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InTRODUCTION

nterval arithmetic was first suggested by Dwyer [6] in 1951. Development of interval

arithmetic as a formal system and evidence of its value as a computational device was
provided by Moore [12] in 1959 and Moore and Yang [13] 1962. Furthermore, Moore and
others [7] and [14] have developed applications to differential equations.

Chiao in [10] introduced sequence of interval numbers and defined usual convergence of
sequences of interval number. Sengdniil and Eryilmax [15] in 2010 introduced and studied
bounded and convergent sequence space of interval numbers and showed that these spaces are
complete metric space. Recently Esi [1], [2], [3], [4] and [9] introduced some new type
sequence spaces of interval numbers.

A set consisting of a closed interval of real numbers x such that a<x <5 is called an
interval number. A real interval can also be considered as a set. Thus we can investigate some
properties of interval numbers, for instance arithmetic properties or analysis properties. We
denote the set of all real valued closed intervals by I*R. Any elements of IR is called closed
interval and denoted by x. Thatis X ={x € R:a <x <b}. An interval number X is a closed

subset of real numbers. Let x; and x, be be respectively first and last points of the interval

number X .
For x,x, € I'R, we define X} =X, ifand only if x; = x5; and xj, = x,
Xi+x ={xeR:x;+x <X <X, +x9,.)}
33/M013



140 Acta Ciencia Indica, Vol. XL M, No. 2 (2014)

xp XXy = {x € Romin(xyxp;, X17X0,, X1,X7, X1pX2,) S X S MaX(Xy X7, X17X2p, X1,X205 X1,X2,)}
The set of all interval numbers IR is a complete metric space defined by
d(31, %) = max % — %], [%i, ~ %, [}
In the special case X; =[a,a]and X, =[b,b], we obtain usual metric of R.
Let us define transformation f': N— R, k— f(k) = X;, then X =(;) is called sequence
of interval numbers. Xx; is called K™ term of sequence X = (%), @ denotes the set of all
interval numbers with real terms and the algebraic properties of @' arein [11].

A sequence x = (x;) of interval numbers is said to be convergent to the interval number
xp if for each &> 0 there exists a positive integer k, such that d(x;,xy) <& for all £ > ky and
we denote it by limXx; =Xy. Equivalently limXx; =X, iff limx; = xp; and lim x, = X,

k k k k

An interval valued sequence space E' is said to be solid if y = (3 )< E! whenever
|7k | <[%i| forall ke Nand ¥ = (%) € E'.
An interval valued sequence space E' is said to be monotone if E’ contains the canonical
pre-image of all its step spaces.
A interval sequence space E'is said to be sequence algebra if X ®y = (X} ® y;) € EY,
whenever x =(X; )€ Ef, y = () € E'[1].
Let us denote the space of all entire functions of interval numbers by I'".

For each fixed &, we define the metric
- — 1/k 1/k - —
p(Xe, Vi) = max {xy —yk1|/ [k —ykr|/ b =[d&, ok
We define T by I ={x =(X) e : lim p(x;,0) = 0}
k—
Throughout this paper, let A =(A;) be a fixed sequence of positive real numbers such

that };lf” —1 as k > and A; #1 for all . The space Gl is defined by
k

G, = =0): Zlkzd()_ck ,0)? < oo}
k=1

o 1 1
Example: Let A=(A;)=(k),ke N and x =(x;) = ([k_“’k_zD

1
k2

gl

Then Zx,}d(xk 0)? = Zxk {max[ kl

k=1

oo1001
DIy o8
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Hence (%) is in Giz,

The object of this paper is to investigate some properties of Gi 5

MaAIN RESULTS

heorem 2.1. The sequence space G;; 5 is a complete metric space with respect to the
metric defined by d(X.5) =) h2d (%, 5x ) .20
k=l
Proof: Let (x")be a Cauchy sequence in G;'L 5 Then for a given € > Othere exists npe N
such that

d(x",x™)<¢ foralln,m > n,

o0
then D M2d(x", M)? <€ foralln,m > no .. (2.2)
k=1

d(x", 5"y 02 <€ foralln,m > ng

A", T <7%2 for all n, m > ngand forall k € N
k
1/2
d(x", x") < {%] <gforalln,m > nyand forallk € N
k

This means that (x;") is a Cauchy sequence in /R. Since /R is a Banach space, (x;") is

convergent. Now, let limXx;" =X, foreach k € Nand x = (x).
n

Taking limit as m — oo in (2.2) we have
o0
D n2d(x", X) <e forall nzn,
k=1
d(x", x)<¢ foralln > n,
Now for all n>n,,
d(x,0)<dx", x)+d(x",0)<e+0 =0

Thus x =(x;) € G;; , and so G;; 5 is complete. This completes the proof.

Theorem 2.2. Giz is a subset of I
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Proof: Let x ¢ Gi ,, then ;xkzd(fk,ﬁﬁ <o .. (2.)
M+l

where —= 1 as k—ooand A, #1 forall k ...22)
k

We claim that [d(x, 6)]1/ k converges to zero as k — oo,
From Equation (2.1)

M2d(x,0)2 <2k forall ke N

= d(%,0)? < &2k /2,2

= d(%,0) <&k /ny

= [d (5. 01 <o/1/k <& from (2.2)
1/k

Hence [d(X, 0]/ -0 as k —> o0 andso ¥ e

Consequently, G;'L 5 is a subset of T".

Remark. G;'L ) is a Banach space with norm
" 12
Ko =42 PG, 0P
22 k=l

Theorem 2.3. If G;; , and Gt , are two sequences of interval numbers, then G)l; , = Gt
W

ifand only if /& < Me <ky, where k and k) are constants.
M

Proof: The sufficiency of the condition A < Me <k ...(2.3)
Wi

If M <kopy then  242d (%, 0)F < k?w?d (%, 0)

o0
If (%) € Gl D wi2d (5, 0)* <o
k=1
o0 _ o0 _
Therefore D 02d (%, 0)2 < kp2d (%, 0) <o
k=1 k=1
This implies that (%) e G}l; s
Hence GLZ c G}’L2 ...24

Similarly, if Kk, <Ay then G' < G .. 25)
22 HZ
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From (2.4) and (2.5), Giz =GL2

To prove the necessity of the condition, let us suppose that the condition is not satisfied.

First consider the right hand side inequality of (2.3). Let Me —> o0 as k — oo,
Hi

ky, kn

>n for the

— 0 as k, > oo in such a manner that
M, Wi,

valuesn=1,2, ....and &k <k <.....

Then it has a subsequence

Now we shall define a sequence (;, ) as follows

_ 0, ! when k =k,
. T
[0,0] when k # £k,

Then > 2,00 = Y, 2d (%, . 0)?
k=1 n=l
& g 1
n=l1 nzuknz n=1"
Therefore (%) e Glil 5 ... (2.6)
But D P (3, 0% = Y M, 2d (%, . 0)*
k=1 n=1
0 _ 0 nZHk
> nPuy 2d(%, .07 =) L=
n n 2
n=1 n=1""Hk,
0 p—
Thus D h2d (%, 0)? > o
k=1
Therefore () e G}l; s .27

From (2.6) and (2.7) contradict (2.4).

Similarly , if the left hand side inequality of (2.3) is not satisfied, then we can contradict
(2.5) by constructing a sequence of the above type.

Gi
w

o A . S :
Hence the condition k& < Lk < ky 1is necessary and sufficient in order that Gi ,=G,.
Hi
Theorem 2.4. G}’; , is an AK space.

Proof: For each ()_Ck)EG;;Z' “()T[n])_)_cu—>0 as n—
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Hence G! , has AK.
A
Theorem 2.5. G}’; , has AB property.

Proof: It is enough to show that G;z has monotone norm. Indeed for n < m and for every

() €, we have [0 = kf_kkzd (%07 < gxkzd(?ck 02 =

e

[<let]

Also {“()?[”])

‘, n=1,2,..} is a monotonically increasing sequence of interval numbers

bounded above by ")_c" Gi
32

Hence €] = tim || = sup {GH].n=1.2,...
G;z n—o n

Thus G)’; ) has monotone norm.

Theorem 2.6. The space G' , is solid.
A

Proof: Let (%) and %) be two sequences such that

(x) e Giz and d(y;,0)<d(x;,0) forall ke N
Since (x;) e Giz , we have ;kad()_ck, 0)2 <o

=1

Also we have e2d (3, 0)2 < 02d (%, 0)?

o0 _ o0 _

D h2d (3,007 < ) hPd (%, 0)? < oo

k=1 k=1

S0 () € G, Therefore G s solid.

Theorem 2.7. The space G' , is symmetric.
A

Proof: Let (%) be a sequence in Gi »- Then D 32d(%,0)* <o
k=1

o0 o0
For € > O there exists k = ky(€) such that Z M 2d (%, ,0)2 — Z A 2d (% L0 <¢
k=1 ke<ko

Let (3;,) be a rearrangement of () and k; be such that
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Xk thk<ko} = {yk k<hk}

o0 0
Then D n2d (7,02 = > M2d (%, 002 <

and so

k=1 k<k

D hPd (3, 0)* <o
k=1

— . l' . .
Hence (3;) e Gi 5 and sz is symmetric.

Theorem 2.8. The space G;; , 1s sequence algebra.

Proof: We consider the space G )
A

Let (x;) and (3, ) be two sequences in G)’;z and O0<e<l.

Then the result follows from the following inclusion relation.

{k eN:d(% @;k,ﬁ)} > {k e N:E(fk,ﬁ)}m{k e N:E(;k,ﬁ)}
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