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IDEALS OF A RING BASED ON ROUGH SETS
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The aim of this paper is to study ideals and prime ideals
based on rough set theory and characterize them.
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INTRODUCTION

. Pawlak ([10], in 1982), proposed the concept of rough set theory from then, there has
been a fast growing interest in this field including pure theory, algebraic foundations and
application can be found in [5, &, 10, 12, 16, 17, 19]. Pawlak gives the algebraic foundation of
rough sets in [8], then lot of work is done in this field. Some of related work is cited here. In
[1], Q. Xiao and Z. Zhang discusses the rough prime ideals and rough fuzzy prime ideals. In
[2], fuzzy ideals of a ring have been discussed. in [3], rough free module is discussed. In [4]
fuzzy prime ideals of a ring are discussed. B. Davvaz gives roughness based on fuzzy ideals in
[6] and in [9], roughness in rings. Kuroki [7] gives rough ideals in semigroups. Algebraic
ideals are given in [11, 18]. In recent article [13, 14, 15, 20] are important in the study of
rough ideals.

We have used standard mathematical notations throughout this paper and we assume that
reader is familiar with basic notions of rough set theory and algebra.

PRELIMINARIES

et U be an universal set, let 8 an equivalence relation on U then the equivalence class

of x, is the set of the elements of U that are related to x € U, and denoted as [x]g. A pair
(U, 0), where U # @ and 0 is an equivalence relation on U is called an approximation space.
By a rough approximation in (U, 8) we mean a mapping Apr: P(U) —» P(U) X P(U) defined
for every x € P(U) by

Apr(X) = (Apr(X), Apr(X))

where, Apr(X) = {x € U|[x]y S X}, Apr(X) = {x € U|[x]y N X # @}. Apr(X) and Apr(X)
are called lower and upper approximation of X in (U, 8), respectively. It is easy to see that
congruent relation is an equivalent relation. In this paper we take R as a ring under usual
operation. I be an ideal of R, and let X(# @) S R, then define Apr;(X) = {x € U|(x + 1) € X},
A_prl X) ={x e U|(x+1)nX # @}, are called the lower and upper approximation of the set
X with respect to ideal I, respectively. Some time, We also use notations
p-(A) = {x € R[[x], € A}
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p~(A) ={x ER|[x], N A+ @}

as a lower and upper approximation of a set A, a subset or ring R and p a congruence relation
on R. p(4) = (p_(A), p” (4)) is called a rough set with respect to p if p~(4) # p_(4). A
congruence relation on R is called complete if [a],[b], = [ab], for any a,b € R.

Proposition 1 [9]. Let I be an ideal of R, and A, B nonempty subsets of R, then A—prI 4 -
Apr,(B) = Apr,(A- B).

Proposition 2 [9]. Let I be an ideal of R, and A, B nonempty subsets of R, then Air,(A) .
Apry(B) = Apr(4 - B).

IDEALS BASED ON ROUGH SET

heorem 3.1. Let p and A be a congruence relation on a ring R. If A and B are
nonempty subsets of S, then p_(A) S A S p~(A)and p " (AUB) =p~(A) Up~(B).
Proof. if a € p_(A), then a € [a], € A implies p_(A) S A. Now, if a € A, then we have
[a], N A # @, this implies that a € p~(A) implies that A S p~(A). For second part let
a€p (AUuB) s [a],Nn(AUB) # 0
S ([al,nADU([al,nB)#?
©al,nA#0 or [a],nB+0O
< a€p (A) ora€ep (B)
e a€p (A)Up (B).
This completes the proof.

Definition 3.2. Let p is a congruence relation on R, R is a ring in usual manner. Let 4 a
subset of R. A rough set p(4) = (p_(A), p~ (4)) is a rough ideal of R, if p_(A) and p~(A) are
ideals of R.

Example 3.3. Let R = Z,,, [ = {0,4} an ideal of R. Let A = {0,4,6} a subset of R. Then
I_(A) ={0,4} and I"(A) ={0,2,4,6} are the lower and upper approximation of A with
respect to a congruence relation I on R. Since I_(A) and I~ (A) are ideals in R. This implies
that 1(A) = (I_(A),1”(A)) is a rough ideal.

Definition 3.4. A ring R is said to be regular , if for each a € R there exists x € R such
that a = axa.

Theorem 3.5. Let p be a congruence relation on a ring R. If A and B are nonempty
subsets of R, then p~(A)p~(B) € p~ (4B).

Proof. Let ¢ is an element of p~(A)p~(B) implies ¢ =ab with a € p~(4) and
b € p~(B), then there exists elements 7, s € R such that r € [a], N A and s € [a], N B. This
implies that v € [a], and s € [a],, " € A,s € B, Since p is a congruence relation in R,
rs € [a],[b], < [ab],. Since rs € AB, we have rs € [ab], N AB ans ab € p~ (AB). This
completes the proof.

Theorem 3.6 Let p be a congruence relation on a ring R. If 4 is a subring of R, then 4 is
an upper rough subring of R. If A is an ideal of R, then A is an upper rough ideal of R.
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Proof. Let A be a subring of R, then we have @ # A € p~(A). Then by theorem 3.5 we
have p~(A)p~(4) € p~(AA) € p~(A). This implies that p~(A4) is a subring of R, this
completes first part. For second part let A4 in an ideal of R, thatis , RA € A. Since p~ (R) = R.
Then using theorem 3.5, we have Rp~(4) = p~(R)p~(A) € p~(RA) < p~(A), this means
that p~(A) is an ideal of R. Hence A is an upper rough ideal of R. similarly right ideal can be
applied. This completes the proof.

A subring S of a ring R is called a bi-ideal of R if SRS € S. A subset S of R is called a
p-upper rough bi ideal of R if p~(S) is a bi-ideal of R.

Theorem 3.7. Let p be congruence relation on a ring R. If A be a right ideal and B a left
ideal of R then p~(AB) S p~(A) N p~(B).

Proof. Given that A4 is a right ideal of R implies AB € AR € A and given that B is a left
ideal R implies AB € RB € B this implies that AB c ofANB, then it gives that
p~(AB) S p~(ANB) S p~(A) Nnp~(B) . This completes the proof.

Theorem 3.8. Let p be a complete congruence relation on a ring R. Let A be an ideal of
R, then p_(A) is an ideal of R, if it is nonempty.

Proof. Let A be an ideal of R, that is RA € A and AR € A. Note that p_(R) = R.Then by
proposition 2, we have

Rp_(A) = p-(R)p-(4) < p-(RA) S p_(4)

This means that p_(A4) is an ideal of R. This implies that p_(A4) is an lower rough ideal of

R.

PRIME IDEALS BASED ON ROUGH SET IN A RING

Eeﬁnition 4.1. An ideal of a ring R is a prime ideal of R such that xy € A for some
X,y € R implies x € A or y € A. Let p be a congruence relation on a ring R. Then a subset /
of R is called a lower rough prime ideal of R if p_(I) is a prime ideal of R, and upper rough
prime ideal of R if p~ (/) is a prime ideal of R.

Example 4.2. Let R =7Z,,, | ={0,6}, A={0,1,2,5,6,8}, B=1{0,3,4,6,9}. I is an
ideal over ring R. A is any subset or R, obviously I is a congruence relation. We define lower
approximation of A with respect to congruence relation [ is Apr;(A) = {x € R|x + 1 € A} and
upper approximation is A_prI(A) ={x €R|(x+1)NA =+ @}

Now classes of I ={2,8},{4,10},{3,9},{1,7},{6,0},{5,11}. Thus Air,(A) =
{0,2,6,8}, Apr,(A) = {0,1,2,5,6,7,8,11} This implies that Apr;(A) and Apr,(A) are prime
ideals of R = Z;, and this implies that Apr(A) = (Apr;(4), Apr,(A)), is a prime ideal of
R = le.

Theorem 4.3. Let p be a complete congruence relation on a ring R and A a prime ideal of
R. Then p_(A) is, if it is nonempty, a prime ideal or R.

Proof. Let A is an ideal of R, by theorem 3.8, we know that p_(A) is an ideal of R. Let
xy € p_(A) for some x,y € R. Then [x],[y], € [xy], S A. we suppose that [x], is not a
prime ideal, then there exists, x,y € R such that xy € p_(A4) but x # p_(A4) and y # p_(4).
Thus [x],UA and [y],UA, then exists x' € [x],, x' € A and y'€[y], y' & A. Thus
x'y" € [x],[y], € A. Since A is prime ideal, we have x' € A or y’ € A. THis contradicts the
supposition. This means that p_(A4) is, if it is non-empty, a prime ideal of R.
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Theorem 4.4. Let p be a complete congruence relation on a ring R. If [ is a prime ideal of
R, then [ is an upper rough prime ideal of R.

Proof. Since [ is a prime ideal of ring R, by theorem ?? we know that p~(I) is an ideal of
R. Let xy € p~(I) for some x,y € R, then [xy], NI = [x],[y], NI # @. So there exists
x" € [x], and y" € [y], such that x"y" € I, since I is a prime ideal, we have x" € I or y' € I.
Thus [x], NI # @ or[y], N1 # @, and so [x], NI # @ or[y], NI # @. Therefore p~(I) is a
prime ideal of R. The converse of this theorem does not hold in general.

ConcLusion

he theory of rough sets is mathematical tool to deal with vagueness. In this paper we

discussed ideals and prime ideals based of rough set theory. We hope these results will further
enrich mathematical foundation of rough set theory.
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