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This paper has been devoted to the study of Some locally
projectively flat with (a, ) matric. In this paper first section
is introductory. In the second section we have studied
locally projectively flat with- (a, 8) metric. In this section we
have studied some related definitions on projective change

OLZ

and locally projectively flat and using the relation: F = ?

0(2

(V.K. Kropina [9]), (called Kropina metric), F :—[3 (M.
o—

2

Matsumoto [10]), and F = a+b” (M. Matsumoto [11])
(04

where «a is a Riemannian matric and g is a 1-form defined

on the n-dimensional differentiable manifold M. In the light

of these observations we get some results when F and «

be locally projectively flat.
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VNTRODUCTION

he projective changes between two Finsler space with (a, 8)- matric have been studied

by S. Bacso and M. Matsumoto [7], Hong Park and Yong Lee [8], and M. Matsumoto [4], M.
Hashiguchi and Y. Icijyo [5], C. Shibata [6] studied the projective changes between a Finsler
space with (e, 8)- matric and its associated Riemannian space.

M. Matsumoto [1] introduced the concept of (a, 8)- matric on a differentiable manifold.
a? = a;; (x)y'y’ and B = b;(x)y", where a is a Riemannian matric and g is a 1-form defined
on the n-dimensional differentiable manifold M. Now we use the following forms was
introduced by:

0(2

F :F (V.K. Kropina [9]), (called Kropina metric) .(L1)
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2

F=—%_ (M. Matsumoto [10]), -.(1.2)
a-p
B2
F=o+— (M. Matsumoto [11]). +(1.3)
o

Here, F, = (M, F) is said to be Finsler space with (a, 8)- metric.

L 0CALLY PROJECTIVELY FLAT WITH (, B)- METRIC:

e now give the following definitions which will be use in the later discussions:

Definition (1.1):

Let us consider a transformation F, = (M, F) to E, = (M, F) between two Finsler spaces
E, and E, defined over the same underlying manifold M of dimension n, which is a
diffeomorphism and maps geodesics of F, to geodesics of E,. Such type of transformation is
called a projective transformation or projective change.

A Finsler space F, is projective to another Finsler space E, iff there exists a P(x, x) is
positively homogeneous scalar function of degree one in direction x‘(= y'), such that

G'(x, %) = G'(x, %) + P(x,%)x*, .(2.1)

the scaler field P = P(x,x) is called the projective factor of the projective change (Z.Shen
[13]).

A. Rapcsak [2] has been defined the following set of equation

— _ _
— P Y' i F |0 _
G'(x, %) =G'(x,x +F|k—_ P g R gk (22
(60 =60+ =y v 0 TPy R (2.2)
where Fy, denotes the horizontal covariant derivative of F on F, = (M, F) given by
- OF 0G" oF
A=~k r -(2.3)
Xt oy oy

Let £, = (M,F) and E, = (M,F) be two Finsler spaces defined on same underlying
manifold M of dimension n. The change F - F of the matric is a projective change iff F
satisfies

7o _OFk g _
F; P 0. ..(2.4)
Here, F, projective to F, with the projective factor given by
= Ak
F,
p_ fuy” - (2.5)

2F
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If projective change F — F of a Finsler space F, = (M, F) such that the Finsler space
E, = (M, F) is a locally Minkowski space then E, is called locally projective flat.

If E, is a locally Minkowski space then G'(x,x) = 0, therefore the set of equation (2.2)
becomes

G'(x,x) = — P(x, %) x* ...(2.6)
where P is the projective factor of the projective change F — F.

Now we use the following lemma which gives the requirement for any Finsler metric to
be locally projectively flat (G. Hamel [3]).
Lemma (2.1):
A Finsler space F,, = (M, F) is locally projectively flat iff
doF d*F K_o 27
axt ax"ay"y e (27

We now obtain the projective factor P of the projective change F — F, where F is
locally projectively flat, the set of equation (2.1) becomes

G'(x, %) = G'(x,%) + P(x,%)xt ..(2.8)
Since, G'(x, %) = 0, therefore we get

Gi(x, %) = P(x, %) (2.9)

The set of equation (2.5) and F|k = % , We have

P =ia—F5ck ...(2.10)

2F dx*

The set of equation (2.6) and (2.9) becomes
P=-P .(2.11)

Now Let us suppose that F is Locally projectively flat Kropina metric (1.1). The set of
equation (2.7) becomes

0 <6F) . OF_O 212
oyt \9xk A -(212)
. oOF 0 (a*\_ 2ada a®ap )13
where, Tk = 3aF B = B axF ﬁzaxk' ..(2.13)

Differentiating (2.13) with respect to y* and contracting with y* , we get

d (O0F o (a) da 2a 0 [0a 2a 0 [a)\ ap
2 (9 pp O (€0 200 (0ey, 200 (a)ap
dyt \axk ayt\ B ) oxk B oyt \oxk B oyt\ B ) oxk

a? ab,

Tk
32 P v, .. (2.14)
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where, B = b;(x)y".
Now, Replacing k by i in (2.13) and using 8 = b;(x)y", we have
OF  2ada a’db,

We now using the set of equation (2.12), (2.14) and (2.15), we have
0 (a\(da @dp) , , 2a(d (Oa da
(5 ) o+ o G -5
ayi\ B ) oxk B ox* B oyt \oxk oxt
+0(2 (ab" abi) k=0 2.16
p?\oxt ~oxk)” - (216)

In the light of these observations, therefore we can state:

Theorem (2.1):

In a Finsler space F, , If F be locally projectively flat then the relation (2.16) holds
(where F be a Kropina metric (1.1),  is a Riemannian matric and g is a 1-form defined
on an n-dimensional differentiable manifold M). The converse of this theorem is also
true.

Now since « is locally projectively flat, then the set of equation (2.7) become

9 (oa\ , O«
T}ﬂ(ﬁ)y — ox = 0, (217)
and the set of equation (2.10), we can get
P = i a_a k
=55 ..(2.18)
Using the set of equation (2.16) and (2.17), we have
2

The set of equation (2.19) can be also written as

4 a <a)(p )= a (6bk Bbi> X 220
“oyi\p V="52\50 ~oxr)” - (2.20)
10a 108
- k =__ yk
whereP—Zaaxky and Q Zﬁaxky

In the light of these observations, therefore we can state:

Theorem (2.2):

In a Finsler space F,, , If F be locally projectively flat and « is locally projectively
flat then the relation (2.20) holds (where F be a Kropina metric).
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Now Let us suppose that F is Locally projectively flat and using (1.2). Then the set of
equation (2.7) becomes

0 (aF) . BF_O 591
oyt \9xk A ~(221)

where,

dxk  oxk/)

oF 0 < a’ ) 20 Oa a’ (aa 6,8>

axk ~ oxk\a—B axk (a—p)?

T @Bk (@-py
Differentiating (2.22) with respect to y* and contracting with y*, we get

a(aF)k_za< a ){Ba a 6a}k+
oyt axk)Y = oyt \a—p /) 9xk a—ﬁax"y

2 (0 [ a \ 0B 9 (da\) , a? db, 0 (da\) ,
T
a— B oy \a — B/ ax* ay' \oxk (a—p)2axk oy \ax*

..(2.23)
Now, replacing k by i in the set of equation (2.22), we get
oF 20 Oa a’ da 0B
axi  (@—p)oxi  (a-p)? (W_W>' - (224)
Thus, using the set of equation (2.22) and (2.24) in (2.21), we get
26 0 a adf Oday , a? ab; dby ,
«—F a—yi(a_ﬁ){ﬁﬁ‘w}y +—(a_ﬁ)z{ﬁ‘ﬁ}y "
(@*=2aB)(d (day\ , day
+ W{a—yl (W) - ﬁ} =0....(2.25)

In the light of these observations, therefore we can state:

Theorem (2.3):

In a Finsler space F,, , If F be locally projectively flat then the relation (2.25) holds

2
(WhereF =OL—BJ, a is a Riemannian matric and B is a 1-form defined on an n-
-

dimensional differentiable manifold M). The converse of this theorem is also true.

Now since « is locally projectively flat, then the set of equation (2.25) become

26 0 ( a ){a ap aa} - a? {abi abk} C—0 (226
a—Boyi\a—pB /) poxk axk y @=p2loxk ~ axi yk =0 ..(2.26)

The set of equation (2.26) can be also written as
d ( a ) P )= 1 a <6bk abi> k 57
dyi\a—B Q)= Ba—p) \ox axk)? - (2.27)
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108

_ 9P &
_Zﬁaxky

here P = ——2% ¥ and
where P = eI y* and Q
In the light of these observations, therefore we can state:

Theorem (2.4):

In a Finsler space F,, , If F be locally projectively flat and a is locally projectively flat

2
then the relation (2.27) holds (Where F= OL—J .
a —

Now Let us suppose that F is Locally projectively flat and using (1.3). Then the set of
equation (2.7) becomes

a(aF)k 613_0 228
oyt \oxk R - (2:28)

where,

a

oF @ B2 da 2B 0B B? da
W=W<“ )=W+7W‘ﬁﬁ- - (2:29)

Differentiating (2.29) with respect to y* and contracting with y*, we get
a (0F\  (B\(OB B oay ,
o) =2 (gt
oyt \dxk oyt \a /oxk adxk
+a2—B2 0 (aa) v 2B ab;

— | = — ... (2.
a? Oy \oxk @ axk? (230)

Now, replacing k by i in the set of equation (2.29), we get
oF  da 2Bop P’ oa

axi  ax' a oxi a?oxi’ - (2:31)
Thus, using the set of equation (2.30) and (2.31) in (2.28), we get
i(ﬁ){%_ﬁa_“} k+§(%_%) "
oyt \a /oxk adxk a \daxk oxt
+“2_ﬁ2{i(a—a> "—a—a}=0 (2.32)
a? 9yt \oxk ox! A

In the light of these observations, therefore we can state:

Theorem (2.5):

In a Finsler space F,,, If F be locally projectively flat then the relation (2.32) holds
2

(where F = a+% , a is a Riemannian matric and g is a 1-form defined on an n-

dimensional differentiable manifold M). The converse of this theorem is also true.

Now since a is locally projectively flat, then the set of equation (2.32) become
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9 (E){G_ﬁ_ﬁa_“}yk +ﬁ(ab" abk)ykz() . (233)

oy'\a/loxk aoxk a\axk  9x
Now the set of equation (2.33) can be also written as
a (B 1 /0b, b\ ,
o () -0 =5 (G- 50" -(234)
l10a 108
-~ 7k = — " yk
whereP—Zaaxky and Q Zﬁaxky

In the light of these observations, therefore we can state:

Theorem (2.6):

In a Finsler space F,, , If F be locally projectively flat and « is locally projectively

2
flat then the relation (2.34) holds (where F=a+ B—J :

(oncLusion

his paper is divided into two sections of which the first section is introductory. In the

second section we have studied locally projectively flat with- («, 8) metric. In this section we
have studied some related definitions on projective change and locally projectively flat. we
use the lemma (2.1) which gives the requirement for any Finsler metric to be locally
o _ _ . o o2 B2
projectively flat. Using the following relations: F :?, F :G_—B and F :a+; where
a is a Riemannian matric and g is a 1-form defined on the n-dimensional differentiable
manifold M. In the light of these observations when F and a be locally projectively flat we

get some results in the form of theorems.
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