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In general topology, the arbitrary intersection of open sets
is not open and the arbitrary union of closed sets is not
closed. These properties motivated to introduce the
concepts of A-sets and V-sets in topological spaces. In this
paper we introduce the notions of a pre*- A -set and a pre*-
V-set in a topological space. We study the fundamental
properties of pre*-A-sets and pre*-V-sets and investigate
the topologies defined by these families of sets. Also we
introduce generalized pre*-A-sets and generalized pre*-V-
sets and characterizes their properties.
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INTKODUCTION AND PRELIMINARIES

En 1986, Maki [7] and Jin Han Park et al. [S] continued the work of Levine [6] and

Dunham [3] on generalized closed sets and closure operators by introducing the notion of a
generalized A-set in a topological space (X, 1) and by defining an associated closure operator,
i.e. the A-closure operator. He studied the relationship between the given topology t and the
topology 1" generated by the family of generalized A-sets. Das and Dontchev [2] built on
Maki’s work by introducing and studying so-called As-sets and V-sets, and also other forms
called g.A-sets and g.V,-sets. Maximilian Ganster et al. [4] studied the notions of a pre-A-set
and a pre-V-set in a topological space.

The purpose of our paper is to continue research along these directions but this time by
using pre*-open sets. We introduce pre*-A-sets and pre*-V-sets in a given topological space
and thus obtain new topologies defined by these families of sets. We also consider some of the
fundamental properties of these new topologies.

A subset S of a topological space (X, t) is said to be pre-open [8] (resp. pre*-open [9]) if
S < int (cl (S) )(resp. S < (int*(cl(S) ), where int(S), int*(S) and cl(S) respectively denote the

interior, g-interior and the closure of S. The complement of a pre-open set is pre-closed and
that of pre*-open set is pre*-closed.

The intersection of all pre-closed (resp.pre*-closed) supersets of a subset S is called the
pre-closure (resp. pre*-closure) of S and is denoted by pc/ (S) (resp. p*ci(S)). It is well known
that a subset S is pre-closed (resp. pre*-closed) if and only if cl(int (S)) < S (resp. cl*(int (S))
c S). We shall denote the families of all pre open (resp. pre*-open, pre-closed and pre*closed)
in a space (X, 1) by PO (X, 1) (resp. P*O (X, 1), PC (X, 1) and P*C (X, 1)).

40/M013
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In the following X and Y (or (X, t) and (Y, o) will always denote topological spaces.
No separation axioms are assumed unless stated explicitly.

Definition 1.1. A subset S is a A-set (resp. a V-set) if and only if it is an intersection
(resp. a union) of open (resp. closed) sets.

Definition 1.2. Let S be a subset of a space (X, ). We define subsets Ap(S) and Vp(S) as
follows:

AS) =N {G:Sc G, G e PO (X, 1t)}and
V(Sy=uw {D:DcS,D e PC(X,1)}.

Recall that a space (X, 1) is said to be pre*-T; [10] if for each pair of distinct points x and
v of X there exists a pre*-open set containing x but not y. Clearly a space (X, t) is pre*-7} if
and only if singletons are pre*-closed.

Recall that a subset 4 of a space (X, 1) is said to be generalized closed [6] (briefly g-
closed), if ¢l (4) < U whenever 4 — U and U € 1. A space (X, 1) is said to be a T, space if
every g-closed subset of X is closed.

Recall that a space (X, 1) is called resolvable if it has two disjoint dense subsets and
Alexandorff [1] if arbitrary intersection of open sets is open.

PRE*- A -SETS AND PRE*-V-SETS

Eeﬁnition 2.1. Let S be a subset of a space (X, 1). We define subsets A; (S) and V;
(S) as follows:

A, ($)=N{G:S5C G, G e P*O (X, 1)}
and V,(§)=u {D:DcS,DeP*C (X, 1)}

In our first result, we summarize the fundamental properties of the sets A; (S) and V;
(9.
Lemma 2.2. For subsets S, Q and Si, I € I, of a space (X, 1) the following properties hold:

(1) ScA), (S),

(2) 0 < S implies that A}, (Q)< A), (5).
(3) A, (A, () =A, (S,

(4) If S € P*O (X, 1), then S :Aj, (S),

(5) A}y (U S;ziel) =U {A), (S) :iel},
(6) A}, (N {S;ziel) e {A, (S) tiel),

(7) A, (X8 =X1V,(S).



Acta Ciencia Indica, Vol. XL M, No. 2 (2014) 123

Proof: (1) Let x¢ A; (S). Then there exists a pre*-open set G such that S < G and x ¢

G.Hencex ¢ Sandso S < A; ().

(2) Letxe A*p (S). Then there exists a pre*-open set G such that S € G and x ¢ G. By

our assumption Q < S, Q < G and hence x ¢ A; (Q). This shows (2).

(3) From (1) and (2), we have Aj, ) < A; (A; S). Ifx ¢ A; (S), then there
exists G € P*O (X, 1) such that S < G and x ¢ G. Hence A; (S) € G, and so we have

xg A, (A, (9). Thus A}, (A, (S)= A, ().
(4) It directly follows from the definition of A; (S) and (1).
(5) LetS=uU {S;:iel}. By (2), we have that U{A, (S): icl}c A, (S). If xeU{A,
(S) : i € I}, then, for each i € [, there exists G; € P*O (X, t) such that S;c G, and x ¢ G;. If

G=u{G;:iel},then G € P*O (X, 1) with S c Gand x ¢ G. Hence x ¢ A; (S), and so (5)
holds.

(6) From (2), A; )< Aj, (S;) for each i € I where S = ﬂ S; and hence

iel

Ay )= A, (N)SHS(ARS).

iel iel
(7) Letx e A; (X\S). Then for every pre*-open set G containing X\S, x € G. Hence
x ¢ X\G, for every pre*-closed set X\G < S. Therefore x ¢ V; (S) and hence x € X\V; (S).
Similarly, X\V, (S) S A, (X\S).

The following lemma is an immediate consequence of Lemma 2.2.

Lemma 2.3. For subsets S, Q and S;, i € I, of a space (X, 1) the following properties hold:
M)V, (<,

(2) Q < S implies that ¥, (Q) < ¥, (S),

B3) ¥, V(SN =V, (S),

4)IfS e P*C (X, 1) then S = V; ),

) V(" {Siiiel)=n ¥, (S):iel}

O) UiV, (S):ielic V(U iS:iel)).

Definition 2.4. A subset S of a space (X, 1) is called a
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(1) pre*-A-set, briefly A, -setif = A, (5),
(2) pre*-V-set, briefly ¥, -setif S= 1 (S).

Remark 2.5. Clearly, a subset S is a A; -set (resp. a V; -set) if and only if it is an

intersection (resp. a union) of pre*-open (resp. pre*-closed) sets.
Hence A-sets, pre A-sets and pre*-open sets are A; -set, and V-sets, pre-V-sets and pre*-

*
closed sets are Vp -sets.

Observe also that a subset S'is a Ai; -set if and only if X\S'is a V; -set.

Proposition 2.6. For a space (X, 1) the following statements hold:

(1) ¢ and X are A; -sets and V; -sets.

(2) Every union of A; -sets (resp. V; -sets) is a A; -set (resp. V; -set).

(3) Every intersection of A; -sets (resp. V; -sets) is a A; -set (resp. V; -set).

Proof : (1) We shall only consider the case of A; -sets. (1) is obvious.

(2) Let{S;: i € I} be a family of A*p -sets in (X, t). Then A; (S)=S; foreveryi e I

If S=uU{S;:ie I}, then by Lemma 2.2, we have S=u {A; S):iel} :A; (S).

(3) Let $y= N {S;:i € I}, then by lemma 3.2(6), A, ($)) =A, (" {Si:i e }) S Ni{A,
Sy :iely=n{S;:iel}=S,. Also by Lemma 3.2(1), SgA; (S1). This proves (3).

Remark 2.7. Let 727 (resp. 7.”) denote the family of all A; -sets (resp. V; -sets) in (X,
7). Then i (resp. /P ) is a topology on X containing all pre*-open (resp. pre*-closed) sets.
Clearly, (X, z’,ﬁ\ #)) and (X, r,l/ 7 and are Alexandroff spaces.

We now offer additional characterizations of pre*-T) spaces.

Theorem 2.8. For a space (X, t) the following are equivalent:
(1) (X, 1) is pre*-T1,

*

(2) Every subset of X'is a A,

-set,
(3) Every subset of Xis a V; -set,

(4) Every open subset of X is a V; -set.
Proof: Clearly (2) & (3).
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(1) > (3): Let A < X. Since 4 = U {{x}: x € A}, 4 is a union of pre*closed sets, hence a
V; -set.

(3) = (4) : This is obvious.

(4) = (1) : First observe that every singleton is open or pre*-closed. Let x € X. If {x} is
open, then by assumption, {x} is a V; -set and so pre*-closed. Hence each singleton is

pre*closed. That is p*cl({x}) ={x}. Therefore (X, 1) is pre*-T}.

Lemma 2.9. Let (X, 1) be a topological space and x € X. Then y € A; ({x}) if and only if
prel({x}).

Proof: Supposey € A; ({x}). Then for every pre*-open set G 2 {x},y € G.

If x ¢ p*cl ({y}), then there exists H € P*C (X, 1) such that {y} < H and x ¢ H. That
implies x € X\H, X\H € P*O (X, 1) and y ¢ X\H. Take X\H = G. Then G € P*O (X, 1), {x}
c G and y ¢ G. By this Contradiction we get, x € p*cl ({y}). Conversely, Suppose

x € p*cl({y}). Then for every pre*-closed set G o {y},x € G. If y ¢ A:, ({x}), then there

exists H € P*¥O (X, 1) such that {x} < Hand y ¢ H. Take X\H = G. Then G € P*C (X, 1),
y € G and x ¢ G. So there exists a pre*-closed set G © {y} such that x ¢ G. By this

contradiction, we get y € A; ({x}).

Theorem 2.10. The following statements are equivalent for any points x and y in a
topological space (X, 1)

(1) A}, (DA, (D)
(2) p*cl({x}) #p*cl ({y})
Proof: (1) = (2): Let A, ({x}) #A), ({»}). Then there exists z € X such that ze A},

({x)andz g Ay, () orzeA), ({x})andz e A, ({y}). If we consider the first case, we

have x € p*cl({z}),y ¢ p*cl ({z}) by using Lemma 2.9. Since y ¢ p*c/ ({z}), there is a pre*-
closed set H such that z € H and y ¢ H. Since x € p*c/ ({z}), we have x € H. Alsoy ¢ H
and x € H implies y ¢ p*cl ({x}). Buty € p*cl ({y}), we get p*cl ({x}) # p*cl ({y}). The
proof for the other case is similar.

(2)= (1): Suppose p*cl ({x}) # p*cl ({y}). Then there exists z € X such that z € p*c/
({x}) and z ¢ p*cl ({¥}) or z ¢ p*cl ({x}) and z € p*cl ({y})). Consider the case z € p*c/

({x})and z ¢ p*cl ({y}). Then by Lemma 2.9, x € A}, ({z}) and y ¢ A}, ({z}). Since y & A},
({z}), there is a pre*-open set G such thatz € Gandy ¢ G. Since x € A; ({z}), x € G. Now

v e Gandx e G implies that y ¢ A}, ({x}). Thus A, ({y}) #A,, ({x}). The proof for the
case z ¢ p*cl ({x}) and z € p*cl ({y})) is similar.
Lemma 2.11. Let (X, 1) be a topological space and 4 € P*O (X, 7).

Then A}, (4) = {x € X: p*cl(ix}) N A # D).
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Proof: Letx € A}, (4). Since A € P*O (X, 1), A=A, (4). Also x € p*cl ({x}) and hence

p¥cl({x}) N A # . Conversely, let x € X such that p*c/ ({x} N4+ . Ifx ¢ A; (4), then
there exists V € P*O (X, t) such that A — Vandx ¢ V. Lety € p*cl ({x} " A. Theny € 4 and
hence y € V, since A < V. Since y € p*cl ({x}), x € A; ({¥}). Therefore for every pre*-open

set G 2 {y} in (X, 1), x € G. In particular, x € V. This is a contradiction to x ¢ V, so we get
x e A, (A).

*
A p -CLOSED SETS AND ITS PROPERTIES

Eeﬁnition 3.1. (1) Let A be a subset of a space (X, t). Then 4 is called a A; -closed set

ifA=8n Cwhere Sis a A*p -set and C is a closed set.
(2) The complement of a A*p -closed set is called a A; -open set.
(3) The collection of all A; -open sets in (X, 1) is denoted by A; O (X, 7).
The collection of all A*p -closed sets in (X, 1) is denoted by A:, CX, 7).

(4) A point x € X is called a A; -cluster point of A if for every A; -open set U
containing x, A N U # .

(5) The set of all A; -cluster points of 4 is called the A; -cluster of 4 and is denoted by
A, -cl(4).

Proposition 3.2. (1) 4 < A, -cl(A),

(2) A, —cl(4)=n {F/Ac Fand Fis A}, -closed},
(3) If A < B, then A, -cl (4) A}, ¢l (B),

(4) 4is A, closed if and only if 4= A, -cl(4),

(5) A, <l(A)= A, -l (A, -l (4)),

(6) A}, -cl(4)is A, -closed.

Proof: (1) Letx ¢ A*p -cl(A). Then x is not a A; -cluster poin of 4. So there exists a

A; -open set U containing x such that 4 N U= and hence x ¢ A.

(2) Letx ¢ A; -cl(A). Then there exists a A; -open set U containing x such that
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AN U=J. Take F = X\U. Then F is A; -closed, 4 — Fand x ¢ F and hence x ¢ N
{F:Ac Fand Fis A; -closed}. Similarly A*p cld)cn{F:AcFandFis A; - closed}.

(3) Letx ¢ A*p -cl (B). Then there exists a A*p -open set U containing x such that B N U

=.SinceA B, AN Uc BN U= and hence x is not a A; -cluster point of 4.
Therefore x ¢ A; -cl(4).
(4) Suppose 4 is A; -closed. Let x ¢ A. Thenx € X\4 and X\4 is A; -open. Take

XA=U.ThenUisa A; -open set containing x and 4 N U = J and hence x ¢ A; -cl(A4).
Therefore A; -cl (4) < A. By using (1), we get A4 :A; -cl(4). Conversely, suppose A= A; -
cl(4). Since A = N {F/A < F and F is A; -closed}, by using (2), we get 4 is A; -closed.

(5) By using (2) and (4), we have A; -cl (4) c A*p -cl( A; -cl(4)). Let x € A; -cl (A*p -
cl(4)). That implies x is a A*p -cluster point of A; -cl(A4).

That implies for every A*p -open set U containing x, A; -cl (4) N U # <. Let ye A*p -
cl(A)nU. Thenyis a A; -cluster point of 4. Therefore for every A; -open set G containing
v, AN G#D. Since U is A; -openand y € U, 4 N U # & and hence x € A*p -cl(4). Hence
A, =cl(A) = A}, -cl( A, -cl(4).

(6) Follows from (4) and (5).

Remark 3.3. (1) & and X are both A:, -open and A:, -closed.

(2) By Proposition 3.2(6), A; -cl(A) is the smallest A; -closed set containing 4.
Proposition 3.4 — Arbitrary intersection of A; -closed sets is A; -closed.

Proof: Let A = ﬂ A and x € A;, -cl(4). Then x is a A;, -cluster point of 4. Hence for
kel

every A*p -open set U containing x, 4 N U # . That implies ﬂ A N U # . This implies
kel

that 4, U # O foreach k € I. If x ¢ A, then for some i € I, x ¢ A;. Since 4, is A; -closed,

A; :A; -cl(4;) and hence x ¢ A;, -cl(4;). Therefore x is not a A;, -cluster point of 4;. So

there exists a A, -open set V containing x such that 4;~ V= . By this contradiction, x € 4.
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Therefore A;, -cl(4) < A and hence 4 :A; -cl(4). Therefore 4 is AZ, -closed. That is ﬂ Ay,
kel

is A*p -closed.
Proposition 3.5. Arbitrary Union of A*p -open sets is A*p -open.

Definition 3.6. Let (X, 1) be a topological space, and let 4 < X. Then A*p -kernel of 4 is
defined by A, *ker(4) = N {G/Ge A, O (X, 1) and A < G}.

Let (X, 1) be a topological space and 4, B be subsets of X. Let x, y € X. Then we have the
following lemma.

Lemma 3.7. (1) A< A, -ker(A),

(2) If A C B, then A, ker(4) € A, -ker(A),

(3) A}, -ker(4)= A, *ker (A, -ker(4)),

(4) ye A, ker ({x}) if and only if x € A}, -cl({y}),
(5) A, ker(4) = {x: A}, -cl({x}) N 4 # D).

Proof: (1) Letx ¢ A; -ker(4). Then there exists V € A*p O (X, 1), such that 4 < V and
x¢V and hence x ¢ 4.

(2) Letx ¢ A, -ker(B). Then there exists a G € A}, O (X, 7) such that B Gand x ¢ G.

By our assumption 4 € B, 4 < G and hence x ¢ A*p -ker(4).
(3) From (1) and (2), we have A, -ker(4) € A, -ker( A, -ker(A)).

Letx € A;, -ker(4). Then for every A*p -open set G D A*p -ker(4), x € G. Since 4 A*p -
ker(4), for every A*p -openset G D A4, x € G. Hence x € A*p -ker(A4). Therefore A; -ker( A*p -
ker(4) c A; -ker(4). Hence A; -ker(4) = A*p -ker( A*p -ker(4)).

(4) Tt directly follows from the definition of A;, (S) and (1).

(5) Letx € A;, -ker(4). Then for every A*p -open set G DA, x € G. Suppose A*p -cl({x})
N A=0. Then 4 < X\( A*p -cl({x})). Then Vis a A*p -open set containing 4 and x ¢ V. By

this contradiction, we get A*p -cl({x}) N 4 # 3. Conversely, let x € X such that A*p -cl({x}) N
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A+D. Lety e A*p -cl({x}) " A. Theny is a A; -cluster point of {x}. Therefore for every A;

-open set U containing y, U N {x} # & and hence x € U.

Ifx ¢ A*p -ker(4), then there exists a A; -open set Vo A4 such thatx ¢ cl({x}) N4 #O.

(S), and so (5) holds.

Theorem 3.8. For any points x and y in a space X, A; -ker({x}) ;tA*p -ker({y}) if and
only if A}, -cl({x}) A, <l({y}).

Proof : Suppose A; -ker({x})# A*p -ker({y}). Then there exists a point z in X such that
z€ Ay -ker({x}) and z & A, -ker({y}). By Lemma 3.7(4), x € A, -cl({z}) and y & A, -
cl({z}). By Proposition 3.2(3), A, -cl({x}) = A}, -cl({z}) and y & A, -cl({z}) which implies
thaty & A, -cl({x}). This shows that A}, -c/({x})# A, -cI({y}).

For the converse, suppose A; -cl({x}) # AZ, -cl({y}). Then there exists a point z in X
such that z € A, -cl({x}) and z & A, -cI({y}) which implies that by Definition 3.1(5), there
exists a A*p -open set V' containing z such that x €V and y € V. Thus Vis a A*p -open set
containing x but not y. If y € A*p -ker({x}), then By Lemma 3.7(4), x € A*p -cl({y}) and so for
every A*p -open set G containing x, G M {y} # @, that is, y € G, a contradiction. Hence y ¢

A, -ker({x}) and hence A, -ker({x})# A, -ker({y}).
Definition 3.9. Let X be a space and x € X. Then we define a subset A; —<x> of X as
follows : A}, -(x) = A, cl({x}) N A, -ker({x}).

Proposition 3.10. Let X be a space. Then the following properties hold:

*

(1) For eachx € X, A, ker (A}, -(x)) = A}, -ker({x}).

(2) Foreachxe X, A, -cl( A}, -(x)) = A}, -cl({x}).
B)IfUisa A*p -open set of X and x € U, then A*p -<x> c U
@ IfFisa A*p -closed set of X and x € F, then A; —<x> cF.

Proof : (1) Let x € X. By Proposition 3.2(1) and Lemma 3.7(1), {x} < A; -cl({x}) and
{x} € A}, -ker({x}) and so by Definition 3.9, it follows that {x} = A, -(x). By using Lemma

3.7Q2), A, -ker({x}) = A, -ker( A, - (x)). For the reverse inclusion, if y ¢ A, -ker({x}), then
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there exists a A*p -open set V such that xe V and y ¢ V. It follows that A —( > c A*p
ker({x})c A, -ker(V) = Vand so A}, -ker( A, -(x))c A}, -ker(V) = V. Since yg V. y & A, -
ker (A, -(x)).

Consequently, A; ~ker( A; -(x)) < A*p -ker({x}).

(2) By Proposition 3.2(1) and Lemma 3.7(1), and Definition 3.9, we have {x} < A; -
(x). Then by Proposition 3.2(3), A, -cl({x})c A}, -cI(A},-(x)). On the other hand, by
Definition 3.9, A, -(x) < A, -cl({x}) and so A, -cl(A,-(x))c A}, ~cl( A}, ~cl({x}))=
A, -cl({x}).

(3) Suppose Uis a A*p -open set and x € U. Then by Lemma 3.7(2), A*p -ker({x}) C A; -
ker(U)=Uandso A}, -(x) c U.

(4) Suppose F'is A; -closed and xe F. Thenxe A*p -cl({x}) < F. By Definition 3.9, we

havexe A, -(x) and A}, -(x) ¢ A, -cl({x}) which implies that A}, -(x) F.

(GENERALIZED PRE*-A-SETS

ollowing the lines of investigation of Maki in [11] one could now define generalized
pre*-A-sets and generalized pre*-JV-sets in the following way.

Definition 4.1. A subset S of a space (X, 1) is called

(i) a generalized pre*-A-set, briefly g-Ap*-set, if A*p (S) < P whenever S < P and
P e P*XC(X, 1),

(ii) a generalized pre*-V-set, briefly g-Vp*-set, if V < V; (S) whenever V' < § and
Ve P*O (X, 1).

Proposition 4.2. Let S be a subset of a space (X, 1).

(1) S is a generalized pre*-A-set if and only if S is a pre*-A-set,

(i1) S is a generalized pre*-V-set if and only if S is a pre*-V-set.

Proof: (i) Clearly, every pre*-A-set is a generalized pre*-A-set. Now let S be a
generalized pre*-A-set. Suppose there exists x € A*p (S\S. Observe that {x} is open or
pre*closed, and that § < X\{x}. If {x} is open, then X\{x} is closed, hence pre*closed, and so
A*p (S) < X\{x}, a contradiction to x € A;, (S). If {x} is pre*closed, then X\{x} is pre*open
and so A;, (S) € X\{x}, a contradiction to x € AZ, (S). Therefore A;, ($\S = ¢. And hence S

= A; (S). Thus S is a pre*-A-set. (ii) This is proved in a similar way.
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PROPERT]ES OF PRE*-A-SETS AND PRE*-V-SETS

Eroposition 5.1- Let (X, t) be a space.

(1) (X, 72*P) and (X, 7P are always T}, spaces,

(2) If (X, 1) is pre*-T;, then both (X, z*) and (X, 7/7) are discrete spaces,
(3) The identity function i : (X, ) — (X, 7.”) is continuous,

(4) The identity function i : (X, z2¥)— (X,7.”) is contra-continuous.

Proof: (1) Let x € X. Then {x} is open or pre*closed in (X, t). If {x} is open, then it is
pre*open, and hence {x}e z',,f\p. If {x} is pre*closed in (X, t), then X\{x} is pre*open and so
X\{x}e 7. Thatis {x} is closed in (X, z*). Hence (X, /) and (X, 7.7) are T}, spaces.

(2) This follows from Theorem 3.8.
(3) and (4) are obvious.

Corollary 5.2. If (X, 1) is resolvable, then (X, 72 ) and (X, 7.7 ) are discrete.

Proof: We will show that (X, i ) is pre*-T. Let D and E be disjoint dense subsets of

(X, ), and let xeX. Without loss of generality, x € D. Then X\{x} = E U (D\{x}) is dense,
hence pre*open and so {x} is pre*closed.

Proposition 5.3. If (X, r,ﬁ\ ") is connected, then (X, 1) is pre*connected, i.e. X cannot be

Proof: Suppose that (X, 1) is not pre*connected. Hence there exist nonempty disjoint
pre*open sets S, 7'in (X, T ) such that S U 7= X. Since S and 7T are open in (X, z’fp ), we have a
contradiction.

Observe also that (X, z’fp ) is connected if and only if (X, ri/p ) is connected.

Concrusion

E“ this paper, we have introduced the concept of pre*-A-sets, pre*-V-sets, generalized

pre*-A-sets, generalized pre*-V-sets, A p -sets and V, -sets and investigated some of their
properties. Using these concepts, Further we characterize A » -regular and A » -normal spaces,

* . * *
A, -homeomorphisms, A, -connected and A , -compact spaces.
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