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In the present study, thermal convection of visco-elastic
walter's (model-B) fluid in porous medium in
hydromagnetics is considered. In this paper, we examined
the nature of perturbation at the marginal state taking
P. =0. We have established variational principle in term of

Rayleigh number R and the solution of the problem gives
the extremum value of R over all possible functions
satisfying the boundary conditions. We have also
discussed the stability of the fluid layers confined between
free boundaries. We find the sufficient condition for stability
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Fixing the values of parameters, Q, R4, P1, P2, we
determine the value of Rayleigh number R for frequency P
and any value of the wave number a.
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VNTRODUCTION

he theory of Bénard convection in viscous Newtonian fluid layer heated from below

has been given by Chandrasekhar [1]. The instability problem of hydro magnetic viscous fluid
has been studied by several researchers in past few decades. Through the discussion of the
thermal instability of Maxwellian fluid in presence of magnetic field, Bhatia and Steiner [2]
found that magnetic field has a stabilizing effect on visco-elastic fluid in the same way as for
Newtonian fluid. The effect of transverse periodic variation of the permeability on the heat
transfer has been studied by Singh et al [3]. They also studied the free convective flow of
viscous incompressible fluid through a highly porous medium bounded by a vertical porous
plate. A problem, governed by a coupled non-linear system of partial differential equation has
been studied by Sounalgekar et al [4]. He have studied free convection flow of an
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incompressible viscous dissipative fluid. Wilson and Rallison [5] illustrated the instability of
channel flows of elastic liquids having continuously stratified properties. Jha [6] analyzed the
effect of applied magnetic field on transient free convective flow in a vertical channel.
Rangnathan and Govindarajan [7] have studied the stabilization and destabilization of channel
flow by location of viscosity stratified fluid layer. Singh and Sharma [8] analyzed three-
dimensional free convective flow and heat transfer through a porous medium with periodic
permeability. Batia and Mathur [9] discussed instability of visco-elastic superposed fluids in a
vertical magnetic field through porous media. The fluids have been considered to be
Newtonian or visco-elastic in all the above studies. Rhyzhov et al. [10] have studied
instabilities in boundary-layer flows on a curved surface. Blanchette et al. [11] analyzed the
stability of a stratified fluid with a vertically moving sidewall and shows the stability of
uniform stratified fluid bounded by a sidewall moving vertically with constant velocity.

To the best of our knowledge, thermal convection of visco-elastic Walter’s (Model B)
fluid in porous medium in hydromagnetics is uninvestigated so far. Therefore, we have
discussed the hydromagnetic instability of visco-elastic fluid Walters’ (Model B) in porous
medium. It can be looked upon as the extension of thermal instability of visco-elastic fluid
layer in porous medium discussed by Rani [12] and Alam, Pundir [13].

gONSTlTUTlVE EQUATIONS

e consider the stability of an incompressible finitely conducting visco-elastic fluid

layer in a porous media in the presence of a vertical magnetic field. The fluid is taken to be
statically non-homogenous confined between to horizontal boundaries and heated from below.
Let To and T, [with T, < To] denote the uniform temperature of the lower and upper
boundaries.

The stationary state of the system whose stability we wish to examine is given by
following solutions of the basic conservation laws of the fluid flows:

q=(0,0,0), (1)
T:To—ﬁz;B:%>0, (2)
p=pole +a(Ty-T) |, .(3)
P= PO—gPOE(l—eSZ)JragZZ} ..(4)
and H = (0, 0, Hy). ..(5)

where f3 is the uniform adverse temperature gradient maintained between the boundaries.

The equations of motion of Walters’ (Model B) fluid in the porous medium in the
presence of magnetic field are:
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0 1 0
p[5q+(q.v)q}f—VP+gpk gape+—(VxH)xH—k—(p Matjq ... (6)

where g(0, 0, -g) is the gravitational force per unit mass, P is pressure. H is the magnetic field
and k; is the permeability of the porous medium.

The induction equations are,

ﬁ=Vx(qu)+v2H, (D)
ot
and V.H =0. ... (8)

The equation of continuity is
v.q=0. .. (9)

The energy equation is,

%+(q V)T = k7 V2T ... (10)

gASlC STATE AND PERTURBATION EQUATIONS

o analyze the stability of the fluid layer, we perturbed the basic state of the fluid given
by (1) to (5). Let the perturbed state of the fluid layer be given by,
op
g=(u,v,w), T'=Ty-Bz+6, p’ —po{ +—+0L(|'0 -T- 9)}
Po
P'=P+3P and H =(h,hy, Ho+h,),

where (u, v, w) Q, dp, 6P and (h,, hy, h,) are respectively, the perturbation is velocity,
temperature, density, pressure and magnetic field. Substituting these variables in constitutive
equations, we have the linearized perturbation equations as,

ou asP 1 , 0 m oH, aHZ)

S p-p = |p+—|H =z, (11
Pat~ ox kl(“ : at]” 475{ Z[ a2 ox D

G _m[oH, oH,] 1 , 0
y_n (I . 12)

Pt "ax| x oy | Kk ot

w0 1 0

_:__5 —gdp—— ..(13
P 9dp kl(u uaJ (13)
op=—-apH, ..(14)
M v W .. (15)

ox oy oz
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2 42 2
M M [0 0 0 .. (16)
oH 2 2 2
Yoy N[O Ly .. (17)
a2 a?)”?
2 a2 A2
oH
aaHXX+ ayy+5:z =0 .. (19)
z
2 g2 2
and LT VL B 6—2+8—2+6—2 - (20)
ot  ox oy oz ox- oy° oz

To discuss the stability of the fluid layer, we consider the perturbation to be two discuss
the stability of the fluid layer, we consider the perturbation to be two-dimensional and
therefore we can take the perturbation variables of the form,

f(xy,zt) =Y exp.[ik, +nt] .. (21)
k,n
where f(z) is some regular function of z, representing the perturbation variables f (X, y, z, t). In
this, k is the wave number of n the complex growth rate of the perturbation modes. We
substitute the complex growth rate of the perturbation equations (11) to (20) and then solve the
resultant equations simultaneously. We have

pnu =—ik8P+“—l_|°[DhX —ikhz]—i(p—u'n)u, .. (22)
47 kl
HHO 1 [
nv=——=Dh, ——(u—pun)y, (23
P 2 O kl(u un) (23)
1 ,
pnw=—D6P—96p—k—(p—un)w, ...(24)
1
Sp =—0ph, ..(25)
iku+Dw=0 or, iku=-Dw, ...(26)
nh, = HoDu+n(D? —k?)h,, - (27)
nh, = HoDv+n(D? —k®)h,, .. (28)
nh, = HoDw+n(D? —k?)h,, -(29)

ikh, +Dh, =0 .. (30)



Acta Ciencia Indica, Vol. XLVI-M, No. 1 to 4 (2020) 151

and no—«(D? —k?)6 = pw. (31)
We substitute the values of h, and dp from the equations (30) and (25) into the equations
(22) and (24), we get

ikpnu :|<28P—“4—H°[D2—|<2]hZ —i(u—p'n)iku (32)
14 K

and npw = —DJP + gotp@—ki(u—u'n)w. .. (33)
1

We eliminate 6P from the equations (32) and (33) by multiplying the equation (33) by k
and differentiating the equation and adding, we get

ikpnDu = k? D8P —*54—'*0[D2 —k?1h, —i(u—p'n)ikDu
T K

k2npw = —D&Pk?2 + gapbk 2 —i(p—p'n)kzw
K1

np[ikDu + k?w] = kzgocp9+“4—H0(D2 —k?)h, —ki(u—u'n)(ikDu +k2w). .(34)
T 1
Eliminating u between the above equations (34) and (26), we get

{—np—ki(u—u'n)}(Dz —k?)w+HD(D? —k?)h, = k?gapé. ...(35)
1

Now we have to solve the equations (35), (29) and (31) to determine the nature of the
perturbations.

We now, non-dimensionalize the perturbation variables in the equations (35), (29) and
(31) by taking the following transformations and dropping the *for convenience in writing,
nd?

D*=dD,a=kd,P=""" u*=Uv,w*=Uw, v=" P =
v p

v Had?
29T 7
n pv

2 4 ’
Ry =3 Ro9oBd bV ... (36)

ky kv d2 d?

Where P, is the Prandtl number, P, is the magnetic Prandtl number, Q is the magnetic

force number, Ry the porosity number, R the Rayleigh number, A* non-dimensional
relaxation time and F elastic parameter.

Using the above transformations (36) in equations (35), (29) and (31), these equations
become

[-P—Ry (1 FP)](D? —a?)w+QD(D? —a?)h, = k*gapbpud?
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[-P-Ry (1- FP)](D? —a®)w+QD(D? —a?)h, =a°R#, ..(37)
(D?-a?-RP)p=—w ..(38)
and (D? —a? —P,P)h, =—Dw. .(39)

SUFFICIENT CONDITION FOR THE STABILITY OF THE SYSTEM

o analyze the nature of the perturbation modes, we have to solve the eigen value

problem consisting of equations (37) and (39) together with the boundary condition. Now,
multiplying the equation (37) by w*(complex conjugate of w), integrating the resultant
equation over the interval (0, 1), we get,

~[P+Ry(FP) -] [ wH(D? ~a%)wdz
+I;W*D(D2—a2)hzdz :aZRI;w*edz. ...(40)
We express G = (D2 —a2)W and evaluate the above integrals using boundary condition,
we find that 1, = j;D Dw[? +a?|wf? |dz . (41)
I, :j;Dw*(D2 —a%)h,dz. . (42)
Now, we take the complex conjugate of equation (39). We thus have
(D% -a% —-P,P*)h, =—Dw'.
Substituting this value of -Dw’in (41), we have
I, = [ (D? ~a?)?h,Wydz — P,P" [ b7 (D? - a?)h,dz
Let M = (D% -a?)h,, then
I, = I3+ PPy, .. (43)
where, 15 = [JIM 2 dz, and 1, :j§| Dh, |7 +a2 | h, [2]dz.
Now taking the complex conjugate of equation (38) and substituting the value of w", we

have I;W*edz — 15+ @2+ PP, ..(44)

where, Is = 1|D(9|2dz and lg = 1|(':)|2dz.
57 Jo 67 Jo
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Substituting the values of the integrals ﬁw*edz, I;,1, and |, into the equation (40), we
find the dispersion relation as
[P+Ry (FP—D)]l; +Q(l3 +P,P 1) =a’R[Is +(a® + BP")l¢] ..(45)

Now, P is the complex growth rate of the perturbations and so we can express
P =P, +iR.and taking the real part of this equation, we have

P.[l; +RyFl; +QR, 1, —a?RR1s] =a2R(ls +a°lg) + Ryl —Ql.

Now, if a?R(ls +a%lg)+Ryl;—Ql3 <0

or a’R(ls +a°lg) <—Ryl; +Ql5.

or R< _ZRL“ZQ'S . ... (46)
a“(ls+alg)

and if, I, +RyFl; +QP, 1, —a’RRI4 < 0.

a’RPlg < Iy +RyFl; + QR 1, .

I, + Ry FI Pl
or R<| 2T d21+Q24 : ..(47)
a“Rls

Combining these two conditions (46) and (47), we see that sufficient condition for the
stability of system is

R<|: —Ry11 +Ql; |1+RdF|1+QP2|4:|” ...(48)

a%(lg+a’lg)’ a’pll,
P/CARGINAL STATE OF THE SYSTEM

e now proceed to examine the nature of the perturbations at the marginal state. We
therefore take P, =0and so we can express P=iR, (R is real) substituting this in the
equation (45). We get

[iR + Ry (FiR ~1)]1; +Q(I3 ~ RyiR 1) = a’R[l5 + (a” ~ip;R) ] -(49)

Separating the real and imaginary parts of the above equations, we have the real part

_ —Ryl1 +Ql5

R= .
a?(ls+a’lg)

... (50)

And from the imaginary part, we have
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Rl +RyFl, —QP, I, +a’RRI4]=0 ..(51)
If B =0, then a®RRl5 =QP,l, — I, —RyFl,. .. (52)
Eliminating R between the equations (50) and (52), we get
R(-Rgly+Ql3) _,
a® (I5+a2]
e

By fixing the values of non-dimensional parameter Q, Ry, P1, P, for any value of a and F,
we calculate the value of P; from the equation (53) as the root of the equation. Then with these
values of P; and a, we can find the value of R from the equation (50). We thus have a neutral
mode.

QP14 —1; —R4Fl; — -.(33)

WARIATIONAL PRINCIPLE

un this section, we shall establish variational principle in terms of Rayleigh number for

the solution of this problem. Proceeding as in the previous section, the equation (45) can be
expressed as.

[P+Ry (FP=1)Jl; +Q(I3+ P,P1,) =a®R[l5 +(@% +RP")l¢].
Taking the complex conjugate of the above equation and adding into it, we get

R=—,
a%J

..(54)

where I =[P +Ry (FR. -D]I; +Q[l3 + RR1,] and J = I5+(a2+PlPr)I6.

Let SR be the variation in R, when W is subjected to a small variation oW and &G, oF, 46,
dh, be the variations in G, F, q and h,, respectively, consistent with the boundary conditions,
i.e.,

oW=0,060=0,6h,=0, 6G=0,0F=0atz=0and 1. ...(55)
Now we have
SR =+(8I —a%RaJ). ... (56)
a“J

Taking up the variation dl, we have
281 =[P+Ry(FP—1)+P" +Ry (FP" =1)8l; +Q [8l3+P,(P+P")I,] ..(57)
and 251=26815+ (a2 + P,P + ay+P;P ")l ... (58)
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We takes these variations one by one. Taking first the variation 81, and 6l,, integrating
this and using the boundary condition.

I1=J;5[|DW 2+ a2 W [?]dz
or 6I1:—jé[(Dz—aZ)SW*dz—Iol(Dz—az)SW]\N*dz. ..(59)
51, =j;8||v| 12 dz
1 * R
=j M &M dz+j M “§Mdz
0 0
- jol M[(D? —a2)Johdz +j; M *[D2 — a2)Jsh, dz
or 3l :j; [(D? —a2)2h215h§dz+j; [(D? —a?)2sh, Jshidz. ... (60)
5|4=j;[| DH, 2 +a2 |h, |2 dz
or 8|4=j0 [D?-a )hz]zShZolz—j0 [(D? —a?)5h,]5h,dz. .. (61)

815 = [ | DO dz

1 * 1 *
or Slg =—j0 D250 edz—j0 D%0"50dz .. (62)
1 1 * 1 *
and Slg =j0 510/%d, =j0 D250 eolz+j0 D20"50dz . .. (63)

Substituting the values of variations form equations (59) to (63) into the equation (57) and
(58), we get

251 = j; [[P+ Ry (FP —1)](D2 —a2)W oW " dz
+Q[, [(D? ~a? - BP)N,)(D? ~a?)h,d,
+j; P+ Ry (PF —1)(D? — a2)W Wz +QJ; [D? —a2 — P,P)5h,](D% - a2)hdz
+[ P +Ry (PF ~1)(D? ~a?)sWIW "dz +Q[ [D? - a? ~ P,P)h,](D? -a?)h, dz

+] P+ Ry (PF ~1)(D? ~a?)sW IWdz +Q] [D? ~a? - P,P)h,](D? - a)sh} dz
... (64)

and 25j = —jg (D?—a2-P,0)056'dz —j; (D? —a? — BP)506"dz

—I;(D2—aZ—PlP*)e*Sedz—_[;(Dz—az—PlP*)Se*edz. .(65)
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Substituting the values of 8 and &J from the equations (64) and (65) into the equation
(56), we get

SR =%[6A1+6A§ +8A +8A5], ...(66)
Where A= [ [~[P+Rq (FP-1)](D*~a®)W |sw"dz
+QJ, [(D? ~a? - P,P")3h;)(D? ~a?)h,dz
+a%R j; (D2 —a2—PP")030°dz  ..(67)
and 5A, =j; [~[P+ Ry (FP-1)](D? ~a?)sW |W"dz
+QJ; [(D? ~a2 - P,P")h;)(D? ~ a?)3h,dz
+a2Rj; (D? —a2 —RP")0'50dz. ..(68)

Let us first take up 6A;. For this taking the variation in sh, and 6W consistent equation
(39), and taking its complex conjugate, we have

(D? —a? —P,P")8h, =—DSW~
Now, multiplying the above equation with (D? — a?)h, and integrating, we have

j; [D? —a2 — P,P")sh’](D? —a2)h,dz = —j; DSW D2 —a2)h, ]dz
= [, [D(D? ~a?)h, ]ow"dz. .(69)

Again taking the variation is 8q and W in equation (38) and taking its complex
conjugate, we have

(D?-a% -RP")80=—8W"
Now multiplying the above equation with 6 and integrating, we have
j; [D2 —a2 —P,P")50"10dz= —j; SW*0dz .. (70)
Using integrals (69) and (70) in 6A; equation (67), we get.
A = _[;—[P +Ry (PF ~1)](D? ~a®)W +{QD(D2 —a?)h, —aZRQ}SW*dz. (71)
Similarly, for oA, taking the complex conjugate of the equation (39), we have
(D?-a?-P,P")h, =—DW".

Multiplying this equation with (D® — a%) oh, and integrating, we have
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j;[Dz—a2 _P,P")N](D? —a?)5h, dz =—j; DW’[D? —a?Ph, dz
=I;[D(D2 —a?)sh,JW dz. (72)
Using above integral into 8A, equation (68) we get.
A, = j; [—{P +Ry (PF ~1)} (D? —a?)sW +QD(D? —a?)sh, ]w*dz
+a%R j;(D2 _a?—RP")0"50dz. (73)
Taking the variation oW, oh, and 68 in equation (37), we have
[—{P +Ry (PF 1)} (D? ~a%)3W +QD(D? —a2)6hz] — a?R36. (74)
Using above variation (74) into the equation (73), we get
SA, = aZRI; [W* +(D? -a? ~RP")0" |s6dz.

From the equation (66), we have

a12J Re[5A, + 5, ]

SR =
2

_ 1
2a%)

|[o-{P+Ry (PF ~1)} (D% a2 + QD(D? - a?)h, -a%R9 | oWz

+a2Rj;{ W'+ (D? -a? ~RP")6" | 500z

Thus for the functions W, h, and & satisfying the equations (37) to (39) with boundary
conditions, we see the 6R = 0. This proves the variational principle.

sOLUTlON OF THE PROBLEM FOR FREE BOUNDARIES

e consider the solution of the equations (37) to (39), when the boundaries at z = 0 and

1 are free. We have established the variational principle in terms of Rayleigh nhumber R and
the solution of the given problem gives the extremum values of R over all possible functions
satisfying the boundary conditions. We taken the function W (z) as

W (z) = Asinzz. ...(75)
Substituting this value of W(z) from above equation (75) into equation (38), we have
(D?-a? —RP)d =—Asinnz ... (76)

Solving above equation (76) and using boundary conditions =0atz=0and z =1, we
have
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(D?-a? —RP)d =—Asinnz

_ Asinmz  Asinmz
(n® +a%+RP) Co

. (77)

where Co = (n® +a% +RP)

Again substituting the value of W(z) from the equation (75) into the equation (39), we
have

D2 -a? -P,P)h, = —Ancosnz .. (78)
2 z

Solving the above equation (78) and using boundary conditions Dh,=0atz=0and 1, we
have

h, = 2AnC203n2 _ Anrcosnz .. (79)
n°+a+PR,P Do
where, Dy = n?+a’ + RP.

Substituting the values W(z), 6(z) and h(z) from the equations (75), (77) and (79) into the
equation (37), we get

2 2
[{P+Ry(PF -1)}|Cysinnz +$sin 7= —R sinnz .. (80)

0 C+RP
where C, =n®+a?

Multiplying above equation (80) by sin zz and integrating from z = 0 to z =1, we get the
dispersion relation as

Qr’C,  a’R
C,+PP C +RP

[{P+Ry(PF-D}]C + .. (81)
At the marginal state, P, = 0 and so we express P = Ip. Substituting this in equation (81),
we have
Qn’Cy(C, —iP,P) _ a’R(C, -iRP)

[{iP+Ry (iPF -1} ]C; + ST R - (82)

Separating the real and imaginary parts of the above equation (82), we have the real part
as
Qr’c,  aR
CZ+PFP?  C?+PR?2P?

_R,C,+ ..(83)

And imaginary part
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2 2
P||:C1+RdFC1+ QuRG __aRRA }:0. ... (84)

C2+P?P? Cf+P?2P?
Eliminating the term between the equations (83) and (84), we have
Qr’Ci(R, - R)
Pl +——22 LY L CRy(F+R)|=0. ...(85)
[ l:cl C12 + P22P2 17d 1

#0

If P' , then we have

{cl L, Gy (R-R)

+CRy(F+R) [=0.
c? 1+ P2P? @R 1}

From equation (83), we get the value of R as

2 2p2 2
RS e 2 | (60

Now, we have fix the values of physical parameters Q, Ry, P;, P, and then take the value
of the wave number a and F, calculate the value of P from the equation (85) as its roots and
then with these values of a and P, calculate R from (86). In this way we get the relation
between R and a. The minimum value of R is the critical wave number a, and wave frequency
P, for the fixed values of non-dimensional numbers.

ConcLusion :

e have discussed the stability of the fluid layers confined between free boundaries.
We find the sufficient condition for stability of the system is

R{ Ryl +Qls 1 +RsFl+QR1, |

, .(87)
a?(lg +a’lg) a’Rl,

Fixing the values of parameters, Q, Ry, P;, P,, we determine the value of Rayleigh
number R for frequency P and any value of the wave number a.
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