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The effect of Hall Current on viscous fluid flow over a
rotating porous disk is discussed. The governing equations
are solved analytically using the Laplace transform
technique. The effects of Hall parameter on the velocity
profile are presented through graphs. The numerical
computations are done by MATLAB R2009a.
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InTRODUCTION

En many MHD problems it is assumed that the electrical conductivity of the fluid is

isotropic and such as a scalar quantity. However, this need not be always in nature and the
conductivity of the medium is an anisotropic if the medium is rarefied if a strong magnetic
field is present. In the presence of a strong magnetic field, the charged particles are tied to the
lines of force, and this prevents their motion transverse to the magnetic field. Then the
tendency of the current flow in a direction is normal to both the electrical and magnetic field is
known as Hall Current. The Hall Effect is the production of a voltage difference (Hall voltage)
across an electrical conductor, transverse to an electric current in the conductor and a magnetic
field perpendicular to the current. It was discovered by Edwin Hall in 1879. Thus the Hall
Effect rotates the current vector away from the direction of the electric field generally reduces
the level of the Lorenz force on the flow.

Hall Effects gained widespread interest in fluid dynamics due to their applications in
many geophysical and astrophysical situations as well as in engineering problems such as Hall
accelerators, Hall Effect sensors, constructions of turbines and centrifugal machines.

The Hall coefficient is defined as the ratio of the induced electric field to the product of
the current density and applied magnetic field. It is a characteristic of the material from which
the conductor is made, since its value depends on the type, number, and properties of the
charge carries that constitute the current.

Hall probes are often used as magnetometers (i.e.) to measure magnetic fields, or inspect
materials (such as tubing or pipelines) using the principles of magnetic fluid leakage. Hall
Effect devices produce a very low signal level and thus require amplification. It was only with
the development of the low cost integrated circuit that the Hall Effect sensor became suitable
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for mass application. Many devices now sold as Hall Effect sensors in fact contain both the
sensor as described above plus a high gain integrated circuit (IC) amplifier in a single
package. The flow of incompressible fluid due to non — coaxial rotations of a disk and a fluid
at infinity was studied by many researchers.

An exact solution of this type of problem of was obtained Berker (1963). Coirier (1972)
studied the flow due to a disk and a fluid at infinity which is rotating non-coaxially at a
slightly different angular velocity. An exact solution of the three dimensional Navier-stokes
equation for the flow due to non — coaxial rotations of a porous disk and a fluid at infinity was
studied by Erdogan (1976, 1977). Ram and Murty (1978) have studied the magneto
hydrodynamic flow and heat transfer due to eccentric rotations of a porous disk and a fluid at
infinity. The unsteady flow due to non coaxial rotations of a disk, oscillating its own plane
and a fluid at infinity was studied by Kasiviswanathan and Rao (1987).

The influence of an external magnetic field on the flow due to a rotating disk was studied
by many researchers Attia (1988); EI-Mistikiway and Attia (1990) without considering the
Hall Effect. Aboul — Hassan and Attia (1997) studied the steady hydromagnetic problem
taking the Hall Current into consideration. In recent years, considerable interest has been
shown in mass addition to boundary layer flows, especially in connection with the cooling of
the turbine blades and the sting of high speed aero vehicles.

Rotating disk flows of conducting fluids have practical applications in many areas such
as rotating machinery, lubrication, computer storage devices, viscometry and crystal growth
process. In most cases the Hall term was ignored in applying Ohm’s law as it has no marked
effect for small and moderate values of the magnetic field. However, the magnetic field, so
that the influence of electromagnetic force is noticeable. Under these conditions the Hall
Current is important and it has marked effect on the magnitude and direction of the current
density and consequently on the magnetic force term. Aboul-Hassan and Attia (1997) studied
the steady hydro magnetic problem taking the Hall Current into consideration.

In recent years, considerable interest has been shown in mass addition to boundary layer
flows, especially in connection with the cooling of the turbine blades and the sting of high
speed aero vehicles. Hassan and Attia (1997) investigated the steady magneto hydrodynamics
boundary layer flow due to an infinite disk rotating with uniform angular velocity in the
presence of an axial magnetic field. They neglected induced magnetic field but considered
Hall Current and accordingly solved steady state equation numerically using finite difference
approximations.

Magneto hydrodynamic which rises as a theory of the macroscopic interaction of
electrically conducting fluids and electromagnetic fields has many practical applications in
astronomy, space physics and geophysics as well as in many engineering fields. Some
interesting results on the effects of the magnetic field on the steady flow due to the rotation of
a disk of infinite or finite extent was pointed out by EI-Mistikawy et al. (1990) and Attia and
Hassan (2004). In special, the study of hydro magnetic flows with Hall Effects has important
in engineering applications in problems of magneto hydrodynamics generators and of Hall
accelerators as well as in flight magneto hydrodynamics. T. Hayat, R. Ellahi and S. Asghar
(2008) are studied the Hall Effects on unsteady flow due to non-coaxially rotating disk and a
fluid at infinity.

The aim of this paper is to present hydro magnetic flow of a viscous electrically
conducting fluid due to the rotation of a porous disk in a magnetic field is studied considering
the Hall Effect.



Acta Ciencia Indica, Vol. XLII M, No. 1 (2016) 87

M ATHEMATICAL FORMULATION

n incompressible viscous fluid conducting which occupies the space z > 0 and is in
contact with an infinite porous disk making oscillations in its own plane is considered. The
axis of rotation of both the disk and the fluid, are assumed to be in the plane x = (. The
Cartesian coordinate system with the z-axis normal to the disk, which lies in the plane, z = 0
is considered. The distance between the axes is being assumed to be /. Initially, the disk and
the fluid at infinity are rotating with the same angular velocity Q about the z' axis and at time
¢t = 0. The disk start to oscillate suddenly along the x — axis and to rotate impulsively about the
z — axis with Q and the fluid continues to rotate with € about the z'-axis. A uniform
magnetic field By is applied in the positive z-direction.
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Fig. 1. Flow Geometry

Under the above assumptions, the equations governing the unsteady motion of the
conducting viscous incompressible fluid are those pertaining to the conservation of
momentum and of mass which are

dv

== —lvpl +vv2V+l(JxB)
e p P

divV =0 .. (D
The corresponding initial and boundary conditions are
u=-Qy+Ucosnt (or)
u=—Qy+Usinnt;v=Qx at z=0 for t >0
u=—Q(y-1),v=0Qx as z »ooforall ¢, .2
u=—Q(y-1),v=CQxat¢t=0 for z>0,
where u, v, w are the velocity components along x, y directions respectively and n being the
frequency of the non-torsional oscillations.

The equations governing the flow consists of the Maxwell equations and a generalized
Ohm’s law which after neglecting the displacement currents are

divB=0 .. 3)
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curl B=n,, J .4
curlEzﬁ ... (5
ot
The geometry of the problem suggests that the velocity field in the flow is of the form
u=—Qy+ f(z,t),v=Qx+ g(z,1) ... (6)

Let us consider the uniform porous disk is of the form
w=-w, ..(7D

The generalised Ohm’s law, on taking Hall Currents into account (Cowling, 1957) and
neglecting ion-slip and thermo-electric effect is given by

J+W§T€ (JxB):c{E+V><B+LVpe} .. (8)

0 en,

where J is the current density vector, B is the magnetic induction vector, E is the electric field
vector, w, is the cyclotron frequency and T, is the collision time of electron. In the absence of

an external applied electric field and with negligible effects of polarization of the ionized gas,
E is taken as zero(E =0). The induced magnetic field is negligible which is a valid

consideration is on the laboratory scale. Further, it is assumed thatw,t, =0(1),and
w, T, <<1,where w, and T, are cyclotron frequency and collision time for ions respectively.

With the help of the equations (1), (6) & (7) and in view of the above assumptions, the
flow with Hall Effects is governed by the following scalar equations:

~ 2 2

B

¥ gy =L YOS B
ot pox 2 p(-im)

(f =) )

~ 2 2
% op o, 81 8 OB, o .. (10)

ot 0z poy 872 p(—im)
A 2

B
L1op_ G—OWO . (11)
poz p(l—im)

where m = o,1, the Hall is parameter and the modified pressure p is
202
N reQ
p:pl—p , r2:x2+y2 ... (12)

2
In view of equations (6) and (1),
£(0,t) =U cosnt (or) f(0,¢)=Usinnt;g(o,t)=0 fort >0
f(z,t)=Ql;g(z,t) =0 as z —> oo forall ¢, ... (13)
f(z,00=Ql; g(z,0)=0 for z>0
Eliminating p from (9) to (11), and using the boundary conditions (13) and combining
the resulting equations, the problem can be written as
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The corresponding boundary conditions are given by

U U .
G(0,t) =—-cosnt—1 (Or) G(0,t)=—sinnt—1;t>0
0,7) a7 " (Or) G(0,1) Y b

G(0,t) =0,as z —> o forallz,

.. (15)
G(z,0)=0forz>0
in which
G=L 118 ... (16)
Ql Ql
2(1+i
N:M ..(17)
p(l+m~)
and introducing
H =G ... (18)

Therefore, the above governing problem becomes

2
0 H—a—H+w H N0 ... (19)

Y2 oz

with the boundary conditions

H(O,t):—1+£cosnt or H(O,t):—1+£sinnt;t>0 ... (20)
Ql Ql

The auxiliary equation of (19) is given by
vm® + wom—N =0

-Wy i«lw%+4vN

2v

m=
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2
w N
—Woi 72'?‘* 4\/2
4v v
m=
2v
_ oy
2v
2
z ", ("] N
_ { 2v [2VJ % z
H(z,s)=ce +cye

Now consider the equation (20) in terms of s,
— U — U .
H(0,s)=—1+—cosnt (or) H(0,s)=—-1+—sinnt
(0,5) ol (or) H(O,s) ol

Substituting z = 0 in the above results,

H(0,5)=c| +¢,
U
c1+c¢y =—14+—cosnt (21
1+ Ql (21)
and c +c ——1+£sinnt (22)
1 2 Ql e

adding (21) and (22),

Uu .
o +ey =—1+ﬁ[smnt+cosnt]

Therefore, H(z,s)=-1 +%[ sinnt +cosnt| e ... (23)

2
W, W,
_[_0+ [_0] N
_ 2v 2v %
el—e

Using the Laplace transform technique, the solution for the above resulting transformed
problems for U cosnt is given by

[-_I(Z,s):{— 1. +L{ ,1 + ,1 Hel;n>Q .. (25)
s—iQ 20l |s+i(n—Q) s—i(n+Q)

z

in which .. (24)

H(z,s):{—;.+L{ .1 + ,1 Hel;n<g ... (26)
s—iQ 2Ql |s—i(n—-Q) s—i(n—Q)

and for Usinnt
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I-_I(Z,s):{—;.+£{ LS Hel;n>§2 .7
s—iQ 201 |s+i(n—-Q) s—i(n+Q)

F[(z,s)z{—;+£{ - ! e — ! Hel;n<Q ... (28)
s—iQ 20l |s—i(n—Q) s—-i(n+Q)

after taking inverse Laplace transform, and using the equations (25) to (28), the suction
solutions for U cosnt,n > Q, is given by

B Jx2tin)e e”f{%ﬂxz”yz)\/g]

2 .
yo(R2ti2)8 erf{%—i_(XZ—i_iyZ)\/gj

e(x3+iys) erf[%Jr (x; +i3) rj

L—H SlaeV2ne| U ik

.. (29)
ol Qi 201

o L) erf{—z +(x3 +ly3
V2t

P erf[%+(wly4 }

l\)l«-\

2Q] )
e (mata) erf [_ﬁ (x4 +1y4

9

and forn<Q

1 e(xz+iy2) erf[%+(xz+ly2

2 )
—(xp+ivp )& &
+e erf —+ X +1y
/_2’17 2 2

e(x3+ly3) erf[%‘f‘ x3 +ly3
. T
AN SENCI B .. (30)

Ql Qi 201 ;
+e*(x3+zy3)i erf[%+(x3+iy3)\/§]

2Q)] .
po(Kativa )t erf [% +(x4 +ivy) \/gj

for Usinnt,n > Q
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Jgre

2 +e—(x2+l'y2)§ erf [_

Nl s‘
a

St erf[E (23 +iv3) %J
QLI—HQI —1+e_\/—wg +i%e_ikT
~(x3+iv3)8 g . T
+e erf| —=—+(xq +1i —
f \/E (3 y3) 2
xativa)e erf[i X4 +ivg) EJ
LU e Ve 2
2Q] ~ . T
+e (xa+ivg )& erf[% X4 +1iyy \/;]
and for n < Q
(x2+iv2)E & . \/E
X e erf \/_+(x2 +zy2) 5
2
.X2+ly2 i x +i \/?
[\/E 2 y2) 7
XS+ly5 [i x -‘rl \/?)
5 )’5
) 2 2
Loi el L e Vs
~(x5+iy5)& g \/?
+e erf | —=—=+(xs +i
f \/E (5 yS) 2
(X4+iy4)2’; f &.’ ; \/?
e erf| ——=+(x4 +ivy).|—
_Z.L e \/E ( 4 4) 7
2Q] .
~(xq+iv4 )& & _ , \/?
+e erf| —=——(x4 +i —
f \/Z (4 y4) 2

1 X2 tin2)8 e’f[%Jr(xz”)’z)\/g]

|

N A

+(x +ivy)

/ c
and introducing &= gz, k= i, =01, N|= BO , W= "o , the
2v Q pQ 24/vQ2
expressions can be obtained.
1
2 2 2
N, M, N,
R
I+m I+m 1+m

.31

.. (32)

following
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N[ —

N | —

N —

2 2
N,
X5 = (w2+ N12j +(1+ lmz—kj +(w2+ lej
1+m 1+m 1+m

N —

2 2
S TN PR e
1+m 1+m 1+m

N | =

|
N[ —

I 2 2
N, N, N,
ys = \/[w2+—12] +(1+ 1m2 —kj —(w2+ 12)
1+m 1+m I+m
The solutions (30) to (32) are unsteady and valid for suction case. For blowing, the

unsteady solutions can be obtained from equations (30) to (32) by replacing w by
—W (W] > 0)

Resonant case (i = lj
Q

Employing the same methodology of solution as in the above case, the unsteady suction
solutions for U cosnt can be written as
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K lrar2)s erf[j;_r +(x +iy2)\/§]
i e l22)t e”f[%‘()fz +iy2)\/§)
T
(x6+ive )E [i . \/E]
€ erf +(X6 +ly6)
/ 2
+lQZ —1+e_\/_W§ +2LQle—lkr \/E
+e_(x6+l'y6)é erf[\/i— _(x6 +ly6)\/§
T
(x7+iy )Z; , i . \/E
LU ikt ‘ s \/E+(x7+ly7) 2
—e
20 o ()8 e’f[%_(x7+iy7)\/§J
T
X2 +2)8 erf § +(x2+iy2)\/z
1 V2 2
et erf [% (2 +iy2)\/§]
T
(xe+iv6 ) [ & \/Ej
€ erf (x6 +ly6)
i 2
+ié:1+e_ﬁwﬁ +l~2LQle—lkr \/E
+o UsHs)E f[ - (x6+iy6)\/§
L7+ )8 erf{ § +(x7 +ly7)\/?]
U ikn \/_ 2
Y.
201 '
+e 07T g [% (%7 +iy7)\EJ
[ !
2 P 2
N Nym N,
X = \/(W2+1+;2J +(1+1+Im2j [ 2+1+;2j
_ 1
2 P 2
N Nym N,
v \/(W2+1+;12j +(2 1+lm2j +(W2+1+;2J]

... (33)

..(34)
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For blowing replacing w by —w;(w; >0) and the respective unsteady solutions for

Ucosnt and Usinnt are given by

i+i£:1+e
Ql Ql
i—i—l =1l+e
Ql Ql

—2 wE

—J2we

| T2 725 erf %'f‘(.iz +iJ72)\/7J

+

.U
+Hi—
201

—ik
el‘f

U

_ eikt
2Q1
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)C3 +i y3

x4+ly4 erf ﬁ+(x4+ly4)\/7

(%4728 erf
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e(i3+y3) erf
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/—\
ﬁ“ﬂ
a
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N | A
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|
|

|

)

ﬁ

N—
T

)

|
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.. (35)

.. (36)
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1

2 2 2
N; N, N;

e | [t (M M)
1+m 1+m 1+m

1
2 2 2
- N, N, N
1+m 1+m 1+m
2 2
N, N, N,
R e e
1+m 1+m 1+m

Using the following asymptotic values of the complementary error function

erfc(%i(xj+yj)\/§J———>(0,2), j=1to4 ..(37)

The following steady state solutions in the respective case are obtained.

N | —

For U cosnt,

i+i£:1+e\/5w1§ —e(x2 +iy2)§ +£e_ire(x3 +iy3) +£eire(x4 +iy4)§ ...(38)
QF Ql Ql Ql

RESULTS AND DISCUSSION

he illustration is made for how the Hall Effect modifies the structure of flow, and the

profiles of velocity for both cosine and sine oscillations. The effect of Hall Parameter
m=15,2,3and w=0 & k=-4, 1, 4 on the velocity profiles for cosine oscillations are

shown in Figure 2 (i), (ii), & (iii). It is observed that, the magnitudes of % / increases and
% / decreases with the increase of m.

The effect of Hall parameter when m = 1.5, 2, 3 and the cosine oscillations w = 1 & the
values of k = — 4, 1, 4 are displayed in Figure 3 (i), (ii), & (iii). Here, the boundary layer
thickness k£ > 1 & k < 1 shows that, the values of % / increases and % / also increased

and in the case of k£ = 1, the boundary layer thickness is minimum and the velocity profiles are
maximum.
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Finally, Figure 4 (i), (ii), & (iii) indicate that the same values as Figure 2 (i), (ii), & (iii)
form=1.5,2,3, w=—1and k=-4, 1, 4. From the results of these figures it is observed that,

the magnitudes of % / increases and % / decreases with the increase of m.
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Fig. 2 (i). The effect of Hall parameter on o and 3 for Cosine oscillation in the absence of suction and

blowing at (L =1
4Q1
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Figure 2 (ii). The effect of Hall parameter on o and o for Cosine oscillation in the absence of suction and

blowing at (L =1
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ConcLusion

he effect of Hall Current on the viscous fluid flow due to rotation of an oscillating

orous disk at infinity is examined. For the cosine oscillation, it is observed that, when the
p disk at infinity d. For th llation, it b d that, when th

applied magnetic field is strong, both % / and % / depend strongly on the Hall parameter m.
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