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INTRODUCTION 

Let 𝐴(𝑛) denote the class of functions 𝑓(𝑧)  normalized by  

                                    𝑓 𝑧 =  𝑧𝑝 −  𝑎𝑘
∞
𝑘=𝑛+𝑝 𝑧𝑘  ,                                                  … (1) 

𝑎𝑘 ≥  0     and  𝑛 , 𝑝 ∈ ℕ = {1,2,3, … . } 

which are analytic and p-valent in the open unit disc 𝑈 =   𝑧 ∶ 𝑧 ∈ ℂ𝑎𝑛𝑑 | 𝑧 | < 1   

We introduce here an extended linear derivative operator of Ruscheweyhtype : 

𝐷𝜆 ,𝑝 ∶ 𝐴(1) → 𝐴(1)which is defined by  

𝐷𝜆 ,𝑝(𝑓 𝑧 ) =  𝑧𝑝 −   
𝜆 + 𝑘 − 1

𝑘 − 𝑝
 𝑎𝑘

∞

𝑘=𝑛+𝑝

𝑧𝑘  

where                                     𝜆 > −𝑝 , 𝑓 ∈ 𝐴 𝑛                                                                              … (2)  

In particular when 𝜆 = 𝑛 , 𝑛 ∈  ℕ  , it is easily observed from (2) that  

𝐷𝑛 ,𝑝 𝑓 𝑧  =
𝑧𝑝(𝑧𝑛−𝑝𝑓(𝑧))(𝑛)

𝑛!
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𝑛 ∈  ℕ⋃ {0} . 𝑝 ∈  ℕ 

So that  

𝐷1 ,𝑝 𝑓 𝑧  =  1 − 𝑝 𝑓 𝑧 +  𝑧𝑓 ′ 𝑧                

                                    𝐷2 ,𝑝 𝑓 𝑧  =
 1 − 𝑝 (2 − 𝑝)

2!
𝑓 𝑧 +   2 − 𝑝 𝑧𝑓 ′ 𝑧 +

𝑧2

2!
𝑓"(𝑧) 

And so on  

                  (𝐷𝜆 ,𝑝 𝑓 𝑧  )(𝑚) =   
𝑝

𝑚
 𝑧𝑝−𝑚 −   

𝑘

𝑚
  

𝜆 + 𝑘 − 1

𝑘 − 𝑝
 𝑎𝑘

∞

𝑘=𝑛+𝑝

𝑧𝑘−𝑚 

where                                            
𝑘

𝑚
 =

𝑘 𝑘 − 1  𝑘 − 2 …… (𝑘 − 𝑚 + 1)

𝑚!
 

 By using the operator 𝐷𝜆 ,𝑝(𝑓 𝑧 ), we introduce new subclass 𝑆𝑛 ,𝑚
𝑝

(𝜆 , 𝑏 , 𝛿) of p-

valently analytic function 𝑓 𝑧  satisfying the following inequality  

 
1

𝑏
 

𝛿𝑧  𝐷𝜆 ,𝑝 𝑓 𝑧   
 𝑚+1 

+ 𝜆𝑧2  𝐷𝜆 ,𝑝 𝑓 𝑧   
 𝑚+2 

𝜆𝑧  𝐷𝜆 ,𝑝 𝑓 𝑧   
 𝑚+1 

+  𝛿 − 𝜆  𝐷𝜆 ,𝑝 𝑓 𝑧   
 𝑚 

− (𝑝 − 𝑚)  < 1 

𝑝 ∈  ℕ  , 𝑚 ∈  ℕ 𝑈 {0}𝑧 ∈ 𝑈 ,  𝑝 > max(𝑚, −𝜆) , 𝑏 ∈  ℂ 𝑈 {0}  ,  𝜆 ≥ 0 , 0 <  𝛿 ≤ 1 

Furthermore a function 𝑓 𝑧  is said to belong to the class 𝐺𝑛 ,𝑚
𝑝

(𝜆 , 𝑏 , 𝛿) if and only if 

𝑧𝑓 ′(𝑧) ∈ 𝑆𝑛 ,𝑚
𝑝

(𝜆 , 𝑏 , 𝛿) 

The object of the present paper is to investigate the various properties and characteristics 

of analytic p-valent functions belonging tothe subclasses 𝑆𝑛 ,𝑚
𝑝  𝜆 , 𝑏 , 𝛿  and 𝐺𝑛 ,𝑚

𝑝
(𝜆 , 𝑏 , 𝛿) 

which we have defined here. Apart from deriving a set of coefficient bounds for each of these 

function classes, we establish distortion theorem, radius of starlikeness, convexity and closure 

theorem. 

PRELIMINARY RESULTS 

THEOREM 1:-  A function 𝑓 𝑧 ∈ 𝐴 𝑛  and defined by 

𝑓 𝑧 =  𝑧𝑝 −  𝑎𝑘
∞
𝑘=𝑛+𝑝 𝑧𝑘 , 𝑎𝑘 ≥  0     𝑎𝑛𝑑  𝑝 ∈ ℕ , is in 𝑆𝑛 ,𝑚

𝑝  𝜆 , 𝑏 , 𝛿  if and only if   

  
𝜆 + 𝑘 − 1

𝑘 − 𝑝
 

∞

𝑘=𝑛+𝑝

 
𝑘

𝑚
  𝜆 𝑘 − 𝑚 − 1 + 𝛿)  𝑘 − 𝑝 +  𝑏  𝑎𝑘 ≤  𝑏  

𝑝

𝑚
  𝜆 𝑝 − 𝑚 − 1 + 𝛿  

COROLLARY 1.1:- 𝑓 𝑧 ∈ 𝑆𝑛 ,𝑚
𝑝  𝜆 , 𝑏 , 𝛿  then  

𝑎𝑘 ≤   
|𝑏|  

𝑝
𝑚

 [𝜆 𝑝 − 𝑚 − 1 + 𝛿]

 𝑘
𝑚
  𝜆+𝑘−1

𝑘−𝑝
  𝜆 𝑘 − 𝑚 − 1 + 𝛿 [𝑘 − 𝑝 +  𝑏 ]
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COROLLARY 1.2:- for 𝑝 = 1 , 𝑚 = 0  we have  

𝑎𝑘 ≤   
|𝑏|𝛿

 𝜆+𝑘−1
𝑘−1

  𝜆 𝑘 − 1 + 𝛿 [𝑘 − 1 +  𝑏 ]
,      𝑘 ≥ 𝑛 + 𝑝 

COROLLARY 1.3:- for 𝑝 = 1 , 𝑚 = 1  we have  

𝑎𝑘 ≤   
|𝑏|[𝛿 − 𝜆]

𝑘  𝜆+𝑘−1
𝑘−𝑝

  𝜆𝑘 + 𝛿 [𝑘 − 1 +  𝑏 ]
 

COROLLARY 1.4:- for 𝑝 = 1 , 𝑚 = 1  , 𝜆 = 1  we have  

𝑎𝑘 ≤   
|𝑏|[𝛿 − 1]

𝑘2 𝑘 + 𝛿 [𝑘 − 1 +  𝑏 ]
 

THEOREM 2:- A function 𝑓 𝑧 ∈ 𝐴 𝑛  and defined by 

𝑓 𝑧 =  𝑧𝑝 −  𝑎𝑘
∞
𝑘=𝑛+𝑝 𝑧𝑘 , 𝑎𝑘 ≥  0     𝑎𝑛𝑑  𝑝 ∈ ℕ , is in 𝐺𝑛 ,𝑚

𝑝  𝜆 , 𝑏 , 𝛿  if and only if   

  
𝜆 + 𝑘 − 1

𝑘 − 𝑝
 

∞

𝑘=𝑛+𝑝

 
𝑘

𝑚
 𝑘 𝜆 𝑘 − 𝑚 − 1 + 𝛿)  𝑘 − 𝑝 +  𝑏  ≤  𝑏  

𝑝

𝑚
 𝑝 𝜆 𝑝 − 𝑚 − 1 + 𝛿  

THEOREM 3:- If 𝑓 𝑧 ∈ 𝑆𝑛 ,𝑚
𝑝  𝜆 , 𝑏 , 𝛿  then  

|𝒛|𝒑 − |𝒛|𝒏+𝒑
|𝑏|  

𝑝
𝑚

 [𝜆 𝑝 − 𝑚 − 1 + 𝛿]

 𝑛+𝑝
𝑚

  𝜆+𝑛+𝑝−1
𝑛

  𝜆 𝑛 + 𝑝 − 𝑚 − 1 + 𝛿 [𝑛 +  𝑏 ]
≤  𝑓 𝑧  

≤ |𝒛|𝒑 + |𝒛|𝒏+𝒑
|𝑏|  

𝑝
𝑚

 [𝜆 𝑝 − 𝑚 − 1 + 𝛿]

 𝑛+𝑝
𝑚

  𝜆+𝑛+𝑝−1
𝑛

  𝜆 𝑛 + 𝑝 − 𝑚 − 1 + 𝛿 [𝑛 +  𝑏 ]
 

With equality hold for  

𝑓 𝑧 =  𝑧𝑝 − 𝑧𝑛+𝑝
|𝑏|  

𝑝
𝑚

 [𝜆 𝑝 − 𝑚 − 1 + 𝛿]

 𝑛+𝑝
𝑚

  𝜆+𝑛+𝑝−1
𝑛

  𝜆 𝑛 + 𝑝 − 𝑚 − 1 + 𝛿 [𝑛 +  𝑏 ]
 

THEOREM 4:- If 𝑓 𝑧 ∈ 𝐺𝑛 ,𝑚
𝑝  𝜆 , 𝑏 , 𝛿  then  

|𝒛|𝒑 − |𝒛|𝒏+𝒑
|𝑏|𝑝  

𝑝
𝑚

 [𝜆 𝑝 − 𝑚 − 1 + 𝛿]

 𝑛+𝑝
𝑚

  𝜆+𝑛+𝑝−1
𝑛

 (𝑛 + 𝑝) 𝜆 𝑛 + 𝑝 − 𝑚 − 1 + 𝛿 [𝑛 +  𝑏 ]
≤  𝑓 𝑧  

≤ |𝒛|𝒑 + |𝒛|𝒏+𝒑
|𝑏|𝑝  

𝑝
𝑚

 [𝜆 𝑝 − 𝑚 − 1 + 𝛿]

 𝑛+𝑝
𝑚

  𝜆+𝑛+𝑝−1
𝑛

 (𝑛 + 𝑝) 𝜆 𝑛 + 𝑝 − 𝑚 − 1 + 𝛿 [𝑛 +  𝑏 ]
 

With equality hold for  

𝑓 𝑧 =  𝑧𝑝 − 𝑧𝑛+𝑝
|𝑏|𝑝  

𝑝
𝑚

 [𝜆 𝑝 − 𝑚 − 1 + 𝛿]

 𝑛+𝑝
𝑚

  𝜆+𝑛+𝑝−1
𝑛

 (𝑛 + 𝑝) 𝜆 𝑛 + 𝑝 − 𝑚 − 1 + 𝛿 [𝑛 +  𝑏 ]
 

THEOREM 5:- If 𝑓 𝑧 ∈ 𝑆𝑛 ,𝑚
𝑝  𝜆 , 𝑏 , 𝛿  then  
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𝑝|𝑧|𝑝−1 − |𝑧|𝑛+𝑝−1
 𝑏  

𝑝
𝑚

 (𝑛 + 𝑝)[𝜆 𝑝 − 𝑚 − 1 + 𝛿]

 𝑛+𝑝
𝑚

  𝜆+𝑛+𝑝−1
𝑛

  𝜆 𝑛 + 𝑝 − 𝑚 − 1 + 𝛿 [𝑛 +  𝑏 ]
≤  𝑓′ 𝑧  

≤ 𝑝|𝑧|𝑝−1 + |𝑧|𝑛+𝑝−1
|𝑏|  

𝑝
𝑚

 (𝑛 + 𝑝)[𝜆 𝑝 − 𝑚 − 1 + 𝛿]

 𝑛+𝑝
𝑚

  𝜆+𝑛+𝑝−1
𝑛

  𝜆 𝑛 + 𝑝 − 𝑚 − 1 + 𝛿 [𝑛 +  𝑏 ]
 

With equality hold for  

𝑓 𝑧 =  𝑧𝑝 − 𝑧𝑛+𝑝
|𝑏|  

𝑝
𝑚

 [𝜆 𝑝 − 𝑚 − 1 + 𝛿]

 𝑛+𝑝
𝑚

  𝜆+𝑛+𝑝−1
𝑛

  𝜆 𝑛 + 𝑝 − 𝑚 − 1 + 𝛿 [𝑛 +  𝑏 ]
 

THEOREM 6:- If 𝑓 𝑧 ∈ 𝐺𝑛 ,𝑚
𝑝  𝜆 , 𝑏 , 𝛿  then  

𝑝|𝑧|𝑝−1 − |𝑧|𝑛+𝑝−1
|𝑏|  

𝑝
𝑚

 𝑝[𝜆 𝑝 − 𝑚 − 1 + 𝛿]

 𝑛+𝑝
𝑚

  𝜆+𝑛+𝑝−1
𝑛

  𝜆 𝑛 + 𝑝 − 𝑚 − 1 + 𝛿 [𝑛 +  𝑏 ]
≤  𝑓′ 𝑧  

≤ 𝑝|𝑧|𝑝−1 + |𝑧|𝑛+𝑝−1
|𝑏|  

𝑝
𝑚

 𝑝[𝜆 𝑝 − 𝑚 − 1 + 𝛿]

 𝑛+𝑝
𝑚

  𝜆+𝑛+𝑝−1
𝑛

  𝜆 𝑛 + 𝑝 − 𝑚 − 1 + 𝛿 [𝑛 +  𝑏 ]
 

With equality hold for  

𝑓 𝑧 =  𝑧𝑝 − 𝑧𝑛+𝑝
|𝑏|𝑝  

𝑝
𝑚

 [𝜆 𝑝 − 𝑚 − 1 + 𝛿]

 𝑛+𝑝
𝑚

  𝜆+𝑛+𝑝−1
𝑛

 (𝑛 + 𝑝) 𝜆 𝑛 + 𝑝 − 𝑚 − 1 + 𝛿 [𝑛 +  𝑏 ]
 

THEOREM 7:- If𝑓 𝑧 ∈ 𝑆𝑛 ,𝑚
𝑝  𝜆 , 𝑏 , 𝛿  , then 𝑓 is close to convex of order ∝ in  

|𝑧| < 𝑟1( 𝑝, 𝑛, 𝑚, 𝜆 , 𝑏 , 𝛿 , ∝ )where 

  𝑟1  𝑝, 𝑛, 𝑚, 𝜆 , 𝑏 , 𝛿 , ∝   

=
𝑖𝑛𝑓

𝑘

 

 
 

  
𝜆 + 𝑘 − 1

𝑘 − 𝑝
  

𝑘

𝑚
 

(𝑝−∝) 𝜆 𝑘 − 𝑚 − 1 + 𝛿)  𝑘 − 𝑝 +  𝑏  

𝑘 𝑏  𝑝
𝑚
  𝜆 𝑝 − 𝑚 − 1 + 𝛿 

 

1
𝑘−𝑝

 

 
 

 

THEOREM 8:- If𝑓 𝑧 ∈ 𝑆𝑛 ,𝑚
𝑝  𝜆 , 𝑏 , 𝛿  , then 𝑓 is starlike  of order ∝ in  

|𝑧| < 𝑟2( 𝑝, 𝑛, 𝑚, 𝜆 , 𝑏 , 𝛿 , ∝ )where 

𝑟2  𝑝, 𝑛, 𝑚, 𝜆 , 𝑏 , 𝛿 , ∝   

=
𝑖𝑛𝑓

𝑘

 

 
 

  
𝜆 + 𝑘 − 1

𝑘 − 𝑝
  

𝑘

𝑚
 

(𝑝−∝) 𝜆 𝑘 − 𝑚 − 1 + 𝛿)  𝑘 − 𝑝 +  𝑏  

(𝑘−∝) 𝑏  𝑝
𝑚
  𝜆 𝑝 − 𝑚 − 1 + 𝛿 

 

𝟏
𝒌−𝒑

 

 
 

 

THEOREM 9:- If 𝑓 𝑧 ∈ 𝑆𝑛 ,𝑚
𝑝  𝜆 , 𝑏 , 𝛿  , then 𝑓 is convex   of order ∝ in  

|𝑧| < 𝑟3( 𝑝, 𝑛, 𝑚, 𝜆 , 𝑏 , 𝛿 , ∝ )where 

𝑟3  𝑝, 𝑛, 𝑚, 𝜆 , 𝑏 , 𝛿 , ∝   
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=
𝑖𝑛𝑓

𝑘

 

 
 

  
𝜆 + 𝑘 − 1

𝑘 − 𝑝
  

𝑘

𝑚
 
𝑝(𝑝−∝) 𝜆 𝑘 − 𝑚 − 1 + 𝛿)  𝑘 − 𝑝 +  𝑏  

𝑘 𝑘−∝  𝑏  𝑝
𝑚
  𝜆 𝑝 − 𝑚 − 1 + 𝛿 

 

𝟏
𝒌−𝒑

 

 
 

 

THEOREM 10 : Let 𝑓1 𝑧 = 𝑧𝑝   

and            𝑓𝑘 𝑧 =  𝑧𝑝 −  
𝜆 + 𝑘 − 1

𝑘 − 𝑝
  

𝑘

𝑚
 
 𝜆 𝑘 − 𝑚 − 1 + 𝛿)  𝑘 − 𝑝 +  𝑏  

 𝑏  𝑝
𝑚
  𝜆 𝑝 − 𝑚 − 1 + 𝛿 

𝑧𝑘  

for                               𝑘 ≥ 𝑛 + 𝑝 

Then  𝑓 𝑧 ∈ 𝑆𝑛 ,𝑚
𝑝  𝜆 , 𝑏 , 𝛿   if and only if 𝑓 𝑧  can be expressed  in the form  

𝑓 𝑧 = 𝜆1𝑓1 𝑧 +  𝜆𝑘𝑓𝑘

∞

𝑘=𝑛+𝑝

 𝑧  

where                                               𝜆𝑘 ≥ 0  and  𝜆1 +    𝜆𝑘

∞

𝑘=𝑛+𝑝

= 1 

WEIGHTED MEAN,  ARITHMETIC MEAN AND LINEAR COMBINATION 

Following the earlier works by W.G.Asthan, H.D. Mustafa and E.K. Mouajeeb [2] 

weighted mean ,  arithmetic mean   and linear combination of regular function . 

Definition 2.1 :Let 𝑓 ,  𝑔 ∈ ℬ(𝐴, 𝐵, 𝛿)then the weighted mean 𝑤𝑓𝑔  of  𝑓 and   𝑔 

is defined as  

𝑤𝑓𝑔 =
1

2
  1 − 𝑡 𝑓 𝑧 +  1 + 𝑡 𝑔(𝑧)   , 0 < 𝑡 < 1 

Definition 2.2 :Let 𝑓𝑖 𝑧 =  𝑧𝑝 −  𝑎𝑖 ,𝑘
∞
𝑘=1+𝑝 𝑧𝑘   , 𝑖 = 1,2,3, … , 𝑚 be the functions in the 

class ℬ(𝐴, 𝐵, 𝛿) then the arithmetic mean  of 𝑓𝑖  ( 𝑖 = 1,2,3, … , 𝑚)  is defined by  

𝑔 𝑧 =  
1

𝑚
 𝑓𝑖 𝑧 

𝑚

𝑖=1

 

Definition 2.3 :Let 𝑓𝑖 𝑧 =  𝑧𝑝 −  𝑎𝑖 ,𝑘
∞
𝑘=1+𝑝 𝑧𝑘   , 𝑖 = 1,2,3, … , 𝑚 be the functions in the 

class ℬ(𝐴, 𝐵, 𝛿)then the linear combination  of 𝑓𝑖  ( 𝑖 = 1,2,3, … , 𝑚)  is defined by  

                                          𝐺 𝑧 =   𝑘𝑖𝑓𝑖 𝑧 

𝑚

𝑖=1

,      where        𝑘𝑖

𝑚

𝑖=1

= 1 

THEOREM 2.1 Let  𝑓, 𝑔 ∈ 𝑆𝑛 ,𝑚
𝑝  𝜆 , 𝑏 , 𝛿 . Then the weighted mean 𝑤𝑓𝑔  of  𝑓 and   𝑔 is 

also in the class 𝑆𝑛  ,𝑚
𝑝  𝜆 , 𝑏 , 𝛿  
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PROOF: By Definition 3.1 , we have  

𝑤𝑓𝑔 =
1

2
  1 − 𝑡 𝑓 𝑧 +  1 + 𝑡 𝑔(𝑧)  

=
1

2
  1 − 𝑡  𝑧𝑝 −  𝑎𝑘

∞

𝑘=𝑛+𝑝

𝑧𝑘 +  1 + 𝑡  𝑧𝑝 −  𝑏𝑘

∞

𝑘=𝑛+𝑝

𝑧𝑘   

= 𝑧𝑝 −  
1

2
  1 − 𝑡 𝑎𝑘 +  1 + 𝑡 𝑏𝑘 

∞

𝑘=𝑛+𝑝

𝑧𝑘                             … (3.1) 

Since  𝑔 ∈ 𝑆𝑛  ,𝑚
𝑝  𝜆 , 𝑏 , 𝛿 so by THEOREM 1 we have  

  
𝜆 + 𝑘 − 1

𝑘 − 𝑝
 

∞

𝑘=𝑛+𝑝

 
𝑘

𝑚
  𝜆 𝑘 − 𝑚 − 1 + 𝛿)  𝑘 − 𝑝 +  𝑏  𝑎𝑘 ≤  𝑏  

𝑝

𝑚
  𝜆 𝑝 − 𝑚 − 1 + 𝛿  

and  

  
𝜆 + 𝑘 − 1

𝑘 − 𝑝
 

∞

𝑘=𝑛+𝑝

 
𝑘

𝑚
  𝜆 𝑘 − 𝑚 − 1 + 𝛿)  𝑘 − 𝑝 +  𝑏  𝑏𝑘 ≤  𝑏  

𝑝

𝑚
  𝜆 𝑝 − 𝑚 − 1 + 𝛿  

Therefore  

  
𝜆 + 𝑘 − 1

𝑘 − 𝑝
  

𝑘

𝑚
  𝜆 𝑘 − 𝑚 − 1 + 𝛿)  𝑘 − 𝑝] +  𝑏  

∞

𝑘=𝑛+𝑝

 

 
1

2
  1 − 𝑡 𝑎𝑘 +  1 + 𝑡 𝑏𝑘   

              =  
1

2
 1 − 𝑡   

𝜆 + 𝑘 − 1

𝑘 − 𝑝
  

𝑘

𝑚
  𝜆 𝑘 − 𝑚 − 1 + 𝛿)  𝑘 − 𝑝 +  𝑏  𝑎𝑘

∞

𝑘=𝑛+𝑝

 

+
1

2
 1 + 𝑡   

𝜆 + 𝑘 − 1

𝑘 − 𝑝
  

𝑘

𝑚
  𝜆 𝑘 − 𝑚 − 1 + 𝛿)  𝑘 − 𝑝 +  𝑏  𝑏𝑘

∞

𝑘=𝑛+𝑝

 

                       ≤
1

2
 1 − 𝑡   𝑏  

𝑝

𝑚
  𝜆 𝑝 − 𝑚 − 1 + 𝛿   

+
1

2
 1 + 𝑡   𝑏  

𝑝

𝑚
  𝜆 𝑝 − 𝑚 − 1 + 𝛿   

                        =  𝑏  
𝑝

𝑚
  𝜆 𝑝 − 𝑚 − 1 + 𝛿  

Therefore  

𝑤𝑓𝑔 ∈ 𝑆𝑛 ,𝑚
𝑝  𝜆 , 𝑏 , 𝛿  

Hence the proof of theorem is completed. 
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THEOREM 3.2  Let𝑓𝑖 𝑧 =  𝑧𝑝 −  𝑎𝑖 ,𝑘
∞
𝑘=𝑛+𝑝 𝑧𝑘   , 𝑖 = 1,2,3, … , 𝑚 be the functions in 

the class 𝑆𝑛 ,𝑚
𝑝  𝜆 , 𝑏 , 𝛿   then the arithmetic mean  of 𝑓𝑖  ( 𝑖 = 1,2,3, … , 𝑚)  is defined by  

𝑔 𝑧 =  
1

𝑚
 𝑓𝑖 𝑧 

𝑚
𝑖=1 is also in the class 𝑆𝑛 ,𝑚

𝑝  𝜆 , 𝑏 , 𝛿  

PROOF :Since  𝑓𝑖 𝑧 =  𝑧𝑝 −  𝑎𝑖 ,𝑘
∞
𝑘=𝑛+𝑝 𝑧𝑘   ,  𝑖 = 1, 2, 3, … , 𝑚 

Therefore  

𝑔 𝑧 =  
1

𝑚
 𝑓𝑖 𝑧 

𝑚

𝑖=1

                                        

=  
1

𝑚
  𝑧𝑝 −  𝑎𝑖 ,𝑘

∞

𝑘=𝑛+𝑝

𝑧𝑘 

𝑚

𝑖=1

 

= 𝑧𝑝 −   
1

𝑚
 𝑎𝑖 ,𝑘

𝑚

𝑖=1

 

∞

𝑘=1+𝑝

𝑧𝑘  

We have 𝑓𝑖 𝑧 =  𝑧𝑝 −  𝑎𝑖 ,𝑘
∞
𝑘=𝑛+𝑝 𝑧𝑘   ,  𝑖 = 1,2,3, … , 𝑚 are in the class 𝑆𝑛  ,𝑚

𝑝  𝜆 , 𝑏 , 𝛿  

So by THEOREM 1 we  have    

  
𝜆 + 𝑘 − 1

𝑘 − 𝑝
  

𝑘

𝑚
  𝜆 𝑘 − 𝑚 − 1 + 𝛿)  𝑘 − 𝑝 +  𝑏  

∞

𝑘=1+𝑝

 
1

𝑚
 𝑎𝑖 ,𝑘

𝑚

𝑖=1

  

                     =  
1

𝑚
    

𝜆 + 𝑘 − 1

𝑘 − 𝑝
  

𝑘

𝑚
  𝜆 𝑘 − 𝑚 − 1 + 𝛿)  𝑘 − 𝑝 +  𝑏  

∞

𝑘=1+𝑝

𝑎𝑖 ,𝑘 

𝑚

𝑖=1

 

≤ 
1

𝑚
  𝑏  

𝑝

𝑚
  𝜆 𝑝 − 𝑚 − 1 + 𝛿 

𝑚

𝑖=1

=  𝑏  
𝑝

𝑚
  𝜆 𝑝 − 𝑚 − 1 + 𝛿  

Hence the proof of theorem is completed. 

THEOREM 3.3  Let𝑓𝑖 𝑧 =  𝑧𝑝 −  𝑎𝑖 ,𝑘
∞
𝑘=𝑛+𝑝 𝑧𝑘   , 𝑖 = 1,2,3, … , 𝑚 be the functions in 

the class 𝑆𝑛 ,𝑚
𝑝  𝜆 , 𝑏 , 𝛿    then the linear combination  of 𝑓𝑖  ( 𝑖 = 1,2,3, … , 𝑚)  is defined by  

𝐺 𝑧 =   𝑘𝑖𝑓𝑖 𝑧 
𝑚
𝑖=1 , where   𝑘𝑖

𝑚
𝑖=1 = 1 is also in the class 𝑆𝑛 ,𝑚

𝑝  𝜆 , 𝑏 , 𝛿  

PROOF: Let 𝑓𝑖 𝑧 =  𝑧𝑝 −  𝑎𝑖 ,𝑘
∞
𝑘=𝑛+𝑝 𝑧𝑘   , 𝑖 = 1,2,3, … , 𝑚 be the functions in the class 

𝑆𝑛 ,𝑚
𝑝  𝜆 , 𝑏 , 𝛿  

so by THEOREM 1 we  have 

  
𝜆 + 𝑘 − 1

𝑘 − 𝑝
  

𝑘

𝑚
  𝜆 𝑘 − 𝑚 − 1 + 𝛿)  𝑘 − 𝑝 +  𝑏  𝑎𝑖 ,𝑘

∞

𝑘=1+𝑝

 

≤  𝑏  
𝑝

𝑚
  𝜆 𝑝 − 𝑚 − 1 + 𝛿  
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𝐺 𝑧 =   𝑘𝑖𝑓𝑖 𝑧 

𝑚

𝑖=1

                               

𝐺 𝑧 =   𝑘𝑖  𝑧𝑝 −  𝑎𝑖 ,𝑘

∞

𝑘=𝑛+𝑝

𝑧𝑘 

𝑚

𝑖=1

 

𝐺 𝑧 = 𝑧𝑝 −    𝑘𝑖𝑎𝑖 ,𝑘

𝑚

𝑖=1

 

∞

𝑘=𝑛+𝑝

𝑧𝑘  

So by THEOREM 1 we have   

  
𝜆 + 𝑘 − 1

𝑘 − 𝑝
  

𝑘

𝑚
  𝜆 𝑘 − 𝑚 − 1 + 𝛿)  𝑘 − 𝑝 +  𝑏  

∞

𝑘=𝑛+𝑝

  𝑘𝑖𝑎𝑖 ,𝑘

𝑚

𝑖=1

  

             =   𝑘𝑖    
𝜆 + 𝑘 − 1

𝑘 − 𝑝
  

𝑘

𝑚
  𝜆 𝑘 − 𝑚 − 1 + 𝛿)  𝑘 − 𝑝 +  𝑏  

∞

𝑘=1+𝑝

𝑎𝑖 ,𝑘 

𝑚

𝑖=1

 

≤   𝑘𝑖 𝑏  
𝑝

𝑚
  𝜆 𝑝 − 𝑚 − 1 + 𝛿 

𝑚

𝑖=1

=  𝑏  
𝑝

𝑚
  𝜆 𝑝 − 𝑚 − 1 + 𝛿  

Hence the proof of theorem is completed. 

APPLICATION OF  FRACTION CALCULUS AND OTHER POPERTIES 

Various operators of fractional calculus have been studied in the literature rather 

extensively.  Now we recall the following definitions. 

DEFINITION 3.1 The integral operator studied by Bernardi is  

𝐿𝑐 𝑓 =
𝑝 + 𝑐

𝑧𝑐
 𝑓(𝑥)𝑥𝑐−1𝑑𝑥

𝑧

0

 

THEOREM 3.1:  If  𝑓 ∈ 𝑆𝑛 ,𝑚
𝑝  𝜆 , 𝑏 , 𝛿     then 𝐿𝑐 𝑓  is also in the class 𝑆𝑛 ,𝑚

𝑝  𝜆 , 𝑏 , 𝛿  

PROOF: Let 𝑓 𝑧 =  𝑧𝑝 −  𝑎𝑘
∞
𝑘=𝑛+𝑝 𝑧𝑘  then  

𝐿𝑐 𝑓 =
𝑝 + 𝑐

𝑧𝑐
  𝑥𝑝 −  𝑎𝑘

∞

𝑘=𝑛+𝑝

𝑥𝑘 𝑥𝑐−1𝑑𝑥
𝑧

0

 

                           =  
𝑝 + 𝑐

𝑧𝑐
  

1

𝑐 + 𝑝
𝑥𝑐+𝑝 −  

1

𝑘 + 𝑐
𝑎𝑘

∞

𝑘=𝑛+𝑝

𝑥𝑘+𝑐 

0

𝑧

  

= 𝑧𝑝 −  
𝑝 + 𝑐

𝑘 + 𝑐
𝑎𝑘

∞

𝑘=𝑛+𝑝

𝑧𝑘                   
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Since 𝑐 > −𝑝 , 𝑘 ≥ 𝑝 + 𝑛 then  
𝑝+𝑐

𝑘+𝑐
≤ 𝑛 so we have  

 
 𝜆+𝑘−1

𝑘−𝑝
  𝑘

𝑚
  𝜆 𝑘 − 𝑚 − 1 + 𝛿)  𝑘 − 𝑝 +  𝑏  

 𝑏  𝑝

𝑚
  𝜆 𝑝 − 𝑚 − 1 + 𝛿 

 
𝑝 + 𝑐

𝑘 + 𝑐
 𝑎𝑘

∞

𝑘=𝑛+𝑝

 

≤  
 𝜆+𝑘−1

𝑘−𝑝
  𝑘

𝑚
  𝜆 𝑘 − 𝑚 − 1 + 𝛿)  𝑘 − 𝑝 +  𝑏  

 𝑏  𝑝

𝑚
  𝜆 𝑝 − 𝑚 − 1 + 𝛿 

𝑎

𝑘

∞

𝑘=1+𝑝

< 1 

Therefore 𝐿𝑐 𝑓  is also in the class 𝑆𝑛 ,𝑚
𝑝  𝜆 , 𝑏 , 𝛿  

Similarly we can prove  

THEOREM 3.3: Let 𝑓 ∈ 𝑆𝑛 ,𝑚
𝑝  𝜆 , 𝑏 , 𝛿 then for every 𝜒 ≥ 0 then the function  

𝐿𝜒 𝑧 =  1 − 𝜒 𝑓 𝑧 + 𝑝𝜒 
𝑓(𝑦)

𝑦

𝑧

0

 𝑑𝑦 

is also in the class 𝑆𝑛 ,𝑚
𝑝  𝜆 , 𝑏 , 𝛿  

THEOREM 3.4: Let 𝑓 ∈ 𝑆𝑛 ,𝑚
𝑝  𝜆 , 𝑏 , 𝛿  then for every 𝜒 ≥ 0 then the function  

𝑀𝜒 𝑧 =  1 − 𝜒 𝑧𝑝 + 𝑝𝜒 
𝑓(𝑦)

𝑦

𝑧

0

 𝑑𝑦 

is also in the class 𝑆𝑛 ,𝑚
𝑝  𝜆 , 𝑏 , 𝛿  
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