1 + )l —p + bl ays

k
me k=1+p k=p m

< %Zl:lbl (51) [A(p —m = 1) + 6] = |b| (T’:l) [A(p —m — 1) + 8]

Hence the proof of theorem is completed.

THEOREM 33 Letfi(z) = z° — X34, @i 2 i =1,2,3,...,m be the functions in
the class S}, ,,(4,b,8) then the linear combination of f; (i = 1,2,3,...,m) is defined by

G(z) = X% kifi(z), where Y%, k; = 1 is also in the class S,’L’_m (1,b,6)

PROOF: Let f;(2) = 2P — X¥_pip Qi zF | i=1,2,3,...,m be the functions in the class
s? .(4,b,8)

so by THEOREM 1 we have

> (e () - m— 1+ o)ltk — p + bl

k —
k=1+p
<181 (] ) A —m = 1) + 4]
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6@ = ) kfi(@)
i=1

m [ere]
G(z) = Z k| zP — Z a;; z"
i=1 k=n+p
[ee] m
G(z) =2zP — Z ( kiai,k>zk
k=n+p \i=1

So by THEOREM 1 we have

S (7 ) oneneoms (S
p

i=1

- iki i (o)) k= m= 1+ ik —p+ bl ae

i=1 k=1+p

< ;ki|b|(rfl)m<p—m—1)+6] = 181 (] ) A —m = 1) + 5]

Hence the proof of theorem is completed.

,4 PPLICATION OF FRACTION CALCULUS AND OTHER POPERTIES

arious operators of fractional calculus have been studied in the literature rather
extensively. Now we recall the following definitions.
DEFINITION 3.1 The integral operator studied by Bernardi is

Lc[f] =p

e f CF0xedx
0

VA
THEOREM 3.1: If f €S}, (2,b,8) thenL.[f]isalsointheclassS} ,(1,b,6)
PROOF: Let f(2) = zP — X7, 4, a; 2" then

[oe]

+c (?
Lc[f]=p f xP — Z akx" xldx
0

ZC
k=n+p
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Since ¢ > —p,k > p + nthen %Snsowehave

i (Hk 1)(),1(k m—1) + 8]k - p+|b|](p+c)ak

1(2)[2(p — m — 1) + 6] k+c

k=n+p

a <1

_ i (A+k 1)( YAtk = m = 1) + 8)][k —p + [b]
|b|(m) A(p—m—1)+6]

Therefore L [f] is also in the class St ,,(1,b,8)

k=1+p k
Similarly we can prove
THEOREM 3.3: Let f € S¥ . (1, b, 8)then for every y > 0 then the function

L =0-0f@+px| L (y”

is also in the class SY ,,(1,b,8)

THEOREM 3.4: Let f € S¥ ,.(1,b, &) then for every y > 0 then the function

M, (2) = (1— x)2" + px f(yy)

is also in the class SY ,,(1,b,8)

2EFERENCES

1.

G. Murugusundaramoorthy, T. Rosy and K. Muthunagai , ‘Carlson — Shaffer operator and their
applications to certain subclass of uniformly convex functions’, general Mathematics Vol. 15, No.4,
131-143 (2007).

W.G.Asthan , H.D. Mustafa and E.K.Mouajeeb, ‘Subclass of multivalent functions defined by Hadamard
product involving a linear operator’ , Int. Journal of Math. Analysis, VVol.7, No. 24, 1193-1206 (2013).
S.M. Khairnar. and Meena More , Subclass of analytic and univalent functions in the unit disk Scientia
Magna, Northwest University, China, VVol. 3, No. 2, 1-8 (2007).

S.M. Khairnar. and Meena More, Convolution properties of univalent functions with missing second
coefficient of alternating type, International. J. of Maths. Sci. and Engg. Appls. Vol. I, No.1, pp 101-113
(2007).

S. M. Khairnar and MeenaMore : A subclass of uniformly convex functions associated with certain
fractional calculus operator', IAENG International Journal of Applied Mathematics, 39(3), 184-191
(2009).

S. M. Khairnar and MeenaMore : Certain family of analytic and univalent functions with normalized
conditions', Acta Mathematica Academiae Paedagogicae Nyiregyh_aziensis, 24 (2008), 333-344 .

S. M. Khairnar and MeenaMore :On a class of meromorphic multivalent functions with negative
coefficients defined by Ruscheweyh derivative', International Mathematical Forum, 3(22), 1087-1097
(2008).



42

8.

Acta Ciencia Indica, Vol. XLVI-M, No. 1 to 4 (2021)

S. M. Khairnar and Meena More : On certain subclass of analytic functions involving Al-Oboudi
differential operator', Journal of Inequalities in Pure and Applied Mathematics, 10(1), Art. Id. 57, 1-10
(2009).



