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This paper is motivated from some recent papers on
impulsive fractional differential equation. In this paper an
antiperiodic boundary value problem for an impulsive
fractional differential equation of order g € (1, 2) is studied.
We develop an effective way to find solution of such type
of problems. A special hybrid singular type Grownwell
inequality is established to obtain prior bounds of the
solution. The sufficient conditions for existence of the
solutions are established by applying fixed point methods
under the mixed nonlinear D-contraction condition,
comparison condition, sublinear growth condition for
nonlinear term. Examples are given to illustrate the results.
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InTRODUCTION

n recent years the subject of fractional calculus gained much momentum and attracted
many researchers and mathematicians. Considerable interest in field of fractional calculus has
been developed by the applications to different areas of applied science and engineering like
physics, biophysics, aerodynamics, control theory, viscoelasticity, capacitor theory, electrical
circuit, description of memory and hereditary properties etc. Remarkable monographs are
available which provide the main theoretical tools for the qualitative analysis of fractional
differential equations, see [1]-[7]. Meanwhile many evolution processes are subject to short
term perturbations whose duration is negligible in comparison with the duration of processes,
that is in form of impulses. A strong motivation for studying impulsive fractional differential
equations comes from the fact they have been proved to be valuable tool in a number of fields
such as physics, geophysics, regular variation in thermodynamics, electrical circuits etc.
For more details one can see the monographs and research papers and references therein, see

[8]-[21].
In order to describe mass-spring-damper system subject to abrupt changes as well as other

phenomena such as earthquake, it is natural to use impulsive fractional differential systems to
describe such problems. Li, Chen, Li [20] studied generalized antiperiodic boundary value
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problem of impulsive fractional differential equations. Motivated by their work and mass-
spring-damper system in [22, 23], we will study the following antiperiodic boundary value
problems for impulsive fractional differential equation.

‘Dlu(ty= f(t,u@®), teJ =J\{t, ty, ... t,,}, J =[0, 1],
Au(ty) =1, Mu'(t)=Jx, k=12, ..m. (LD
3u(0) =—u(l), 3u'(0)=—-u"(1).

where “Dj/ denotes the Caputo's fractional derivative of order g e (1, 2) with lower limit
zero. f:JxR— R is jointly continuous, /,, J, € Rand #, satisfy 0 = 1) <f; <t, <..<t,

<ty =1, Au(ty)=u()—u(ty) with u(t;)zlim8_>0+u(tk +€) and u(f)=lim

u(t; +¢) represent the right and left limits of u(¢) at £ =1¢,.

The first purpose of this paper is to find a natural formula of solution for the problem
(1.1). A better definition of the solution for impulsive fractional differential equation is
introduced. The second purpose is to establish a sufficient condition for existence of solution
under the mixed nonlinear 'D-contraction condition, comparison condition, sublinear growth
condition and nonlinear growth condition via different fixed point methods. Meanwhile we
emphasize that a new special hybrid singular type Gronwell inequality is given to obtain a
prior bounds of the solutions.

M ATHEMATICAL PRELIMINARIES

n this section we introduce notations, definitions and preliminary facts. Throughout this
paper, let C (J, R) be the Banach space of all continuous functions from J into R with the norm
||u ||c =sup{| u(t)|:te J} for ueC(J,R). We also define PC (J, R) ={u:J > R :u

e(ty, try1)- R}, k=0, 1, .. m and there exist u(t,:“) and u(ty), k=1, 2, ... m with

u (t; ) = u(t; ) with the norm || u ||pc =sup {| u(t) | :t € J}. For measurable functions / : J/ — R,
c 1/

define the norm || / ”L“ R (L |l(t)| dt)'°®, 1<c <. We denote L°(J, R) the Banach

space of all Lebesgue measurable functions / with || / || o <.

Let us recall some more definitions of fractional calculus. For more details see [2].

Definition 2.1. The fractional integral of order 7 with the lower limit zero for a function
f:[0, ©) > R is defined as

L ot f(s)
I'f (1) = o jo —— ds, t >0,

provided that right is point-wise defined on [0, ), where I' (.) is the gamma function.

Definition 2.2. (See [2]). The Riemann-Liouville derivative of order y with the lower

limit zero for a function f: [0, o) &> R can be written as
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r d" jf f(s)

Lpy -
f@)=
' C(n—y)dt" di"*° (t—s)y+1_”

ds, t>0,n—-1<y<n.

Next we introduce the Caputo fractional derivative.
Definition 2.3. (See [2]). Caputo fractional derivative of order y for a function
f:[0, ©) —> R is defined as

n—1
DY f 1) :LD;/f(t){f(t)— > f(k)(O)}, t>0,n—1<y<n.
k=0

Lemma 2.4. (See [27]). For q > 0 the general solution of fractional differential equation
“Dlu(t)=0 is given by

u(t) =y +oyf + ot +.tc, 1"

where ¢;eR, i=0,1,2,...,n—1, (n=-[-q]) and [¢] denotes the integer part of real
number g > 0.
Remark 2.5. In view of Lemma 2.4, it follows that
19EDIu(t) =u(t)+co+cyt + oyt +...4cp "
where ¢; eR, i=0,1,2,..,n-1, (n=—-[-q])

Definition 2.6. (See [29]). Let X be a infinite dimensional Banach space with the norm
|l.Il. A mapping T : X — X s called D-Lipshitzian if there exists a continuous non-decreasing

function ¢y : R* — R™ satisfying
| Te=Ty [ < or(lx-»D

for all x, y € X with ¢7(0) = 0. Sometime we call the function ¢, a D-function of 7 on X. If
¢7(r)=or for some constant oo > 0 then 7 is called a Lipschitzian with a Lipschitz constant

o and further if a < 1, then 7T is called a contraction with the contraction constant a. Again
if ¢y satisfies ¢7(r) <r, r >0 then T'is called a nonlinear D-contraction on X.

Remark 2.7. It is clear that every D-contraction implies nonlinear contraction and
nonlinear contraction implies D-Lipschitzian but the reverse implication may not hold.

Now following generalized Gronwell inequality which is introduced by Wang et al. [25]
can be used in the fractional differential equation with initial condition.

Lemma 2.8. (Lemma 2, [25]). Lety € C(J, R) is satisfying following inequality
t by 1 A
y(t)Sc1+C2I0 |y(5)| 1d5+c3I0 |y(5)| 2ds,ted

where Ay € [0, 1], Ay € [0, 1], ¢, ¢5, c3 20 are contants. Then there exists a constant M*
> 0 such that

|y <M

Using Lemma 2.8, we can obtain a new special hybrid singular type Gronwell inequality.
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Lemma 2.9. Let y € C(J, R) is satisfying following inequality
! -1 i 1 -1 i
yO<erof, (=9 Iyl dsre] =97y ds

+c4j01 =512 |p(s)* ds ... (2.1)

1
where ¢ € (1, 2), A €|:0, l—lj for some 1< p <2—, ), ¢, €3, ¢4 = 0are contants. Then
—-q

p
there exists a constant M* > 0 such that
|y < M
Proof. Let

L yols,
(t)‘{y(t) ly0)|>1.

It follows from condition (2.1) and Holder's inequality that

O[> @+ Drerf @7 x@ [ dsres [ -9 ()] ds

+ey _.-01 (1-s5)772 | x(s) |7L ds

1 w2
<(gq+D)+c (Iot ([—S)p(f]—l)ds)v (J‘Ot |x(S)|p—1 dsj v
1 e w
+c3(j0 (1—s)P(‘1*1>ds)P (jo’ | x(s) [P~ dsj
1 o N
+ey (jot (l—s)p(q_2)ds)p Uot | x(s)| P! dsj
1 - t 2o 1 - t i
P — p _
@t St by oo S g ol e

By lemma 2.8 one can complete the rest proof immediately.
Now we collect PC-type Arzela-Ascoli theorem.

Theorem 2.10. See (Theorem 2.1 [26]). Let X be a Banach space and W < PC (J, X).
If the following conditions are satisfied

(1) Wis uniformly bounded subset of PC (J, X);
(2) Wis equicontinuous in (t;, t;,41), k=0,1, 2 ..., m, where ty =0and t, =1,

B) W)= {u@)y:ueW, teJ\{t, ty, .ot} }, W) ={u@t)): ueW) and

W(t,)={u(ty):ueW} arerelatively compact sets of X.
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Then W is a relatively compact subset of PC (J, X).

NATURAL SOLUTION

n this section we derive a natural formula of the solution to the impulsive fractional
differential equation of order g € (1.2).

Lemma 3.1. 4 function u is given by

FLq-[Ot (t—s)q_lh(s)a’s_L.[O1 (l—s)q_lh(s)ds—ﬂj‘l (1= )42 h(s) ds

16T (¢ —1) %0
116 | i34 -1)]- Z;’; I;, for t €[0, #)
"0 ij’ (t—s)q*lh(s)als—Lj1 -5 h(s)ds— il j (1-5)7"2 h(s)ds
VR 0 16F( —1)J0
116 S BHAC-1)]- zi’il LAY LAY Ji-)
forte(tk, el k=12, ...,
GA))

is the unique solution of following impulsive problem
‘Dlu()y=h(), e, qe(l,2),
Au(t ) =1, Au'(t)=Jg, k=1,2,.., m. ...(32)
3u(0)=—u(l), 3u'"(0)=—-u"(1), a=b>0.

where h : J — R is continuous.

Proof. A general solution u of the 1st equation of (3.2) on each interval (¢ ) (k=0,
1, ..., m) is given by

u(t) = r()j (t =) h(s)ds —c, —dyt, for te(ty, ty) .. (33)

where ¢, =0and ¢,,, =1, then we have

WOR= ! — T2 h(s)ds—d,, for t € (ty 1),

Applying the condition (3.2) we can find that

1 1 1
F_q.[o A=)T" h(s)ds—3¢g—c,, —d,, =0 (4

(_l)j (1-5)17h(s)ds =39 —d,, =0 .. (3.5)

Next, using the right impulsive condition of (3.2), we derive
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Ck—l_ck :[k_‘]ktk (36)
dy_—dy, =J; .37
Applying (3.5) and (3.7), we obtain
1 -2
dy=———[ (1=5)T2h(s)ds+= J, ...(3.8)
4T (q —1)J IZ;
d —;jl (- 2h(s)ds >, (3.9)
" 4r(g-1 =1 o
So by (3.7) we obtain
k
dy =dy—-). J; ... (3.10)

i=1

j (1= )72 h(s)ds + Z Ji Z Ji

4F( _1) z 1 i=1

Applying (3.4), (3.6) and (3.9), we derive

ﬁjol A=) h(s)ds— j (-5)1"2 h(s)ds

16F(

im Ji+— Z(I ~Jit;) ... (3.11)
16 = 45

So by (3.6) we obtain

k
Ck =€ —Z ;= Jity)

i=1

1 m k

Lt gy I q-2 2 L
_4qu0 (1-5)7" h(s)ds 16r(q—1)j0( )12 h(s)ds + 6ZJ 421 21

1 m k
_ZZ Jiti +Y. Jity ... (3.12)
i= i=1
Hence for k=1, 2 ... m, (3.10) and (3.12) imply

I )
ck+dkt=ﬁjol (A=) h(s)ds + §)I- 2h(s)ds+—z T3 +4(t-1)]

(4
16T'(q 1)I a-

T M§

k m
_Z Ii_z J; (t—1t;). ...(3.13)
i=1 i=1

Now it is clear that (3.8), (3.1 1) and (3.13) imply (3.1).

WL
4
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MaAIN RESULTS

Ehis section deals with existence and uniqueness of solutions for the problem (1.1).

Definition 4.1. A function u € PC (J, R) is said to be a solution of the problem (1.1) if
u ()= u(t) fort €(ty, t,;) and wy, € C([0, t;,],R) satisfies Dfu; (1) = f (¢, u, (2)) a.e.
on (0,,,) with the restriction of u;_ () on [0, #;;] is just u;(#) and the condition
Au(ty)=Jy, Mu'(t) =1, k=1,2, ... m with 3u (0) =—u (1) and 3u'(0) = —u'(1).

Before stating and proving the main result we introduce following hypotheses

(H1) :f:f*x R — R is jointly continuous.

(H2) : f satisfies nonlinear D-contraction on the second variable i.e. there exists a
continuous nondecreasing function ¢: R* — R™ such that

| f(t,u)—f(t,v)|<d(u—v|) with $(0)=0 and ¢(r) <r.
Now we are ready to state our first result in this paper.
Theorem 4.2. Assume that (H1) with ¢(0)=0 and (H2) hold if

20+3q

=1 < @1
160 (g +1)
then the problem (1.1) has a unique solution on J.
Proof. Setting supt€f|f(t, 0)| =M and B, ={ue PC(J, R):||u||PC < R}, where
2043 23 LS _
>16F(q+l)M+l6 =l |J’|+42i=1 4]
- _ 20+3¢q
16T (g +1)
Define an operator F': B, - PC(J, R) by
T )j -1 f (s, u(s))ds—4r( )j (1-5)T7" f (s,u(s)) ds
1) q-2 L _ l L
16F( 1)_f (A=)"7 1 (s, u(s))d Z Ji[B+4(t-1)]- 42
fort [0, 1)
(Fu)(t) = T )j (t—s)1~ 1f(su(s))ds—4 e )j A=) £ (s, u(s))ds ..(42)

1)j A=5)772 (s, u(s))ds——62 JiB+4(t—1,)]- Z

16F( 4T

+Z Ii+z Ji(t—1),
i=1 i=1
for t € (tk, tk+1)’

k=12,..,m
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Clearly F is well defined
Step 1. We show that FB, — B,., in fact, for u € B,, t € J', we have

[(Fu)(r)]<—j (=) £ G, u (@D |ds+——— [ =517 | £ (su(s)]ds

4r( )70
(4=

o [, (l—s)q_2|f(s,u(s))|ds+—z | ;|3 +4( -]+ Z 1]

zl zl

m k
+2 4+ 2 |l
i=1 i=1

=) (s, u(s)=f (s, 0)|ds+ j (t—s)"7| £ (s, 0)|ds

1“()'[ ['(g)-0

(A=) £ (s, u(s)= £ (5,0 ds + jol (1= f (s, 0)|ds

1
4r( )j 4I'(q)

16r( j A=9T2| / (s, u(s) ~ f (5,0)]ds

_s)12 ,
16r< j (1=9)2] 1 Gs, 0)|ds+6§|J|+4§|11|

20+3¢g 20+3¢q
T 16I(g-1) +16F(q+1) 162 il IZ; 14
<r.

Step 2. We show that F is a contraction mapping. For u, ve B, and for each € J', we
get

| (Fu) (0= (F) ()| S$j0’ (=) f (s, u(s))— £ (s, v(s)) |ds

4F( )I (1-9)7" 1|f(s u(s))—f(s, V(S))|ds
(4¢ -2
+‘16r( =) f (s, u ()= f (5, v(s5)) | ds
20+3¢g
T16I(g+1) Torcgepl“ " lec:

Thus F'is a contraction mapping on B, due to condition (4.1).

By applying the well known Banach"s fixed point theorem we know thwt the operator F
has a unique fixed point on B,.. therefore the problem (1.1) has a unique solution.

Our next result is based on the following well known Kransnoseelkii fixed point theorem.
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Theorem 4.3. Let M be a closed convex and nonempty subset of a Banach space X. Let P,
Q be two operators such that

(1) Px + Qy € M wheneverx,y € M.

(2) P is compact and continuous.

(3) Q is contraction mapping.

Then there exists @ z € M. such that z = Pz + Qz.

We introduce a comparison condition for nonlinear term

(H3) : There exists a p € (0, ¢ — 1) and a real function ueLl/p(J, R*) such that
|f(t, u)|£u(t), forallt € Jand u € R.

Now we are ready to state and prove the following existence result.

Theorem 4.4. Assume (H1) and (H3) hold. Then the problem (1.1) has at least one
solution on J.

Proof. Let us fix

5 (1-pY 7 3 -p 7
rSIIMIILl/pLF()(q pj 16F(q—1)(61—P_J }
Z il Z 1],

and consider B, ={u e Pc(J.R): || u ”PC <r}.We define the operators P and Q on B, as

(Pu)(t)-—f (=5 f () ds——— l(q) [ 0o s, utss
(41 1) ,
16T (g 1).[ (1=9)T7 f(s,u(s))ds

(Qu)(t)———z J:[3+4(- t)]——z I; Z I; +Z J: (t—t).

i=1 i=1

Forany u,v € B, and ¢ € J we find that

| Pu+ v j (t—5)7" n(s)ds +—— j (A=) p(s)ds

1
"PC S 1—*( ) 41—*( )

—5)4! =
16F( _1)"- (t-ys) u(s)ds—i— Z |J|+ Z |1|

1-p =p
5 (1-p 3 I=p
<[l {—mq)[q_p] +16F(q—1)[61—17_1] }

23 5
+—62 |Ji|+zz | 73]
i=1

i=1
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Thus Pu+Qve B,, it is obviously O is a contraction with constant zero. On the other

hand the continuity of f implies that the operator P is continuous. Also P is uniformly
bounded on B,.. Since

1-p\? 1 1-p }7°
[P llpe <Nl + {4F()(q p) 4F(q—1)(q—p—1) }

ZIJI+ ZIII

<r
Now we need to prove compactness of operator P. Letting Q=JxB,, we can define

SUP(1, u)eQ | f@, u)| = fmax and consequently for any ¢, <71 <71, <#;,; we have

| (Pu)(t5) = (Pu) (1))

:‘ﬁ 2 (=) f (s, u(s))ds—r( )j (v =) £ (s, u(s))ds
+ﬁ<rz —)f| (=972 £ (s, u(s)ds
‘r() [(v2 =)"™ = (v =)7'1f (5, u(s)ds)
+$ 2 (-7 7 (s, u(s)ds|+| & 4r( j (1-5)772 £ (s, u(s))ds
<

s [ ey =)0 = (1 —9)"” 1]ds+fmanT (tg — )1 ds 4 ——Jmax

~T(g) 70 I'(g) °* 4r(g) (2 —1)
Smax _\g q(tp — Tl):‘
= r(q+l)[ (12 —11) +(T2 ) 4

which tends to zero as 1, — 7;. This yields that P is equicontinuous on interval (z, #;;]. So

p is relatively compact on B,..

By PC-type Arzela-Ascoli theorem (see theorem (2.10)). P is compact on B,. Thus all

the assumptions of theorem (4.4) implies that problem (1.1) has at least one solution on J. The
proof is completed.

The third result is based on the following Schaefer's fixed point theorem.

Theorem 4.5. Let X be a Banach space and F : X — X be a completely continuous
operator. If the set E (F) = {y e X : y=MAFy for some \€|0, 1]}, is bounded then F has at
least a fixed point.

We introduce the following sublinear growth condition for nonlinear term.
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(H3') : There exist constant L > 0 and o € [0, —lj forsomep (q—2)+1>0withp >
p

1. such that | f (t, u)SL(1+| u|6)‘ foreach teJ andallu € R.

Theorem 4.6. Assume that (H1) and (H3') hold. Then the problem (1.1) has at least one
solution.

Proof. Consider the operator F': PC (J, R) — PC (J, R) defined as (4.2). For the sake of
convenience we subdivide the proof into several steps.

Step 1. F is continuous. Let {u,}be a sequence such that u, —u in PC (J, R) then for
each t € Jwe have

[(Fuy ) (0) — (Fu 1) < %q) [ =97 £ sy (5 £ ()| s

4r( o [ A= £ (5w ()~ f (su(s)) | ds

16(1?( =S| £ (5.t ()= S (su(s) | ds
20+3q
“Terqpl/ 1= Cu e

Due to (H1), f'is jointly continuous, then we have || Fu, —Fu ||PC —0 as n—> o,
Step 2. F maps bounded sets into bounded sets in PC (J, R). Indeed, it is enough to show
that for any n > 0 there exists a /> 0 such that for each u € B, ={u e PC(J, R):|| u "PC <n,

we have || Fu "PC <l

For each t € J, we get

|Fu(t)|S%q)J'of (;—s)4—1|f(s,u(s))|ds+4rl(q)'|'01 (l_s)q_1|f(S,u(S))|ds
(4-1 |1 _ 1 &
Tor-p |l A" 2|f(s,u(s))|ds+gi§ | 1|+ 4 —1)
A5 (a2 s
20+3q 23 n .
“terg-n" " )+ Z [Jil+ ; |4
which implies that

IFilye < grects 0453 [41+35 1411
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Step 3. F maps bounded sets into equicontinuous sets of PC (J, R) for interval
[0,4], 0<s <85, <f,uehB,, using (H3"), we have

|(Fu) (s5) = (Fu) (s))] < 1 sy —s)T = (51 =)77| £ (s, u(s))| ds

F()

r( 1t 2 (53 =) S (s, u(s))|ds

(s2-51) 1 B o
+W_11))J.0 A=)772| f(s, u(s)) ds+Ei§‘ Ji[7 (55 —5)]

L(l s _ _
_%jo‘ [(s ~ 97 (s, ) 1ds

L 1 s L
(F( ) J.Ol —s)47lds +—E‘ “‘(ﬂ) ) —sl)+ z Ji(sy —

L(-n° LA 23 &
S—l_((qfl))((sg—sl)q+2(sz—51)q) J{E‘Tn)) 162 JJ(SI_SI)

As s, — s, the right hand side of the above inequality tends to zero, therefore F is
equicontinuous on interval [0, #]. In general, for the time interval (¢;,t;,;), we similarly
obtain the following inequality

[CFu(sy)— (Fuy )| < L(””)) (4 = 5)? +2(s3 = 57)%)
L 23 &
+[% 162 J](s2—s1)—>0 as S, — ).

This yields that F is equicontinuous on the interval (f, #;_;]. As a consequence of step
1- 3 together with PC-type Arzela-Ascoli theorem (theorem (2.10)) in case of X = R, we can
conclude that B, — B, is continuous and completely continuous.

Step 4. A priori bounds.
Now it remains to show that the set £ (F) = {u € PC (J, R) : u = AFu, for some
A €(0, 1)} is bounded. Let u € E (F), then u = AFu for some A e (0, 1). Without the loss of

generality for some time interval ¢ € (¢, f; 1],

|u(t)|3r(1 )j (t=)7 £ (s, u(s))|ds+ j —$)?7 f (s,u(s))|ds

4F( )70

(-1

q-2 o . _t
oG- )72 £ (s,u(s))|ds + 62 | ;| [3+4@—1)|

i=1

k
7 Z ISV SERAye

i=1 i=1
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T )j =) u (s ds+4r( )j A=) u(s) [ ds
3L o L0439 L 238
Tler(q- )I (=[N ds+ e ez il Z il

l 1

by lemma (2.9), there exists a M Z >0 such that
lu@)| <My,  te(y, iy

Set Mk = max {Mk} thus for every ¢ € J, |u ) | <M" which yields that || u "PC <M.

1<k<m
This shows that £ (F) is bounded.

As the consequence of Schaefer's fixed point theorem, we deduce that F has a fixed point
which is a solution of the problem (1.1). The proof is completed.

ExampLES

En this section we give some illustrations to prove usefulness of main result.

Example 5.1. Let us consider the first impulsive anti-periodic problem.

D 2uty=1, te [0,1]\{%}

_1 (L)1
Au(gj—g, Au (3}2, .. (5.1)
3u(0) = —u(l), 3u'(0) = —u’ ().

Set f(¢, u) = ¢, (¢, u) € [0, 1] x R. Obviously f'is a nonlinear D-contraction on u. One can
arrive at following inequality

5
20+3()
20+3g _ 2) £ 0.51717379 < 1.
16T(g+1) 161"(7)
2

Thus the assumptions in Theorem (4.2) are satisfied. Hence the problem (5.1) has at
least one solution on [0, 1],

Example 5.2. Let us consider the second impulsive anti-periodic problem.

t
CDE%(;):%, ze[o,l]\{l}
t+1)" (L+|u () 5

1 1
Au(;j:h, Au’(gjzll, (52)

3u(0) =—u(l), 3u’ (0)=—u'(1).
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{
Set  f(t,u)= %, (t,u)e[0,1]xRT and r€[0,1].  Obviously,
(t+1)° (L+[u ()
e 3 1 e 4 +
| £t u)|< 5 Denote g ==, p=—, and p(1)= 5 €L([0,1], R"). Thus all the
(t+1) 2 4 (1+1)

assumptions of Theorem (4.4) are satisfied. Hence the problem (5.2) has at least one solution
on [0, 1].

Example 5.3. Let us consider the third impulsive anti-periodic problem.

1/5
D32 (1) = [« , te[o,l]\{l}
(1+e") (A+|u () 3

1 (1
Au(gjzll, Au (Eszl, (53)

3u(0) = —u(l), 3u' (0) = —u' ().

|u(t)1/5|
(1+e) A+|u ()

Set f(t,u)= , (t, u) €[0, 1]xR*

and tel0,1], |f(t, u)|3%(1+|”|1/5)-

Thus all the assumptions of Theorem (4.6) are satisfied. Hence the problem (5.3) has at
least one solution on [0.1].

A large number of fractional models on theoretical physics have been reported by Tarasov
[28]. In order to show that our theory results can be applied to solve some physical models, we
turn to consider the following generalized impulsive spring-pot model with anti-periodic
boundary value conditions.

D3 Su(t)=—v(t)+5 (1), te[O,l]\{%}
A(fj_ [!]+, Ar[rj_ (1‘]+J Iy >0 54
v 5 =0 > 15 1 5 =0 > 1» 11, Y1 ( )
v(0)=—v(l), ' (0)=—v'(1).

where ois stress, vis strain, 5 is possible impulsive perturbed time, and 7, J; are

impulsive perturbed constants. Similar to discussion in example (5.1), the results in above
section can be used to solve the model (5.2).

ConcLusion

n anti-periodic boundary value problem for impulsive fractional differential equations
involving Caputo fractional derivative has been studied. A better formula and definition of
solutions for such problem is introduced. Many existence theorem of solutions are presented
under some general and different mixed conditions such as nonlinear D-contraction condition,
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comparison condition, sublinear growth condition via hybrid singular type Gronwell
inequality and fixed point technique.
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