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DEFIN]T[ONS AND NOTATIONS

series Y a,, is said to be strongly summable G (N, p, A) with index o (¢ = 1) to s, or

simply summable [G (N, p, A],, if

1 n *
n—ZI B, [13,-s[7=0Q)
v=0
Zen—v Hy
v=0
or
n
T S IBII; sl = 0(1)
—glo =
[(€x w)n| & 777
v=0
n
where (Exw)y, = z €n—v Uy
v=0
we shall also use the notations
n
(E * M)n = z En—v Uy
v=0
n
and W *u), = Z U p—
v=0

We define the sequences of constants {c,}, {k,}and {l,} by means of the following
identities [5]

oo

c(z) = z"=p (@)L c¢c,=0 . (1D
Z )
k(z) = Z k2" = q (Dp()~Y, k=0 .(12)
n=0
I(z) = Z LZ"=p (D@, 1, =0 . (1.3)
n=0
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7NTRODUCT]0N

eneralizing the theorems of BORWEIN and CASS [2] for Norlund summability of

infinite series SINHA and KUMAR [6] and CHANDRA [3] proved the following theorems.
Theorem | : If p,>0foralln q, >0, q, =0foralln>0,A>1(N, g, ) is regular.

> @y = 0N, pal;
n=0

and Z b, is bounded (N, q, @),
n=0

then

z ¢, =0(N,r,a)

n=0
Theorem I1: If p, > 0 foralln, g, >0, g, = 0 forall n>0, A= 1 (N,p,a) and (N, p, @)
are regular.

a, =s [N,p,a]

s

0

S
Il

and b, =t[N,q,a

NgE

n=0

then c, =St [N,r,a]

NgE

n=0
Theorem Il1: If p, >0,q, >0and a, > 0foralln, A= 1(N,q,a) is regular,

a, =0[N,p,al,

(M

and b, is bounded [N, q, @];, then

:MS

NER

¢, =0[N,r,al];
n=0
3. The object of this paper is to establish these theorems for G(N, p, g) summability.
Theorem 1: If p, > 0foralln, q, >0,q, =0foralln>0,0=1 [G (N, q,N]is
regular.

(o)

> @y = 0160V, 4,01,

n=0
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and Z b, is bounded [G (N, g, 1)],
n=0

then Z ¢, =0 [G (N, )]
n=0

Theorem 2 : If p, >0 forallng, >0,q, =0foralln>0,0=1[G (N, p, A)] and
[G (N, p, A)] is regular.

a =[G (N,p, V],

and

D5 1

b, =t[G (N,q,M)]
0

3
Il

then

NgE

c, = St[G (N,r,A)]

I~

s o L

Theorem3: Ifp, >0,q, >0anda, > 0foralln, ¢ = 1,[G (N, q, A)] is regular.

> @ = 0[g.p, ),

n=0
and Z b, is bounded [g(N, g, D],
n=0
then Z ¢, = 0[g(N, 7, V)],
n=0

4. We shall use the following lemma for the proof of our theorem:
Lemma- Let 4, #0 for n > 0. Then the necessary and sufficient conditions that
G (N, p, 4) should imply G (N, p, 4) are that

D |Em ) san] = 0G0 (@)
i=0 v=i
and
Kni = D Eut Cot = 0 (G 10) - @2)

2PROOF OF THE LEMMA

riting

n

©=ent ) et

v=0

we have by a similar inversion formula
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n

ty = ch_v (e ), J$¥

v=0
thus
= o ) e
v=0
= G D B D X G S
v=0 i=0
((E * ) \
IO Snov Cpy =)
where dn; = §* Wh — .. (4.3)
k 0 (i>n) J
If, s, = 1forall n, then ]7(1“) =1and I =1, sothat
Z d,; = 1for every n. .. (4.4)

i=0
Hence it follows from TOEPLITZ’S theorem [5] (Th. 2) that the transformation (4.3) is

regular if and only if conditions (4.1) and (4.2) of the lemma are satisfied.

For @ = 1, this lemma reduces to the DAS’s lemma [[4], lemma 1]

#2ROOF OF THE THEOREM 1 :

and

sing Holder’s inequality, it is easy to show that o > 1,

[GIN,p, D], = [GIN,p, D]y (1]
Thus it is sufficient of prove theorem 1 for case ¢ = 1.
Let

S

w, = Z(E * Whn—y by
v=0

(€x p),

1 n
= > W), o
W=w), &
Now (Y * u),, v, is the coefficient of x,, in the series.
D@er, Jp Xt Y €, 0 X"
n=0 n=0

= (A€x p) ()a ()1 — )" (A& * p) xb(x)
= (Bexp) (x) (A& *p) (DA -0 c(x)
= (W) ()

*

=
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Thus
We iy v = ) (B€x 0, ji G0 |y
v=0
and so W50 191 S ) (B Wy 13 G+ 1 03|
v=0

since by hypothesis

> @es . 1ji1 = 0(ex ),

r=0
and lwr] =0(1)
it follow that

W | il S H Y ey sl G W
v=0

[oe]

—_ i(AE*u)H Z(AE*u)r s
=0

r=0
=H Z(AE *n—y 0 (Ex ),
v=0

Since [G (N, g, A)] is regular, the final sum is 0 ({r * u),,.

Thus
v, =0(1), and so

Z ¢, =0[G(N,r,1)] as required
n=0

#2ROOF OF THE THEOREM 2 :

uf s = 0 the result is an immediate consequence of theorem 1. Suppose s # 0. Let

a, = a,—Ss, a, = a, for n>0

and
n
Cn = a17 bn—v
v=0
then ¢, = ¢, — sh,
Thus, since

a‘,n =0 [G(N;p:l)]l
=0

n

by hypothesis, we have
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i =0[G(N,r, a)]

by theorem 1. Further since [G(N, p, /1)] is regular
[G(N, q,/l)] [GN,7, 1))

Thus Z by =t [GIN, 7, )]

Hence since

m m m
ZCn Zc,’l+52b form=20,1,2,.......

n=0 n=0 n=0

it follows that

Z ¢, = st [GIN,T,A)]
n=0

This completes the proof.

PROOF OF THE THEOREM 2 :

o

. (f * uchy
(A ),
and
., (*ub),
Wy, = 70—
(A% * ),
Now
> @b+, v x,
v=0
= > Qe it Y (Mg, 0%,
v=0 n=0
Thus

(B ), vy = ) (A€x ), J5 (A * ),y 5y
v=0

and so we have

(@ =, il = {Z(Ae* W, il 85+ u)n_vmz_u}
v=0

Using Holder’s inequality, we find that
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(@, i1y = {Z(Ae* Wy il” (8% » u)n_v|w::_,,|ﬂ}

v=0
o) o—1
x [Z(Ae* 1), (A u)n_v}
v=0

Thus
D @0 517 S DT (Bex 0, sl” @8 x D ylwil”
n=0 n=0 v=0
= D @, P ) (@5 = ylanl”
v=0 v=i
Now, by hypothesis
> e, ljsl7 = 0 (€%
v=0
and D @5y [w51° = 0. * i
v=0

thus

D @, il S H Y e, il G s
v=0 v=0
=H Z(Ai*u)m_y Z(AE*H)r MM
v=0 a=0

= H ) 08+ ),y 0 (B€xp0),
v=0

=0 *Wn
Since [G (N, g, A] is regular. Thus

[e.]

C, =0[G(N,r,A)], asrequired.
n=0
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