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A graph G(V, E) is said to have a vertex prime labeling if its
edges can be labeled with distinct integers from {1, 2,
3,...,|E]} such that for each vertex of degree atleast 2 then
the greatest common divisor of the labels on its incident
edges is 1. A graph that admits a vertex prime labeling is
called a vertex prime graph. In this paper, we prove that
the duplicate graph of the wheel W, the duplicate graph of
the bistar graph B, , the duplicate graph of the double star
graph D, ,the duplicate graph of the crown graph C, the
duplicate graph of the lilly graph I, and the duplicate graph
of the H-graph H, are vertex prime graphs.
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%TRODUCT]ON

he concept of graph labeling was introduced by Rosa in 1967 [6]. A graph labeling is

an assignment of integers to the vertices or edges or both, subject to certain condition(s). In
the intervening years various labeling of graphs have been investigated in over 2500 papers. A
detailed survey on graph labeling has been done by Gallian [3]. In [2] T. Deretsky, S.M. Lee
and J. Mitchem has introduced vertex prime labeling. A graph G(V, E) has vertex prime
labeling if its edges can be labeled with distinct integers 1, 2, 3,...,|E| (i.e.) a function
f:E—>{L2,..,|E|} defined such that for each vertex with degree atleast 2 then the greatest

common divisor of the labels on its incident edges is 1. The edge labels are the actual images
under function f :E(G)—->{2,..,|E[}.

They have shown that all forests, connected graphs, C,, wC,,5C,,, etc. are vertex prime.

They have further proved that a graph with exactly 2 components, of which is not an odd cycle
has a vertex prime labeling and a 2 — regular graph with atleast two odd cycles does not have
a vertex prime labeling. Mukund V. Bapat have proved Some vertex prime graphs and a new
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type of graph labeling in [5].P. Kavitha and S. Meena proved Vertex prime labeling for some
helm related graphs in [4].

The concept of duplicate graph was introduced by E. Sampath kumar and he proved many
result on it [7]. K. Thirusangu, P.P. Ulaganathan and B. Selvam have proved that the duplicate
graph of a path graph P, is cordial [8]. K. Thirusangu, P.P Ulaganathan and P. Vijaya kumar

have proved that the duplicate graph of ladder graph L,,,m>2 is cordial, total cordial and

prime cordial [9]. In this paper we consider only simple finite, Undirected and nontrivial graph
G. For notation and terminology we refer to Bondy and Murthy [1]. Some important
definitions which related to this research are as follows:

Definition 1.1: A graph labeling is an assignment of integers to the vertices or edges or
both subject to certain condition(s). If the domain of the mapping is the set of vertices (or
edges), then the labeling called a vertex labeling (or an edge labeling).

Definition 1.2: Let G(V, E) be a simple graph. A duplicate graph of Gis DG =(V,,E))
where the vertex set V; =V uViand vV AVvi= ¢ and V AVi= ¢ is bijective (for veV , we
write f(v)=v") and the edge set E,of DG is defined as: The edge uVis in E if and only if
both uv'and u'vare edges in E,.

Definition 1.3: The wheel graph W, is join of the graphs C, and K;.i.e. W, =C, +K;.
Here vertices corresponding to C,, are called rim vertices and C, is called rim of W, while
the vertex corresponds to K; is called apex vertex.

Definition 1.4: A bistar B, , is a graph obtained from K, by joining n pendant edges to
each end of K,. The edge K, is called the central edge of B, and the vertices of K, are

called the central vertices of B,

Definition 1.5 : Double star DS, , isatree K, , obtained from the star K; , by adding
the new pendant edge of the existing n pendant vertices. It has 2n+1vertices and 2n edges.

Definition 1.6: The Crown graph C; is obtained from a cycle C, by attaching a pendent
edge at each vertex of the n -cycle.
Definition 1.7: The Lilly graph 1,,, n=2 can be constructed by two star graphs

2K n,N =2 joining two path graphs 2FR,,n>2 with sharing a common vertex.
i.e. Ih=2K;, +2R,.

Definition 1.8: The H graph of a path B, is the graph obtained from two copies of P,

with vertices uy,u,,...u, and vq,V,,...v,, by joining the vertices u,,; and v, if nisodd
2 2
and the vertices u, and v, ifniseven.

—+1
2 2
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%AIN RESULTS

Theorem 2.1: The duplicate graph of wheel W, is vertex prime for all integersn>3.

Proof : Let W, be the wheel graph with vertex set V(W,) ={v; /0<i<n} and the edge
setis EW,) ={vovi /1<i <npu{vvi /1<i <n-Tpu{vv,}.

Let G be the duplicate graph of wheel W, . Let Vo, V;,Vy,..., Vi, Vg, Vg, Vs, .., Vi, De the new

vertices and the new edges are €,,€,,...,6,,,€,,€,,...,&,, respectively.

Then V(G)={v;,v;/0<i<n}
E(G) ={vov /1<i <nyu{vivi,, /1<i<n—TFu{vy /1<i <n}

UV /1< <n—Bufvv,Fufvyv,}
Now IV(G)|=2(n+1), |E(G) |=4n.
Define a labeling f:E(G)—>{23,..,4n} as follows
1,3,5,...,n—2 forn is odd

f (Vi) =2+i if i =4 (or)
135,...,n-1

2,4,6,...,n—=1fornis odd
f(VVi,y) =2+n+i ifi=1(or)

2,4.6,.,n-2
f (Vo\y) =2
f (vovy) =1

1,3,5,...,n=2 forn is odd
f(Vivi,)=n+i+2 ifi=1(or)

1,3,5,..,n—1
2,4,6,....n—1forn is odd
(Vi) =2+i ifi =1{(or)
2,4,6,..,n—2

(Vo) =2n+2i—1 for 2<i<n, foralln

f(vov)=2n+2i for2<i<n, foralln
If‘n’isodd f(vv,)=2n+2and f(yVv,)=n+2.

If‘n’iseven f(vv,)=n+2 and f(vv,)=2n+2.
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Clearly all the edge labels are distinct.

Now consider
f" (vp) =gcdof labelsof alledgesincidentat v,
=ged(f(vow), f(voy))  for 2<i<n
=gcd(2,0dd)
=1

f* (Vo) = ged of labels of all edgesincident at v,

=ged (f (vovy) f (Vovi)) for 2<i<n
=ged (@, f(vovi)) for 2<i<n
=1

f7(vi) =gcd (f (vVig), T (viVip), T (vivp))
3,5,7...,n—2 for nis odd
ifi =< (or)
3,5,7...,n-1
=ged(i+1i+2,2n+2i)

3,5,7....,n—2 forn is odd
if i =4 (or)
3,5,7...n-1
7 (vi) =1

Since each vertex v, has degree3, two of the edges have consecutive integers.

£ (vi) = ged (F (V). f (Vivisa), f (Vivp))
2,4,6,...,n—1forn is odd
if i =4 (or)
2,4,6,...n-2

=ged(n+i+Ln+i+2,2n+2i)

2,4,6,...,n—1forn is odd
ifi=4(or)
2,4,6,..n—=2
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=1
Since each vertexv; has degree 3, two of the edges have consecutive integers.
£ (v2) = ged (f (uvp), f (Vo). f (V)
=gcd(L,3,n+2) for n is even
=1
£7(v2) = ged (f (V). f (V). f (V)
=gcd(L,3,2n+2) for n is odd
=1
£7(w) =ged (f (vo). F(Wv,), f (vn))
=gcd(2,n+3,n+2) for n is odd
=1
Since each vertexv; has degree 3, two of the edges have consecutive integers.
£7(w) =ged (f (vo). F(Wv,), f (4vy))
=gcd(2,n+3,2n+2) for n is even
=1

Since each vertex v; has degree 3, one of the edge having odd label.

£ (w) = ged (f (wviq), f (Vis), T (vivp))
3,5,7,....,n—2 forn is odd
ifi=<or
3,57,..,n-1
=ged(n+i+L,n+i+2,2(n+i)-1)

3,5,7,...,n—2 forn is odd
ifi=<Jor
3,5,7,...,n-1
=1

Since each vertexv; has degree 3 and two of them are Consecutive Integers.

£ (v) =ged (f (%Vip), F(WVisg), F (Vivp))



12 Acta Ciencia Indica, Vol. XLV-M, No. 1 to 4 (2019)

2,4,6,...,n—1fornis odd
ifi=qor
2,46,..,n-2
=gecd(i+1i+2,2(n+i)-1)
2,4,6,...,n—=1for n is odd
ifi=<or
2,46,..,n-2
=1
Since each vertexv, has degree 3 and two of them are Consecutive Integers.
Thus £ v)=f"(v)=1 for0<i<n.

Hence G is a vertex prime graph.

Illustration 2.1

Figure 1. Vertex Prime labeling of duplicate graph of wheel W,

Theorem 2.2: The duplicate graph of the bistar graph B, ,,n>2 admits vertex prime
labeling.
Proof : Let B, be the bistar with vertex set V(B ,) ={Vp,Up,V; /1<i<2n} and the

edge set E(By, ) ={Vovi /1<i <n}u{ugy; /n+1<i<2n}u{vaup}.
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Let G be the duplicate graph of bistar B, ,,n>2. Now the new set of vertices and edges
are {vo,uo,vl,vz,...,v2n,vb,ub,vi,v'z,...,vén} and {el,ez,...,ezm,ei,e'z,...,e'Z,Hl} respectively.
Then V(G) ={ug,Ug,V;,V; /0<i < 2n}
and E(G) ={voV; /1<i <n}u{vyy; /1< i < npufugv /n+1<i <2n}
UfupV; /n+1<i < 2nF VU Fufvguo} -
Then |V(G)|=4n+4 and |E(G)|=4n+2.
Define a labeling f :E(G) —>{1,2,3,...,4n+2} as follows
f(vow) =1
f (VoVy) =2
f (Vov;) = 2i for2<i<n
f (VoUg) = 2(n+1)
f(voy;) = 2i—1 for2<i<n
f(vé)uo) =2n+1
f(UgVi) = 2(n+1) +i forn+1<i<2n
f(Ugv) =i+n+2 forn+l<i<2n

Clearly all the labels are distinct.

(Vo) =gcd (f (Vovy), F(Vovi), F(Voup)) ~ for 2<i<n
=ged (LF (vovi), f (VoUp)) for 2<i<n
=1

(Vo) = acd (f (Vovy), f (Vo\), f(VoUg))  for 2<i<n
=gcd(2,2i-1,2n+1) for 2<i<n
=gcd(2,0dd) =1

£ (up) = gcd (f (Uv;), T (UgVp)) for n+1<i<2n
=gcd(2(n+1)+i,2n+1) for n+1<i<2n
=1



14

Acta Ciencia Indica, Vol. XLV-M, No
Since u, has a degree n+1, there n edges has consecutive integers.
£ (Ug) = gcd (f (UpVi), T (UgVp)) for n+1<i < 2n
=gcd(n+i+2,2n+2) for n+1<i<2n
=1

Since u% has a degree n+1, there n edges has consecutive integers.
Thus £ (Up)=f (Up)=f (vi)=f (v) =1 foralli.

Hence G is a vertex prime graph.

Illustration 2.2

Figure 2. Vertex Prime labeling of duplicate graph of bistar graph B,

Theorem 2.3: The duplicate graph of double star DS, where n>2 is a

graph.

.1t0 4 (2019)

vertex prime

Proof: Let DS, , be the double star with vertex set V (DS, ) ={v; /0 <i <2n} and edge

set E(DS, ) ={vovi /1<i<npudv Vi, /1<i<n}.

Let G be the duplicate graph of double star DS, where n>2.

So we get

Vo, V1 Voo, VRV its e Voo Vg Vi, Vo ooy Vo @ND €1,€5,...,€51,€1,65,...,85,  Tespectively be the

new set of vertices and edges of the duplicate graph of double star graph DS, |,.

Now V(G) ={v;,v; /0<i<2n}



Acta Ciencia Indica, Vol. XLV-M, No. 1 to 4 (2019)

and E(G) ={vov; /1< i <n}ufvyv; /1<i<n}

15

Vi, /1< <npofuy,, /1<i<n}

Then [V(G)|=4n+2 and |E(G)|=4n.
Define a labeling f : E(G) »>{L2,3,...,4n} as follows
f(vo\) = 2i—1
f(voV;) = 2(n+i) -1
f (ViVp,i) = 21
f(%Vni) = 2(n+)
Clearly all the labels are distinct.
Now f *“(v,) =gcd of label of alledgesincidentat v,
=ged (f (o))
=1
Since all the edge labels are consecutive odd integers.

f"(vy) =ged of label of alledgesincidentat v
= ged (f (vo%))
=1
Since all the edge labels are consecutive odd integers.
£7(w) = ged (f (Vo). f (%vh.i))
=gcd (2(n+i)—-1,2(n+1))
=1
Since all the edge labels are consecutive integers.
£7(v) = ged (f (W), f (Vi)
=gcd (2i —1,2i))
=1
Since all the edge labels are consecutive integers.

Thus f7(v,)=f"(v;) =1 foralli.

forl<i<n

for1<i<n

for1<i<n

forl<i<n

forl<i<n

forl<i<n

forl<i<n

forl<i<n

forl<i<n

forl<i<n
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Hence G is a vertex prime graph

Ilustration 2.3

Figure 3. Vertex Prime labeling of duplicate graph of double star graph DS, ;

Theorem 2.4: The duplicate graph of Crown graph C, where n>3 is a vertex prime
graph.

Proof: Let C, be the Crown graph with vertex set V(C,) ={u,,v, /1<i<n} and the edge
set E(C,)) ={yju; 4 /1<i <n-Tu{uu Fuf{yy; /1<i<n}.

Let G be the duplicate graph of crown graph C, where n > 3.

Here Uy Uy, Ugy ey UV Ve, Ve Uy Uy, U VL Vo, Vo and

ey Upy ey Uy n

€,65,..., eZn,ei,e'z, ...,e'2n be the set of vertices and edges of the duplicate graph of a crown

graph C,. Then the vertex set and edge sets are V(G)={u,u,v,v,/1<i<n} and
E(G) ={uu,,uu_ /1<i<n-Tu{uu,,uu }o{uyv,uy, /1<i<n}.
Then |[V(G)|=4n and |E(G)|=4n.

Define a labeling f : E(G) »>{1,2,3,...,4n} as follows

i+ i i+l

Case(i): For niseven
f(lup) =1
f (uu,) =3
f (Uu,) =4n—1
f (Uvy) = 4n

f(uy)=2
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f(uu_y) =2(n—1+i)—1 fori=2,4,6,...n

fUU_y) =2(n+1—i)+3 fori=35,7,..,n—-1

f(UUi,) =2(n+i)—1 fori=24,6,.,n—2

f(UU,) =2(n—i+1)+1 fori=357,..,n—-1
f(uv;)=2(n+2—i) fori=2,4,6,..,n
f(uv;)=2(n+i-1) fori=357,..,n—1
f(Uv;)=2(n+i-1) fori=2,4,6,..,n
fuv,)=2(n—i+2) fori=357,..,n—1

Case(ii): For nis odd

f(uup) =1

f(uyy) =2

f(uu,) =3

fUU_y) =2(n+1—i)+3 fori=24,6,..,n-1

f(Uu_y) =2(2n—i+1)+3 fori=3,5,7,...,n

f(UUi,) =2(n—i+1)+1 fori=24,6,..,n-1

f(UU;,,) =2(2n—i+1)+1 fori=3,5,7,..,n—2

f(uu,) =2n+3

f(UVv;) =2(n+2-i) fori=24,6,..,n-1
f(uv) =2(2n+2—-i) fori=35,7,...,n
f(Uuv;)=2(n+2—i) fori=135,..,n
f(uv;)=2(2n+2-i) fori=24,6,..,n-1

Clearly all the labels are distinct.
For n is odd:

f7(u;) =ged (f (Uit;_q), F (i), F(Uyv)) fori=2,4,6,...n—1

=gcd (2(n+1-i)+3,2(n+1-i)+1,2(n+1-i)+2) for i=2,4,6,....

=1 Since all the edge labels are consecutiwe integers.

n-1

17
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£7() =ged (f (Ui, FUitp), f Uv)
=gcd (2(2n+1-1)+3,2(2n+1—-1)+1,2(2n+1-i)+2)
=1  Since all the edge labels are consecutive integers.

£7(Un) = ged ( (Uptin 1), f (Unty) f (UnVe)
=gcd (2n+5,2n+3,2n+4)
=1  Since all the edge labels are consecutive integers.

Since all the edge labels are consecutive positive integers.

£ () = god (F (Uit 1), f (Utig), f (V)
=gcd (2(2n+1-i)+3,2(2n+1-1)+1,2(2n+1-i)+2)
=1  Since all the edge labels are consecutive integers.
£ (W) = god (F (Uit o), f (Uitig), f ()
=gcd(2(n+1-i)+3,2(n+1-i))+1,2(n+1-i)+2))
=1 Since all the edge labels are consecutive integers.
£7(uy) = ged (F (uuy), f (yuy), f Upw))

=gcd (2n+1,2n+3,2n+2)
=1  Since all the edge labels are consecutive integers.
For n is even:

£7(u) =ged (f (Ui, FUitp), f )

=gcd (2(n—1+i)-L2(n—1+i)+1,2(n—1+1))

=1  Since all the edge labels are consecutive integers.
£7(Un) = god ( (Upt), f (Unl-1). T (UpV))

=gcd (4n-1,4n-3,4n-2)

=1  Since all the edge labels are consecutive integers.
£7(u) = ged (f Ui, FUita), f )

=gcd (2(n+1-i)+3,2(n+1-i)+12(n+1-i)+2)

=1 Since all the edge labels are consecutive integers.
£ () =ged (f (Ui, F(Uitip), f Uv)

=gcd (2(n+1-i)+3,2(n+1-i)+12(n+1-i)+2)

=1  Since all the edge labels are consecutive integers.
£7(u) = ged (f Uiuia). f Uitia), fUiv)

for i=3,5,7,....
fori=3,5,7,....
for i =4,6,8,...
for 1=4,6,8,...
fori=3,5,7,...
fori=3,5,7,...
fori=2,4,6,....
fori=2,4,6,....
for i=3,5,7,....
fori=3,5,7,....
fori =4,6,8,...
fori =4,6,8,...
fori =3,5,7,..

n-2
n-2

n-1

n-1

.n-1
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=gcd (2(n-1+i)-L,2(n—-1+i)+1,2(n-1+i)) fori=35,7,..n-1
=1  Since all the edge labels are consecutive integers.

£ (uy) =ged (F (Uyuy), f (Uup), f (Uyy))

=gcd (4n-1,2n+1,4n)
=1
Since each vertexv; has degree 3, two of the edges have consecutive integers.

In both the cases,
£ () = ged ( (W), f (), f ()
=gcd(L,2,3) for alln
=1
7 (uz) = ged ( (Upty),  (Upvp), f (UpUs))
=ged (1, f(Uyvy), f (Upus)) for alln
=1
£7(Un) = god (F (Ugt), f (Unln-1), f (UnV)
=gcd (3,5,4) for alln
=1
Thus f7(u;) = f (u;) =1 forall i.
Hence G is a vertex prime graph.
Ilustration 2.4

Figure 4. Vertex Prime labeling of duplicate graph of crown graph C,
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Theorem 2.5: The duplicate graph of Lilly graph I, where n>2 is a vertex prime graph.

Proof: Let I, be the Lilly graph with vertex set V(I,)={u, /1<i<4n-1} and the edge
set

E(1n) ={uy; /2 <i < 2n+1Fo{uguz, }o{ugsn,
{4 /2n+2<i<3n-13n+1<i<4n-2}
Let G be the duplicate graph of lilly graph for all integer n>2. Now we get

Ug, Uy, Ug,erny Ugp1,Up, U,y Vg g @A €1,€5,..,€40 2,61, €41,_» TESPeCtively be the new
set of vertices and edges of the duplicate graph of lilly graph I,..

Then V (G) ={u; uI /1<i<4n-1} and
E(G) ={u; /2<i<2n+T}u{uu /2<i<2n+1}

U{uiUBn}U{uluf'sn}u{uiu?mﬂ}U{ulu\’lin+1}
U, /2n+2<i<3n-1,3n+1<i<4n—-2}

u{uiui'_1/2n+3sis3n,3n+2sis4n—1}
Then |V(G)|=8n—-2 and |E(G)|=8n-4.

Define a labeling f : E(G) —>{1,2,3,...,8n—4} as follows

f (Uyuy) =2
f(uu,) =1
f(uu;) =2(i+2n-3)-1 for3<i<2n+1
f(uiui)=2(i+2n—3) for3<i<2n+1

2n+2,2n+4,2n+6,...,3n—1for n is odd
f(uili,,) =2(2n+1)—i ifi=1(or)

2n+2,2n+4,2n+6,...,3n—2
2n+3,2n+5,2n+7,..3n—2 forn is odd
fuu,,)=i-1 ifi={(or)

2n+3,2n+5,2n+7,..3n-1

2n+3,2n+5,2n+7,...3n forn is odd
f(uu_4)=i-2 ifi={(or)
2n+3,2n+5,2n+7,..3n-1
2n+4,2n+6,2n+8,...,3n-1for nis odd
f(uu 1) =2(2n+1)—i+1 ={(or)
2n+4,2n+6,2n+8,...,3n
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For n is odd:
f (UyUs,) =N+2
f (Uplign,1) =3n
f (uiuSn) =3n-1

f (UUzn,g) =N +1

f(uu;,g) =4n+1-i fori=3n+13n+3,3n+5,...,4n—2

f(UU;,) =i fori=3n+2,3n+4,3n+6,..,4n—3

fuu ) =i-1 fori=3n+2,3n+4,3n+6,...4n—-1

fuu ) =4n—i+2 fori=3n+3,3n+53n+7,..,4n—2
For n is even:

f (UyUg,) =3n—1
f (Uplgnyy) = N+1
f (UyUgy) =N +2

f (Uzpag) = 3n

f (U ,g) =i for i =3n+1,3n+3,3n+5,...,4n—3
f(UU;,y) =4n+1-i fori=3n+2,3n+4,3n+6,...,4n—2
f (Uil ;) =4n—i+2 fori=3n+2,3n+4,3n+6,...,4n—2
f(uu ) =i—1 fori=3n+3,3n+53n+7,..,4n—1

Clearly all the labels are distinct.

Now
£ (uy) = ged (f (Uguy), F (UL, f Uz, ), f (UUzn ) for3<i<2n+1
=ged (2, f (), f (Ul ), T (UUsn.g)) for3<i<2n+1

=1  Sinceall the edges except u,u, are having odd labels.

7 (uy) = ged (f (Uguy), F (UL, f Uz, ), f (UUzn o)) for3<i<2n+1
= ged (LF (W), f (UgUay ), T (Uplign,)) for3<i<2n+1
=1

() =ged (f (Uui_q), f (UUi,1))
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2n+3,2n+5,2n+7,...,3n—2for n is odd
ifi=<or
2n+3,2n+5,2n+7,...,.3n-1
=gcd (i-2,i-1)

2n+3,2n+5,2n+7,...,3n—2for n is odd
ifi=<or
2n+3,2n+5,2n+7,...,.3n-1

=1  Since all the edge labels are consecutive integers.

£ () = god (f (Uui_y), T (Uitis4))
2n+4,2n+6,2n+38,...,3n—1forn is odd
ifi=<or
2n+4,2n+6,2n+8,...,3n—-2
=gcd(22n+1) —i+1,2(2n+1)—i)

2n+4,2n+6,2n+8,...,3n—1for n is odd
ifi=<or
2n+4,2n+6,2n+8§,...,3n—-2

=1  Since all the edge labels are consecutive integers.

£ (ui) =ged (F (Uu;_y), T (Uu;,1))

2n+3,2n+5,2n+7,...,3n—2forn is odd
ifi=<or
2n+3,2n+5,2n+7,...,3n-1

=gcd (2(2n+D)—-i+1,2(2n+1) i)

2n+3,2n+5,2n+7,...,3n—2forn is odd
ifi=<or
2n+3,2n+5,2n+7,...,.3n-1

=1  Since all the edge labels are consecutive integers.

£ (ui) =ged (F (uu;_y), T (Uu;,1))

2n+4,2n+6,2n+8,...,3n—2forn is odd
ifi=<or
2n+4,2n+6,2n+8,...,3n-1
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—ged(i-2,i-1)

2n+4,2n+6,2n+8,...,3n—2forn is odd
ifi=Jor
2n+4,2n+6,2n+38,...,3n-1

=1 Since all the edge labels are consecutive integers.

For n is odd:

(i) = ged (f (U u;_q), f(U;Ui,g)) fori=3n+2,3n+4,3n+6,..4n—-3
=ged(i—1i) fori=3n+2,3n+4,3n+6,...4n—3
=1  Since all the edge labels are consecutive integers.

£7(u) =ged (F (Uu;_q), f(UiU;4)) fori=3n+3,3n+5,3n+7,..4n—-2
=gcd(4n+2—i,4n+1-1i) fori=3n+3,3n+5,3n+7,...4n—2
=1  Since all the edge labels are consecutive integers.

£(u) = ged (F (Uui_y), T (Uit,q)) fori=3n+2,3n+4,3n+6,..4n—3
=gcd(4n+2—i,4n+1-1i) fori=3n+2,3n+4,3n+6,...4n—3
=1  Since all the edge labels are consecutive integers.
() = ged (F (Uu;_y), T (UiU;,,)) fori=3n+3,3n+5,3n+7,..4n—2

=ged(i—1i) fori=3n+3,3n+5,3n+7,...4n—2
=1  Since all the edge labels are consecutive integers.
" (Ugn) = ged (f (Usyth), f (Ugnlisy 1))
=gcd(3n-1,3n-2)
=1  Since all the edge labels are consecutive integers.
f*(u3n+1) = ng ( f (u3n+1ui), f (U3n+1u‘3n+2 ))
=gcd(n+1n)
=1  Since all the edge labels are consecutive integers.
£ (Ugn) = god (f (Ugnth), f (UgnUsn 1))
=gcd(n+2,n+3)

=1  Since all the edge labels are consecutive integers.
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™ (Ugnaa) =9cd (f (Ugnaath), F (Ugnsaians2))
=gcd (3n,3n+1)
=1  Since all the edge labels are consecutive integers.
For nis even:

£ () =ged (f(Wui_q), f(Uui,))  fori=3n+2,3n+4,3n+6,..4n—2
=gcd(4n—i+2,4n—i+1) fori=3n+2,3n+4,3n+6,...4n—2
=1  Since all the edge labels are consecutive integers.

() =ged (f (), F(Uui,)  fori=3n+3,3n+5,3n+7,..4n-3
=gcd(i—1i) fori=3n+3,3n+5,3n+7,..4n-3
=1  Since all the edge labels are consecutive integers.

£ (u) =ged (F(Uu; ), F(Wui,y))  fori=3n+2,3n+4,3n+6,..4n—2
=gcd(i—1i) fori=3n+2,3n+4,3n+6,...4n -2
=1 Since all the edge labels are consecutive integers.

() =ged (f (WU q), F(Uiu,,))  fori=3n+3,3n+5,3n+7,..4n—3
=gcd(4n+2—i,4n+1—i) fori=3n+3,3n+53n+7,..4n-3
=1  Since all the edge labels are consecutive integers.

£ (Ugn) = ged ( (Usgly), f (UsnUzn 1))
=gcd(n+2,n+3)
=1 Since all the edge labels are consecutive integers.
£ (Usn.a) = 9cd (f (Ugniath), f (Usnsatian2))
=gcd (3n,3n+1)
=1 Since all the edge labels are consecutive integers.

£ (Un) = god (f (Ugnth), f (UgnUzn 1))

=gcd(3n-13n-2)

=1 Since the edge labels are consecutive integers.

£ (Uans1) = 9¢d (f (Ugnsath ), T (Ugnialanea))
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=gcd(n+1n)
=1  Since the edge labels are consecutive integers.
Thus f'(u)=f"(u)=1 forall i

Hence G is a vertex prime graph.
Illustration 2.5

AR,
4 26\ \\\\\\\‘Q’O"///////l/ 25 “?
N2
708 ARSI 1

O\ SSee :
) NXCRRIEEL AN s
%3 \’/‘:::::’%/ e
u, > \/ % \/

Figure 5. Vertex Prime labeling of duplicate graph of Lilly graph I
Theorem 2.6: The duplicate graph of H-graph H, is a vertex prime for all integer n>3.

Proof: Let H, be the H-graph with vertex set V(H,) ={u,,u,,us,...,u,,v;,v,,...,v. } and the

2 2

edge set E(H,) ={uu,,,,vv,,, /1<i< n—1}u{un+1vn+1 ifnis odd} (or) {un Vi ifnis even}
272
Now let G be the duplicate graph of H, then the new set of vertices and new set of edges
are explained below:
V(G) ={u;,v;,u;,vi /1<i<n}
E(G) ={viVi,1, Uil . /1<i <n—TpO{vivi 4, Uil 4 /2<i<n}

u{unﬂvM,umlanr1 ifnis odd} (or) {un VAV }
s 1 —+l
2

n,non
2 2 2 2 272 2
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[V(G)|=4n and |E(G)|=4n-2.
Define the labeling f : E(G) —»>{L2,3,...,4n—2} as

1,3,5,...,n—=1for n is even
f(UUi,) =i ifi=1or
13,5,..,n—-2

1,3,5,...,n—=1for n is even

f(v;Vviy)=n+i-1 ifi=<or
135,..,n-2
2,4,6,...,n—2 for n is even
f(ul,)=2n+i—-2 ifi=Jor

2,4,6,..,n-1

2,4,6,...,n—2 for n is even
f(vivi)=3(n-1+i ifi={or
2,4,6,..,n-1

1,3,5,...,n—1for n is even
f(UUj,) =2n+i-2 ifi=1or
13,5,..,n-2

1,3,5,...,n—=1for n is even
or
13,5,...,n—-2

f(vvi)=30-)+i ifi

2,4,6,...,n—2 for n is even
f(UU,) =i ifi=1or
2,4,6,...,n-1

2,4,6,...,n—2 for n is even
or
2,4,6,...,n-1

f(vvi,)=n+i-1 if i

If n is odd then f{un+1v',1+1]:4n—3 and f{vnﬂu}ﬂ}:m—z
2 2 2 2

If niseventhen f{u, v, |=4n—3and f|v,u, |=4n-2
2" 221

Clearly all the edge labels are distinct.
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3,5,7...,n—1for n is even
f7(u) =ged (f(uu,), f(uu,)) ifi=<or
3,5,7...n=2

3,5,7....,n—=1forn is even
=ged(, i-1) ifi=<or
3,5,7...n-2

=1  Since the edge labels are consecutive integers.

2,4,6...,n—2 for n is even
£ () =ged (F (Ui _q), f(Uiuiy)) i =1or
2,4,6..,n-1

2,4,6...,n—2 forn is even
=gcd(2n+i—-3,2n+i—2) ifi=<or
2,4,6...,n-1

=1  Since the edge labels are consecutive integers.

3,5,7...,n—=1forn is even
£ () = ged (f Uiy _y), F(Uitig)) i =1or
3,5,7...n-2

3,5,7....,n=1forn is even
=gcd(2n+i-3,2n+i-2) ifi=4or
3,5,7...n=-2

=1  Since the edge labels are consecutive integers.
2,4,6...,n—2 forn is even
£ (i) = god (f (Uitiy), F(Uiliyg))  ifi=4or
2,4,6...,n-1

2,4,6...,n—2 forn is even

=gcd(i—1,i) ifi=<or
2,4,6...,n-1

=1  Since the edge labels are consecutive integers.

2,4,6...,n—2 for n is even
() = ged (f (4vig), f (Vi) ifi=<or
2,4,6...,.n-1

27
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2,4,6...,n—2 for n is even
=ged(n+i—-2,n+i-1) ifi=<or
2,4,6..,n-1

=1  Since the edge labels are consecutive integers.

3,5,7...,n=1forn is even
f7(vi) =ged (f (vviy), f (¥¥iy0))  ifi=<or
3,5,7...n-2
3,5,7....n=1forniseven

=ged(3(n-D)+i-1,3(n-1)+i) ifi=<or
3,5,7...n=2

=1  Since the edge labels are consecutive integers.

2,4,6...,n—2 for n is even
£(v) =ged (f vy ), F(wv,,,)  ifi=qor
2,4,6...,n-1

2,4,6...,n—2 forn is even
=ged(3(n-D)+i-1,3(n-1)+i) ifi=<or
2,4,6...,.n-1

=1  Since the edge labels are consecutive integers.

3,5,7...,n=1forn is even
B (v) =ged (f (vvi,), f(vv,,,)  ifi=1or
3,5,7...n=-2

3,5,7...,n=1forn is even
=gcd(n+i—-2,n+i-1) ifi=4or
3,5,7...n-2

=1 Since the edge labels are consecutive integers.

For n is odd:

f*[uml}=gcd[f[un+lu}1_1],f{umum}f{umv}mn
2 2 2 2 2 2 2
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Since the degree of u, ., is 3 and two of the edge labels {umlu'nl and un+1u',1+3] are
2 2 2 2 2
consecutive integer.

f*[ n+1J ged f(vmv}]_lj,f{vmv}]ﬁj,f{vmu}ml
2 2 2 2 2 2 2

Since the degree of v, is 3 and two of the edge labels vn+1v _1 and vn+1vn+3J are
2 2 2

consecutive integer.

f*[ n+1] gcd f[VMVH}f[VMVMJvf[VMUmJ
2 2 2 2 2 2 2
=gcd f{v'nﬂvn_l}f[v'nﬂvm},m—s
2 2 2 2
=1

Since the degree of v,,; is 3 and two of the edge Iabel{v'mlvnl and v',1+1vn+3] are

2 2 2 2 2

consecutive integer.

f*[u'mlJ:gcd f{u'mlun_lj,f(u;uJ f(u'mlvmlj
2 2 2 2 2 2 2
=gcd f{ulmlun—l}f{ulr1+1un+3}4n_2 =1
2 2 2 2

Since the degree of u,, is 3 and two of the edge labels {u'mlun_l and u'n+1un+3j are
2 2 2 2 2
consecutive integer.

For nis even:
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f [UnH}:ng(f [unﬂun], f {unﬂunﬂ}, f [U”HV”B
2 272 272 272
:gcd[f{unﬂun}f[un+lun+2],4n—3]

272 272

=1

+1 —+2
2

Since the degree of u, is 3 and two of the edge Iabels{un u, and u, Uy, J are
—+1 —+1 — —
272 272

consecutive integer.

f [unﬂJ:gcd[f [unﬂun} f [unﬂumz], f [unﬂvnH
2 2 2 272 2 2
=gcd[f[un+1un}f[un+lu )
272 22

=1

(=]
N—
o~
>
|
N
—

Since the degree of u, is 3 and two of the edge Iabels{u'n u, and u, u, ] are
—+1 —+1 — —+1 —+2
2 2" 2 2™ 2
consecutive integer.

f*[vn}:gcd[f[vnv'n J,f{vnv'n J,f(vnu'n J]
- - o1 o o4l P |
2 22 2 2 22
=gcd{f[vnv'n J,f[vnv'n ],4n—2
— -1 — -+l
22 22

Since the degree of v, is 3 and two of the edge Iabels{vnv'n and v,v, J are

2 22 22
consecutive integer.

f*(v'nJ:gcd[f(v'nvn J,f{v'nvn ],f(v'nun B
- - -1 — -+l - -+l
2 22 22 22
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Since the degree of v, is 3 and two of the edge Iabels{v'nvn  and VoV, J are

- == — —+1
2 2 2 2 2

consecutive integer.
Thus £ (u) = (u;) = (v) = (v;) =1 forall i.
Hence G is a vertex prime graph.

Illustration 2.6

S F.

S
w
\ll
1)
o

=

3

i 10 A 28 le
Y, "’ \,2
v, --ﬂ-l=h-- v,
V=14 32—,

)

o

.
e
3

Figure 6. Vertex Prime labeling of duplicate graph of H-graph Hio

(oncLusion:

ere we investigate six corresponding results on vertex prime labeling analogues work

can be carried out for other families also.
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