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pEFlNlTlONS AND NOTATIONS:

et z a, be a given infinite series with {S,} as the sequence of its partial sums. Let
n=0

(o,) and (t,) denote the n-th (C, 1) means of the sequence {S,} and {na,} respectively.

The series ) a, is said to be summable |C, 1|,k >1, if [4]
n=0

o kL
> oy —ong k<® . (11)
n=1

In view of the fact that t,, = n(o,, —o,,_1)[6], equation (1.1) can be written as

&ty
> <o (1.2)

Let {p,} be a sequence of positive real numbers such that

n
Po=2.P, 2 as n—>w(p=p;=0i1) .(1.3)
v=0

The sequence-to-sequence transformation

1 n
w”:FZ Py Sy ..(1.4)

n v=0
defines the sequence {@,} of the (N, p,) means of the sequence {S,} generated by the
sequence of coefficients (p,) [5]. The series Z a, is said to be summable (N, p,)y, k >1,

n=0
if [2]

k-1
o Pn _ k
DI ooy <o ...(1.5)
Pn
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0
Let {¢,} be any sequence of positive real constants. Then the series Z a, is said to be
k=0

summable | N, p,,¢,.5, Bl k=1 >0 and g>1, if
n
> BN |y 4 [ <0 (1.6)
n=1
For 6=0 and B =1, our definition reduces to (1.5) [2]
We need the concept of almost increasing sequence. A positive sequence {b,} is said to

be almost increasing if there exists a positive increasing sequence {c,} and two positive

constant A and B such that
Ac, <b, <Bc, [1]
Obviously every increasing sequence is almost increasing sequence but the converse need

not be true as can be seen from the example b, =n exp (-1)"
VNTRODUCTION

eneralizing the theorem of BOR [3] for | N, p,, |, summability factors of an infinite
series TRIPATHI and PATEL [8] proved the following theorem for |N,p,, 4, Ik
summability.

Theorem : Let {X,} be a almost increasing sequence and the sequences {4,} and {p,}

are such that

Py =0(np,) as n—> (2.1
An X =0(1) as m— o0 ..22)
inxn | A2, |=0() ...(2.3)
n=1
m k

and Z¢r'f_l(%] It, [*=0(Xp) as m—oo0 (2.4
n=1 n

¢n P

where {¢,} be a sequence of positive real constants such that {
n

} is non-increasing

sequence, then the series ' a, 4, is summable |N, p,, 4, |,k >1.
k=0
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3. The object of this paper is to generalize above theorem for |N, p,,é,.3, 8
summability. However, we shall prove the following theorem.
Thoerem : Let {X,} be an almost increasing sequence and the sequences {4,} and

{p,} are such that the conditions (2.1)- (2.3) of above theorem are satisfied and

k
m
3 gplaky (%} It [<=0(X ) as m—ao (1)

n=1 n

¢n P

where {¢,} be a sequence of positive real constants such that {
n

} is non-increasing

sequence, then the series Z a, issummable |N, p,, 4,6, B >1 >0 and g>1.
k=0

4. We need the following lemma for the proof of our theorem.

Lemma [7] : Under the condition on {X,} and {4,} which are taken in the statement of

our theorem, the following conditions hold:

(i) nX, | A4, =0@) as n » o ...(4.1)

(i) DX, A4 <o ..(42)
n=1

(iii)y X, 4, |=0() as n—o0 ...(43)

#2ROOF OF THE THEOREM:

et {T,} be the sequence of (N, p,) means of the series Z a4, - Then, by definition,
k=0

we have

1 n 1 n n
Ty :P_Z pySy :P_Z pvzav;tz

n v=1 nv=l z=0

:PLZ(pn - pv—l)avﬂv

n v=0

Then, for n>1, we get

P < P, < R4V
Tn—Tn_1=F,F',1 D> Rk =—2 ZVMVaV (5.1

n'n-1v=1 Pn Pn—l v=1 v
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Now applying Abel’s transformation to the right hand side of (5.1), we get

(n+Ypt, 4, P, & v+1
T -To = - Ra A, —
n n-1 nPn PnPn—lvz:; vavﬂv v
R Y vil. B @ 1
Y Rl Y R A
PPLS " v RPLE Ty
=Tha+Th2+Th3+Tha say
To complete the proof of the theorem, it is enough to show that
> gPORKD T <o forz=12,3 4 .(5.2)
n=1
For we have
O B(5kk-1) kK~ Aokk-1) | (N+1) ppty Ay ‘
DA OAD T, fm 3 gD | TS Pl
n=1 n=1 nk,

m k
—0(1) Y gfekD [p—) Lty €1 A 11 2y

n=1 Pn

m k
=00y #f D 4, |(f,—] It

n=1 n

IS - B(Skk) |, k[P ‘
=00 2 Al | 24P 1y | (Fj
n=1 n

n=1

m k
01 A | 2D 1t [ [p—)

v=1 F)V
m-1
=0 D Al Xy +0@)] A | X | by (3.1)
n=1
m-1
=00 D> A%y [Xy 0] Ay | X |
n=1

=01 a m—ow

by condition (4.2) and (4.3) of lemma.
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Again for k > 1 and applying Holder’s inequality with indices k and k', where

1+£:1,as in | T, |, we have
K Kk n

IS C T NE R S e B vt

Z¢n |Tn,2|=2 ¢n _PP z vvﬂv

n—2 n=2 nin-1v=2

L (o k-1
_O(l)z ¢ﬂ(5k+k 1)[ {Z pv |tv |k|/1v |k}{ Z pv}
n=2 Pn n—1 V= _1 v=1

B(sk+k-1) [ Pn <1 [t K5 K
—0(1)2 o ( J py Ity P14, |

n=2
m k
z ¢ﬁ(5k+k—1) [&j Pn
n
=1 Pn PnPn—l

k v+1
—0(1)2 {(qﬁ )P lokk 1{"“} }pm KAy PP
n-1

P
—0®> polt, M4 K2 {

v=1 |Dn -1

v=l n=1

—0(1)2 RGN ”w(ij It,

v=1 V

m m k
S0 AlA | Y, g Pk g | [%]
v=1 !

k
+0@) | 4 | Z PO g ¢ [ j

v=l

=0() X [Adg | X +0@) | Ay [ Xy by (3.1)

=0) Y A4 | Xy +0@) | Ay [ Xy

=01 asm—ow
by condition (4.2) and (4.3) of lemma.

Again we have

ol Ok+k—1 k
z ¢nﬂ( + 7)|Tn,3|

n=2
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m+1 p k 1
=0 X, /D (—] X

n=2 Pn Pn -1

n-1 " ‘ 1 n-1 k-1
{Z V| A4, | pvltleP > pv}
v=l n-1v=1

m n— k
o3 viaz bt {wn)f”(‘s“k_l) [p_j } :

v=1 v=1 Pn F>n F)n -1

\

m k
o> {(W““k-l) [E—J }vm T

v=1 \ R
m-1 \ k
=0 X 1AW[AL DY 47O D g [%]
v=l i=1 [
m k
HO@M[AZy 13 ¢ PO g [%j
i=1 [
n-1 m-1
=0 WXy | A2, [+0Q) X Xy | Ay [+0@M] Al [ Xy
v=l v=1

=0(1) as m—ow by (2.3),(4.1) and (4.2)
Finally, using the fact R, =O(np,) by (2.1) asin [T, |, we have that

m+1 k

B(ok+k—1) |7k T sk | P S t 1
Z ¢n | n,4| = Z ¢n Z Py v/iv+1_
o ] RPaa v

k
m
=02, WD iy |(‘F’,—] It [

v=l v
=0(@1) as m—>w

Therefore, we get

> PO T <o for 2=1,2,3, 4
n=1

This is the complete proof of our theorem.
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