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Let G = (V, E) be a connected graph. Let D be a minimum 
neighbourhood connected dominating set of G. If V–D 
contains a neighbourhood connected dominating set D' of 
G, then D' is called an inverse neighbourhood connected 
dominating set with respect to D. The inverse 

neighbourhood connected domination number 
nc

–1 (G) of 

G is the minimum cardinality of a neighbourhood 
connected dominating set of G. The disjoint neighbourhood 
connected domination number 

nc


nc 
(G) of a graph G is 

the minimum cardinality of the union of two disjoint 
neighbourhood connected dominating sets in G. In this 
paper, we initiate a study of these new parameters. 
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INTRODUCTION 

All graphs considered here are finite, undirected and connected without loops or 

multiple edges. Any undefined term in this paper may be found in Harary [2]. 

For any vertex v V, the open neighborhood of v is the set N (v) = {u V : uv E} and 
the closed neighbourhood of v is the set N [v] = N (v) {v}. For a set S V, the open 
neighbourhood N(S) of S is defined by ( ) ( )

v S
N S N v


  , for all v S and the closed 

neighbourhood of S is N [S] = N (S) S.  

A set D of vertices in a graph G = (V, E) is called a dominating set if every vertex in V – 
D is adjacent to some vertex in D. The domination number (G) of G is the minimum 
cardinality of a dominating set of G. A recent survey on (G) can be found in Kulli [3]. 

 A dominating set D of a connected graph G is called a neighborhood connected 

dominating set (ncd-set) if the induced subgraph  N D  is connected. The neighborhood 

connected domination number nc (G) of G is the minimum cardinality of a ncd-set of G, (see 
[1]). 

 The first paper on the inverse domination number was published by Kulli and Sigarkanti 
[14] and is studied by several graph theorists in the world, for example, in [2, 3, 5, 6, 7, 11, 13, 
17, 18]. 
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The concept of inverse domination is as follows : 

Let D be a minimum dominating set of G. If V – D contains a dominating set D' of G, then 
D' is called an inverse dominating set of G with respect to D. The inverse domination number 
–1 (G) of G is the minimum cardinality of an inverse dominating set of G.  

In this paper, we introduce the concept of inverse neighborhood connected domination as 
follows: 

Let D V be a minimum neighborhood connected dominating set of a connected graph  
G = (V, E). If V – D contains an ncd-set D' of G, then D' is called an inverse neighborhood 
connected dominating set (incd-set) with respect to D. The inverse neighborhood connected 
domination number nc

–1 (G) of G is the minimum cardinality of an incd-set of G. 

The upper inverse neighborhood connected domination number nc
–1 (G) of G is the 

maximum cardinality of an incd-set of G. 

For example, we consider the graph C6 in Figure 1. The minimum neighborhood 
connected dominating sets of C6 are {1, 2, 4}, {2, 3, 5}   {3, 4, 6}, {4, 5, 1}, {5, 6, 2} {6, 1, 3} 
and the corresponding inverse neighborhood connected dominating sets are {3, 5, 6},            
{4, 6, 1}, {5, 1, 2}, {6, 2, 3}, {1, 3, 4}, {2, 4, 5} respectively. Therefore nc(C6) = 3,  nc

–1(C6) 
= 3 and nc

–1 (C6) = 3. 

A dominating set D of a graph G is a split dominating set if the induced subgraph 

V D  is disconnected. The split domination number s (G) of G is the minimum cardinality 

of a split dominating set of G. This concept was introduced by Kulli and Janakiram in [5]. 

The connectivity (G) of G is the minimum number of vertices whose removal results in 
a trivial of disconnected graph. 

A nc
–1-set is a minimum inverse neighborhood connected dominating set. Let G = (V, E) 

be a graph with | V | = p and | E | = q. Let  x x        denote the least (greatest) integer greater 

(less) than or equal to x. 

An application of inverse domination is found in a computer network. In the event that 
there is a need for all nodes in a system to have direct access to needed resources (for 
example, large database) a dominating set furnishes such a configuration. If a second 
important resource is needed, then a separate disjoint dominating set provides duplication in 
case the first is corrupted in some way. So we require the inverse domination number of a 
graph. 

PRELIMINARY RESULTS 

The following will be useful in the proof of our results. 

1 6

3 4

2 5C :6

Figure 1
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Theorem A [1]. For a path Pp’  
2

nc p
p

P
 

  
 

 . 

Theorem B [1]. For any graph Cp with p 3 vertices,  

      
2

nc p
p

C
 

   
 

,     if p  3(mod 4) 

                     
2

p 
  
 

,   otherwise. 

Theorem C [5]. Let G be a graph with a s-set and an endvertex. Then 

     (G) = s (G). 

Theorem D [5]. If G has a s-set, then 

     (G) s (G). 

RESULTS 

Remark A. Not all graphs have an inverse neighborhood connected domination 

number. For example, the cycle C5 has no inverse neighborhood connected domination 
number. 

Proposition 1. If P2n is a path, then nc
–1 (P2n) = n. 

Proposition 2. If Cn is a cycle with n 3 vertices and n = 3 (mod 4), then  

      1

2
nc n

n
C  

  
 

 . 

Proposition 3. If C2n + 2 is a cycle with n 1, then 

      1
2 2 1nc nC n
   . 

Theorem 4. If a nc
–1-set exists in a connected graph G, then 

     nc(G)  nc
–1 (G) … (1) 

and this bound is sharp. 

 Proof: Clearly every inverse neighborhood connected domination number is a 
neighborhood connected domination number of G. Thus (1) holds. 

The paths P2n, n 1 and cycles C2n, n 2 achieve this bound. 

Theorem 5. If a nc
–1-set exists in a graph G, then 

     nc (G) nc
–1 (G)  p 

and this bound is sharp. 

Proof: The proof follows from the definition of nc
–1 (G). 

The paths P2n, n 1 and cycles C2n, n 2 achieve this bound. 

We obtain a relation between (G) and nc (G). 
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Theorem 6. For any connected graph G with a nt
–1-set, 

     (G) nc
–1 (G)  p … (2) 

and this bound is sharp. 

 Proof: By definition, (G) nc(G). By Theorem 5, nc (G) nc
–1 (G) p. Thus (2) holds. 

The path P4 and the path C4 achieve this bound. 

Proposition 7. If a nc
–1-set exists in a graph G, then 

     (G) nc
–1 (G) 

and this bound is sharp. 

The path P4 and the cycle C4 achieve this bound. 

Theorem 8. For any connected graph G of order p3, with a nc-set and an endvertex, 

     s (G) nc (G) … (3) 

and this bound is sharp.  

Proof: By definition, (G) nc (G) and from Theorem C, (G) =s (G). Thus (3) holds. 

The path P4 achieves this bound. 

Corollary 9. For any tree T with p 3 vertices, 

     s (T) nc (T). 

Theorem 10. Let G be a connected graph with an endvertex. If a nc
–1 -set exists in G, then 

     s(G) nc
–1(G) 

and this bound is sharp. 

Proof : The inequality follows from Theorem 7 and Theorem 8.  

The path P4 achieves this bound. 

Corollary 11. For any tree T with p  3 with a nc
–1 - set, 

     s(T) nc
–1(T) 

and this bound is sharp. 

The path P4 achieves this bound. 

Now we obtain a relation between (G) and nc
–1(G). 

Theorem 12. If a nc
–1-set exists, then (G) nc

–1(G). 

Proof : The proof follows from Theorem D [5] and Theorem 10. 

The Kulli-Sigarkanti conjecture and the concept of the inverse domination number 
inspired Hedetniemi S.M., Hedetniemi S.T., Laskar, Markus and Slater [5] to introduce 
disjoint domination number and is studied, for example, in [4, 10, 15, 16]. 

The inverse neighborhood connected domination number inspired us to introduce the 
following concept. 

The disjoint neighborhood connected domination number ncnc(G) of a graph G is defined 
as follows: ncnc (G) = min{| D1 | + | D2 |; D1, D2 are disjoint neighborhood connected 
dominating sets of G}. We say that two disjoint neighborhood connected dominating sets, 
whose union has cardinality ncnc (G), is a ncnc -pair of G. 
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Note that not all graphs have disjoint neighborhood connected domination number. For 
example, the path P5 does not have two disjoint neighborhood connected dominating sets. 

Theorem 13. If a graph G has a nc
–1-set, then 

    2nc (G) ncnc (G)  nc (G)nc
–1 (G)  p. 

We say that a graph G is called ncnc-minimum if it has two disjoint nc-sets, that is    
ncnc (G) = 2nc (G). Similarly a graph G is called ncnc-maximum if ncnc (G) = p. 

The disjoint domination number (G) of a graph G is the minimum cardinality of the 
union of two disjoint dominating sets in G, [5]. 

When the disjoint neighborhood connected domination number exists, the following 
inequality holds. 

Proposition 14. For any connected graph G having two disjoint neighborhood connected 
dominating sets, 

     (G) ncnc (G). 

The cycle C4 and the path P4 achieve this bound. 

The exact values of ncnc(G) for some standard graphs are given below. 

Proposition 15. For any path P2n, n 1, 

     ncnc(P2n) = 2n. 

Proof : This follows from Theorem A and Proposition 1. 

Proposition 16. For any path P2n+2, n 1, 

     ncnc (P2n+2) = 2n + 2. 

Proof : This follows from Theorem B and Proposition 3. 

Proposition 17. If Cn is a cycle with n 3 and n = 3(mod 4), then 

     ncnc (Cn) = n –1. 

Proof : This follows from Theorem B and Proposition 2. 

The cycles Cn, n 3 and n = 3 (mod 4), the cycles C2n+2 n 1 and the paths P2n, n 1 are 
ncnc-minimum. 

The cycles C2n+2, n 1 and the paths P2n, n 1 are ncnc-maximum. 

The cycles C2n, n3 and n=3(mod 4) are ncnc-maximum. 

SOME OPEN PROBLEMS 

In this paper we have introduced a new type of inverse domination, namely, inverse 

neighborhood connected domination. Also we introduced disjoint neighborhood connected 
domination. Many questions are suggested by this research, among them are the following. 

Problem 1. Characterize graphs for which nc (G) =nc
–1 (G). 

Problem 2. Characterize graphs for which nc (G) +nc
–1 (G) = p. 

Problem 3. Characterize graphs for which (G) +nc
–1 (G) = p. 

Problem 4. Characterize graphs for which (G) =nc
–1 (G). 
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Problem 5. Characterize graphs for which (G) =ncnc (G). 

Problem 6. Characterize the class of ncnc-minimum graphs. 

Problem 7. Characterize the class of ncnc-maximum graphs. 
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