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VNTRODUCTION

Eefinition (1.1) : (a) A system (X; *, 0) consisting of a non-empty set X, a binary
operation ‘*” and a fixed element 0 is called a BCH-algebra [3] if the following
conditions are satisfied:

(BCH1) x*xx= 0
(BCH2) xxy=0 =y*X = X=y
(BCH3) (x*y)*z=(x*2)*y
for all x,y,z€e X
(b) If inaddition to (BCH1), (BCH2), (BCH3) the condition
(BCH4) 0xx= 0, for all xe X
is also satisfied then (X; %, 0) is a positive BCH-algebra.

Definition (1.2):- A pair {x, y} of distinct elements of X issaid to be mutually
disjoint [7] if x*y= x and y*x=y.

Now we mention some extensions of BCH- algebras which appear in [4] from a
given BCH- algebra as follows:

Theorem (1.3):- Let (X; %, 0) be a BCH-algebra and t ¢ X. Let Y =X U {t}.
We define a binary operation ‘@’ inY as

XQy=xxy if X,y €X,
.(L.1)
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x@t=xfor x+0; xe X and t® x=t; X € X, ..(1.2)
0®t=t,t®0=t, t®t=0 .(1.3)
Then (Y; ®,0) is a BCH-algebra iff X is a positive BCH-algebra.

Corollary (1.4):- In case X is not a positive BCH-algebra then taking 0 ® t=0 in
(1.3), (Y; ®,0) becomes a BCH-algebra.

Theorem (1.5):- Every BCH-algebra (X; x, 0) with a pair of non-zero mutually
disjoint elements u and v can be extended to a BCH-algebra Y =X uU {b}, b & X under

the binary operation ‘®’ defined as

XQ@y=xxy if X,y €X, ..(1.49)
X®b=xif x#u,x#vVv, XEX, ..(1.5)
U®b=bandv®hb=0, ...(1.6)
0O®b=0,b®0=b, b®b=0, -(1.7)
b®u=0, b®y=b, y#u ..(1.8).

Theorem (1.6):- Let (X;=*, 0) be a BCH- algebra and let Y=Xx X. For u,veYyY
with u = (Xy, Xp), V=(Y1, Y2) a binary operation ‘@’ is defined in Y as

U@ V= (Xy* Y1, Xo* Y2) -.(1.9)
where X, X, Y1, Y2 € X. Further we put 0= (0, 0).
Then (Y; ®, 0) is a BCH-algebra.
Definition (1.7):- A fuzzy set in X is a function
u:X-[0,1]

Definition (1.8):-A fuzzy subset u of a BCH-algebra X is said to be a fuzzy ideal of
X if it satisfy:

u(0) > p(x) for all x e X

1) = min { u(x *y), u(y)} for allx,y e X.

Example (1.9) :- Let 0 <c < 1. Then every constant function with value c is a
fuzzy ideal of X.

SOME RESULTS ON FUZZY IDEALS ON BCH-ALGEBRA

emma (2.2):- If p is a fuzzy ideal on BCH- algebra X then x < y = u(y) <

H(X).
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Proof :- We have x< y =xxy= 0.
Now p(x) = min {u(x *y), u(y)} = min {u(0), u(y)} = u(y)
= u(y) < p(x).

Theorem (2.2) :- Let u be a fuzzy set defined on a BCH-algebra X such that u(0)
> p(x) for all x € X. Then u is afuzzy idealon X iff for all x,y,z€ Xwith (x xy)*z =
0,

w(xX) = min { u(y), u(2)} satisfied.

Proof :- Let u be a fuzzy ideal on X. Then

p(x*y) = min {u((x *y) * ), u(2)}
min{u(0), u(2)}
1(2).

Again since (x*y)*xz = 0 = (x*2z)*y = 0, we get

p(x *z) = u(y),
Now w(x) = min { u(x = 2), u(2)}.
If p(x*2) < p(z) then u(x) = u(x *z) = u(y).
If u(x*2)> u(2) then p(x) > u(z). Combining these facts we get
u(x) = min{u(y), u(2)}-

Conversely, suppose that the given condition is satisfied.

We put Z =X *Y.
Then (x*y)xz = 0.
So u(x) = min{u(y), u(2)}

min{u(y), u(x * y)}.

Hence u be a fuzzy ideal.

Theorem (2.3):- Let u be a fuzzy ideal on BCH-algebra X. For any te¢ X, let
Y =X U {t}. Let Y be extended BCH-algebra with binary operation ‘@’ as given in
theorem (1.3). Then pu can be extended to a fuzzy ideal p' defined on Y as pu'(x) =
u(x) if x €X and p'(t) = min{ u(x) ; x € X}.

Proof :- For x,y € X we have nothing to prove. We take a point as t and other as

X e X.

Since ©'(x®1) = p'(x) = u(x),



100 Acta Ciencia Indica, Vol. XLVI-M, No. 1 to 4 (2020)

we have min { u' (x® 1), g} = p(v),
So u'(x) = min{ p}(x®1), u'(t)}= p*(t) is satisfied.
Now min { ' (t®x), ')} = min{u" (), £'(0}= u')
Also {u' (t®@1), u'®}={u (0), n'(®}= u'(t)

So p'(x) = min {p}(x®1), p*()} and p'(t) = min {u' (t® x), u'(x)} are satisfied.
Hence u' is a fuzzy ideal on V.

Definition (2.4):- Let X be anon-empty set and let 4 be a fuzzy set in X. We
consider the Cartesian product X x X. Different types of fuzzy sets can be defined on
X' x X. Let w, 1o, pa, pg and ps be fuzzy sets defined on X x X as follows:

For any x,y € X, we define

@ mxy) =uX . (21)
(b) (xy) = u(y) ..(2.2)
© w(xy) = min{u(x), uy)} .. (23)
@ a(xy) = max{u(x), u)} . (2.4)
€) ws(x,y) = u(X)u(y) ... (2.5)

Some other fuzzy sets may be defined on X x X.

Theorem (2.5):- Let X be a BCH- algebra and let u be a fuzzy set defined on X.
Let Y = X x X. ThenY be a BCH-algebra under binary operation @ defined by (1.9)
[Theorem (1.6)]. We consider fuzzy set u; defined on Y by relation (2.1). Then u is a
fuzzy ideal on X iff u,is fuzzy ideal on Y.

Proof :- Let u be afuzzy ideal defined on X. Then
(i)  w(0)> p(x)for all x e X
@iy p()= min{ux=*y), uy)} for all x,y e X.
Now (i) 4(0, 0) = p(0) > p(x) = ga(x,y) for all (x,y) €Y. ...(2.6)
(i) Let (x,y) €Y. Then g (X,¥)= p(X)> min{u(x*y), u(y)} for allx,y e X.
This gives
min {za((X1, Y1) @ (X2, ¥2)), ta(Xa, ¥2)}
=min {za(Xu* X2, Y1 ¥a), £a(Xe, Y2)}
= min {u(Xox X2), 1(X2)} < pu(¥1) = pa(Xa, Y1)

ie., 4 (X1, y1) = min {zn (X1, Y1) © (X2, Y2)), 14 (X2, ¥2)} - (2.7)
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for all (xq, Y1), (X2, ¥2) €Y.

This proves that p; is fuzzy ideal on Y.

Conversely, suppose that u, is fuzzy ideal on Y.

Then 14(0,0) > (xq, y1) for all (x,y) € V.

This implies p(0) > u(x) for all x € X.

Let x,y € X. We consider (x, 0), (y,0) €.

From (2.7) we have g4(x, 0) > min {z4((x, 0) ® (y, 0)), ta(y, 0)}
min {zn(x *y, 0), za(y, 0)}

u(x) = min {z(x *y), u(y)}.
So u is a fuzzy ideal on BCH- algebra X.

Corollary (2.6):- Similar result can be given for u, .

Theorem (2.8):- We recall X, Y, u,v,b and binary operation ‘@’ as given in
theorem (1.5).

Let u beafuzzy ideal defined on X. We define u* onY as p'(x) = u(x) if x €X
and p*(b) = u(u). Then ' is a fuzzy ideal on Y iff u(x)> u(u);for all x € X.

Proof :- Suppose that u'is a fuzzy ideal onY then p*(0) = ui(y) for all y €Y,
i.e., for all x € X.

Now for x € X, u'(x) = p'(x) = min{u* (x®b), u'(b)}
min {z(x), w(u)}

= w(x) > u(u) ; for all x e X.

So the condition is necessary.
Conversely, suppose that u(x)> u(u) for all x eX.

Now For x# u,x# v, min{u' (x®b), u'(b)}

= min {x(X), p(u)} = p(u) -(2.8)
For x=u,x # v, min{u* (x® b), u'(b)}

= min {z(b), u(d)} = p(u) - (29)
For x=v,x #u, min{u" (x®b), u'(b)}

= min {4(0), u(W)} = p(u), -(2.10)

since ux) > p(u).



102

Acta Ciencia Indica, Vol. XLVI-M, No. 1 to 4 (2020)

From (2.8), (2.9) and (2.10) we get
W) = min{ u'(x®b), u'(b)}.
Also for x € X and x#u,x # 0,

min { ¢ (b ® X), £} = min { u" (b), £'(x)}

= min {z(u), ()} = p(u) -.(2.11)
If x=umin{u* b u), *u)}= min {x0), u)} = uu) .. (2.12)
If x= 0, min{u*(b®0), x*(0)}= min {u(u), £(0)} = u(u) .. (2.13)

(since ' (b) =u(u)).
So in all cases condition u'(b) = min{ u' (b® x), u*(X)} is satisfied.

This proves that u* is a fuzzy ideal on Y.
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