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It is provided that Diophantine equation x?+11=3" and
x?+19=7" has the solution for n = 3 and the equation

x?+17 =4" have no integer solution. In this paper we
analysis these unique factorization in Diophantine equation
by Nagell’s idea method.
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InTrRODUCTION
En this paper we are considered the equation x?>+7=2" has solution only for
n=3,4,5, 7 and 15. An elementary proof, based on Negell’s idea is given for the following

results and other equation be x2+29=13" the non existence of solution for this equation is
provided using unique factorization in the ring of integers 6d of 9(\/5 ) for d =29 the

method of proof is similar to the one we have proved in other

THEOREM

he only integer solutions of the equation
x?+19=7" (D
and x> 411=3" e
are  (x, n)=(+18, 3) and (+ 4, 3) respectively.

Proof : We first deal with equation (1) if (x, n) is a solution of equation (1) then x is even.
Hence x*>+19=3 (Mod 4) which implies that # is odd when n = 1 given equation has no

solution in integers

We rewrite the equation as x% +19 =7"

(x+ —19)(x—\/—_19):7n )

It is an equation is 9(« /_19) where ring of integers 0_;9 has unique factorization.
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-1
Let o=—- =

5 p
a, B satisfy the equation o+ =3, af=7

3++-19 3-+-19
2

o’ -30+7=0 and P>-3B+7=0

by (3) (x+v=19)(x=+/~19)=a"B" (@)
Any common divisor
zof (y—y=19) and (x4/=19) divides their difference which = N(z) divides
N(2J-19)=76. As N(a)=N(B)=7

(x++4-19)=%a" or B" and (y—/~19)=%pB" or a”

a" —p" =+2(a-B) .. (5
The equation o =3a-7, [32 =3B -7 the power of o and 3 are given by the formulas
a" =r,a+d, PB"=rp+s, Vn>3 ... (6)
where r”+1j=(3 1)(r”j V n>3
Sn+1 =70 Sn
2
and "n j :( )
(sn =21
thus, we have AT (7
’ s,) \=-7 0 53
by (6) =ao"-p" =r,(a-B) ... (8)
Using (5) we get r,=%2 ... 9
. (3 1 _(t1
if A —(_7 0) then 4= (1 0) mod 2

A% :(? i) mod 2

4 :(%) ?) mod 2

As n>3 and nis odd 4" take only value A*>mod?2 and by (7) we get
r, \_{0 1)(0
(8 )06 1) (oo
Vn>3 rn,=1mod2 sothat r, #+2

equation (1) has no solution for n > 3.
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1++/-11

pr n=2 equation (2) has no solution and n =3, x =14 satisfy (2) then o = 5

>

11
B= — we proof as above.

Theorem II. The equation x> +43=11" has no solution of integers

Proof : If (x, 1) is a solution of (1,1) then x is even. Hence, x> +43 = 3(mod 4) which

=> that n is odd when n = 1, 3 the given equation has no solution in integers. Now assume
that n>5 we rewrite the equation

(x+ —43)(x—\/$):11n (D)

is an equation in © (4/_23) whose ring of integers 0,3 has unique factorization
a+Bf=1 apf=11

Let a = I+ 2_43 , B= L 2_43 oyf are satisfy the equation
o?—0+11=0 and B> —B+11=0 .
Then equation (x++=43)(x—+—43)=0a"p" .. (3)

As common divisor z of (x4/-43) and (x_+/—43) divides their difference = N({)
divides N(a _43) =172 as N(q)=N(B)=11 neither o and nor B is common divisor of
( x—~/—43) and ( X+ _43). A 0_43 is a unique factorization domain whose only units are

+ 1, we have

(x++/—43)=%a" or =B" and (y_/—43)=p" ora” )
can be obtain a" —p" =+2(a-B) .. (5)
Let a" =r,a+S, PB'=rp+S, Vn>3

T+l =(1 1)(Fn)vnz3
n+l -11 0 Sn

(
and (@
(

Ssj
Thus we have )2t Vn>3
S == o) S,
a" =" =r,(a-B) ... (6)
by (5) and (6) —
. _(1 (1 1
if A_(—ll 0) then A_(—l O)mod2
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1 0

0 1

A2 :(91 i)mod2 and 4° :(

)modZ

as n>3 nisodd 4" takes only value of A? mod 2

(5120 8)E)-(f o= -1

So fercit #, # 2 theorem is proof we share show that for other equation as X2 +67=19"
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