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Neutrino oscillations have been observed and successfully 
established by the data from solar, atmospheric and long-
base line neutrino experiments. However, for non-zero 
neutrino masses and lepton flavour mixing we should look 
for the gauge models beyond the standard model. In the 
present work, we consider left-right- symmetric gauge 
model with SU(2)H as horizontal gauge group for three 
generations of leptons. With the proper choice of minimal 
Higgs fields, Fritzsch type mass matrices can be achieved 
in the lepton sector. We observe a normal hierarchy 
among the neutrino masses and could also relate the 
mass eigenvalues of charged leptons and of the neutrinos 
to the mixing angles. The suggested values of atmospheric 
mixing angle and the mixing element V3e in the model are 
consistent with the experimental values. Leptonic CP 
violation is strongly favoured in the model due to exchange 
of horizontal gauge bosons at tree level.  

INTRODUCTION   

It is well known [W. Grimus and M.N. Rebelo 1997] that pure gauge theories do not 

violate CP. In gauge theory, fermionic as well as vector boson sectors  are CP symmetric. In 

the electroweak standard model (SM), CP violation arises in the quark sector only for three 

generations of fermions through well-known Cabibbo-Kobayashi-Maskawa (CKM) 

mechanism [N. Cabibbo 1963; M. Kobayashi and K. Maskawa 1973]. However, in the 

framework of SM, no CP violation aries in the lepton sector because of the fact that leptonic 

mixing in the charged currents can be rotated away by redefining neutrino fields since 

neutrinos are massless in SM. Therefore, in any extension of the SM with non-zero neutrino 

masses and mixing, leptonic CP violation can take place. Leptonic CP violation is an 

important and indispensable phenomenon for understanding neutrino masses and lepton 

flavour mixing. On the other hand, recent experimental data on atmospheric and solar 

neutrinos and cosmological observations provide evidence for non-vanishing neutrino masses 

and possible non-trivial lepton mixing [G.L. Fogli, E. Lisi, A. Marrone and A. Palazzo 2004]. 146/P013 
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In the SM, no Dirac mass term can arise due to the absence of right-handed neutrinos and no 

Majorana mass can be generated at the tree level due to simple Higgs structure of the SM and 

at higher orders also due to exact B-L conservation. Again, neutrino oscillation experiments 

[Y. Grossman 2004] provide evidence for non-vanishing neutrino masses and mixings. Hence, 

at this stage the phenomenological construction of lepton mass matrices might be an important 

step towards the understanding of phenomenology of extended gauge models beyond the 

standard model and investigation of the CP violation effects in the lepton sector have become 

more and more important.  

Again, horizontal or inter-generation symmetry has often been proposed to understand 

different properties of fermions of different generations [K. Bandyopadhyay, A.K. Ray and U. 

Sarkar 1986]. This symmetry for the three generation case could be either SU(2)H or SU(3)H 

local symmetry. SU(3)H symmetry requires additional fermions to cancel anomalies and 

hence, we choose SU(2)H symmetry as horizontal symmetry in the present investigation. It has 

the property that if it operates on right-handed charged leptons, cancellation of global witten 

anomaly requires at least two right-handed neutrinos transforming as a doublet under SU(2)H. 

Hence, masses of right handed neutrinos are connected to the breaking of SU(2)H symmetry. 

In the present work, we consider an extended gauge model based on the gauge groups 

SU(2)L × SU(2)R × U(1)B-L × SU(2)H to study mass matrices of leptons, mixing angles and 

matrix element V3e of the mixing matrix V which could be observed in the upcoming reactor 

neutrino experiments.The mass matrices obtained for leptons are of the same texture as 

obtained by Fritzsch and Xing [H. Fritzsch and Z. Xing 2006] with the choice of minimal 

Higgs fields. A normal hierarchy among neutrino masses has been observed in the model. The 

values of atmospheric mixing angle and mixing element V3e have been suggested in the model 

which are consistent with the experimental values. It has already been shown [K. 

Bandyopadhyay and G. Rakshit 2006 ] that the model may give rise to leptonic CP violation 

because of non-vanishing CP-violating rephasing invariant quantity ( 810CP FJ G  ) which is 

large compared to that obtained in the quark sector. It is to be noted that the horizontal gauge 

bosons are responsible for tree level flavour changing neutral current (FCNC), but the 

effective four fermion gauge coupling should be of superweak ( 810H FG G ) in strength. 

The plan of the paper is as follows. Section 2 contains the phenomenology of the model 

under consideration. We discuss result of the work in section 3. Conclusions are given in 

section 4. 

THE PHENOMENOLOGY OF THE MODEL        

For three generations of fermions, we consider the left-right-symmetric gauge model 

with SU(2)H as horizontal symmetry based on the gauge groups SU(2)L × SU(2)R × U (1)B-L × 

SU(2)H. The representation contents of the leptons (ψ) as well as Higgs fields (Ф, X, η, ΔL, 

ΔR) along with their VEV’S under the gauge groups are given as follows.  
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The Higgs fields Ф and X are responsible for generating masses of the leptons and left-

handed, right-handed as well as horizontal gauge bosons. η gives masses to the horizontal 

gauge bosons only while ΔL and ΔR have been introduced to break the left-right-symmetry. 

The most general renormalizable Higgs potential is  

    X X X XV V V V V V V V V V V                   ...(8) 

The minimization of the Higgs potential gives rise to the following non-vanishing 

parameters and phase conditions which are listed below as   

           11 12 13 22 23 330, 0, 0, 0, 0, 0,a a a a a a       

  11 12 13 22 23 330, 0, 0, 0, 0, 0,a a a a a a            

  11 22 33 11 22 330, 0, 0, 0, 0, 0,b b b b b b         

and    ,ij ij ij ij        ... (9) 

The most general lepton – Higgs interaction is  

   1 2 . .          
ii ij i ij

R RaL aLL g g X h C  ...(10) 

where,   i,j = 1, 2, 3 and α, β = 1, 2  

It  is  to  be  noted  that g1 and g2 are independent of SU(2)L,  SU(2)R,   SU(2)H indices and  

hence, g1 and g2 are real numbers. Furthermore, �  and  �X   terms are prohibited using a 

discrete symmetry 
~ ~ ~ ~

( ,   X X , but  Ф → Ф and X → X) for achieving natural 
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flavour conservation in lepton-Higgs coupling. The lepton mass matrices take the forms [H. 

Fritzsch and Z. Xing 2006] as 

  
1

neutrino 1 1 1

1 1

0 0

0

A

M A B C

C D

 
 

  
 
 

,  
2

charged lepton 2 2 2

2 2

0 0

0
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C D

 
 

  
 
 

 ...(11) 

where       1 12 12 2 12 12exp ( ), exp ( ),A a i A a i     

   1 12 22 2 22 22exp ( ), exp ( ),B b i B b i     

           1 23 23 2 23 23exp ( ), ' exp ( ),C a i C a i     

             1 33 33 2 33 33exp ( ), exp ( ),D b i D b i     ...(12) 

 The parameters A1, B1, C1, D1 and A2, B2, C2, D2 can be expressed in terms of lepton mass 

eigen values and one free parameter   (identical in both the charged lepton and neutrinos 

mass matrices) whose value could be determined from neutrino experimental results [Y. Ashie 

et al. 2004; and G.C. Branco, and M.N. Rebelo 2005] and found to lie between 21.3 10  eV 

and 22.4 10  eV. The parameters can be written as  

 1/ 2
1 1 2 1 3 1 2 3 1 3 2 1 3(2 ) , ( / 3)[1 2. ( / )], ( / 2) [1 ( / )],A m m B m m m m C m m m m        

 1/ 2 1/ 2
1 3 2 2 2 2/ 2, ( ) , , ( ) ,eD m A m m B m C m D m         ... (13) 

In equation (13), charged lepton mass hierarchy ( em m m � � ) is considered and m1, 

m2 and m3 represent neutrino masses considering the possibility that the neutrino masses are 

nearly degenerate although only mass squared differences can be measured in neutrino 

oscillation experiments.  

Now, we can write the mixing matrix as (in case of SU(2)H gauge model we can have 

majorana neutrinos with negligibly small mixing and, hence do not consider in the present 

work)            

  
1 1

1 1

0 exp( ) 0 0 0

0 0 0

0 0 1 0 0 0 1

C S i C S

V S C C S S C

S C

 

 

       
     

      
          

 ...(14)                 

In the above expression, S  represent   (  : Solar mixing angle), S stands for sin θ (θ : 

atmospheric mixing angle) and 1S  denotes 1sin   (θl : reactor mixing angle) and similarly we 

can write cosine for C , C  and 1C . The reactor mixing angle has not been  measured 

precisely in all experiments. However, from CHOOZ experiment [M. Apollonio et al.1999] an 

upper limit of 13° has been given. The experimental results for the solar and atmospheric 

mixing angles [Y. Ashie et al.2004; and G.C. Branco, and M.N. Rebelo 2005] are  

   30 39        and     37 53            (15) 
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Thus, neutrino oscillation can be thought of in this model since the neutrinos are mixtures 

of mass eigen states and it will be discussed elsewhere. In general, non-vanishing phase term, 

exp(–iФ), exists in mixing matrix V and the phase can never be roated away. Thus, CP 

violation in lepton sector is strongly favoured in the model. This is mainly because of 

exchange of horizontal gauge bosons at tree level (K. Bandyopadhyay, A. K. Ray, and A. 

Raychaudhuri 1988) since CKM matrices in both left-and right-handed sectors are real. The 

relations between mixing angles and mass eigen values can be obtained as  

          1/ 2
1tan ( / ) 0.07em m     

and            tan θ ע    =  (m1 / m2
1/ 2)                          ...(16) 

We get the value of the ratio m1/m2 as 0.42 if we take solar mixing angle as 33°. Again, 

oscillation experiments (H. Fritzsch 2009) provide the mass squared differences of the three 

neutrino mass eigen states: 

  2 5 2 2 3 2
21 328 10 eV , 2.5 10 eVm m        ...(17) 

We also can get the neutrino mass hierarchy (in eV) as 

  3 3 3 2
1 23.6 10 5.9 10 , 8.5 10 1.4 10m m             

and   2 2
34.4 10 5.8 10m               ... (18) 

In the present model, the atmospheric mixing angle (θ) could be estimated and it is 

expressed as         

          θ = θ1 + θ2 ≈ 38°,  

where  1/ 2 1/ 2
1 2 2 3tan ( / ) , tan ( / )m m m m      and 1 214 , 24       ... (19) 

This Value (38°) of atmospheric mixing angle is consistent with the experiment. 

Furthermore, the value of the matrix element 3eV  of the mixing matrix V can be suggested as  

1/ 2
3 1sin sin 0.707 ( / ) 0.05e eV m m      and this could be observed in the upcoming 

reactor neutrino experiments. 

RESULT AND DISCUSSION 

We have studied neutrino masses and mixing in the three generation SU(2)L × SU(2)R × 

U(1)B-L × SU(2)H  gauge model. The mass matrices obtained for leptons are of the same texture 

as obtained by Fritzsch and Xing and S. Kang with the choice of minimal Higgs fields. We 

could relate the mass eigenvalues of the charged leptons and of the neutrinos to the mixing 

angles and could also suggest the mass limits of the neutrinos. A normal hierarchy among the 

neutrino masses has been observed in the model. The values of atmospheric mixing angle and 

the mixing element 3eV  have been suggested in the model which are consistent with the 

experimental values. Furthermore, neutrino oscillation phenomenon and leptonic CP violation 
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are found to be strongly favoured in this extended gauge model since the neutrinos are the 

mixtures of mass eigen states and the CP violating phase in mixing matrix can not be removed 

even by redefining the fermion fields. CP violation in the lepton sector arises exclusively due 

to the exchange of horizontal gauge bosons at tree level (~T eV scale). The value of CP 

violating rephasing invariant quantity is 3(5.6 8.0) 10CPJ      where  1 2(1/ )CPJ m m  

1/ 2
1 2( / 8 )em m m m . This value of CPJ   is quite large compared to that in the quark sector (K. 

Bandyopadhyay, N. Kumar  and A. Kumar 2013). Flavour changing neutral current (FCNC) is 

suppressed in the model due to super weak gauge coupling 810H PG G . 

CONCLUSIONS 

We thus conclude that phenomena of neutrino oscillation and leptonic CP violation can 

arise in the left-right-symmetric gauge model with SU(2)H as horizontal symmetry. The model 

can explain smallness of neutrino masses and suggest the experimentally consistent values for 

neutrino mass hierarchy and atmospheric mixing angle. The mixing element, connecting the 

first neutrino with the electron, is also suggested to be 0.05 in the model and this could be 

verified in the upcoming reactor neutrino experiments. CP violating rephasing invariant 

quantity is quite large compared to that in the quark sector and horizontal gauge bosons play 

dominant role for leptonic CP violation. 
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