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The paper intends to find a series solution in an ecological
Ammensalism. The Ammensalism species is restricted to
have limited resources. The model equations are
constructed by a pair of non linear first order differential
equations. Homotopy perturbation method is employed for
evaluating series solution.
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InTRODUCTION

Ebbasbandy, S. [1] utilized this perturbation technique and invented some innovative

results in the concept of asymptotic techniques. Later Liao [5-8] modified Homotopy
Perturbation Method (HPM) in 1992. Some other methods with independent physical
parameters were developed by eminent Mathematicians [2, 4]. In the recent years, the HPM
methodology has been utilized in the field of Engineering and Modern Sciences [3, 9].

BAS]C IDEA OF HOMOTOPY PERTURBATION METHOD

gtep (1) : Let us consider nonlinear differential equation:
Aw)—f(r)=0, reQ .. (D
With the the boundary condition
B(u, a—”jzo, rel’
0

n

where 4 is a general differential operator, B a boundary operator, f (r) is a known analytic

. . . 0 . oy
function, T is the boundary of the domain and — denotes differentiation along the normal
n

drawn outwards from Q.

Step (2): In general the operator A4, is divided into two parts : a linear part L and a
nonlinear part N. Therefore above differential equation (I) is expressed in the form of
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L(u)—N(u)—f(r):O ... (1D

Step (3) : With the help of Homotopy Perturbation Method (HPM), one can constitute
a homotopy v(r, p):Qx[0, 1]— R which satisfies

H(v, p)=(1-p)[L(v)-L(ug) ]+ p[4(v)- £ (r)]=0., pe[0,1], reQ .. (1)
It is nothing but
H(v, p):L(v)—L(uO)+pL(u0)+p[A(v)—f(r)} =0 .. (IV)

where p € [O, 1] is named as an embedding parameter, and uis an initial approximation of
equation (1), which satisfies the boundary conditions.
Step (4): Then equations (I1I), (IV) follow that

H(v,0)=L(v)—L(uy)=0
and H(v, 1):A(v)—f(r):0

Thus the changing process of P from zero to unity is just that of v(r, p) from u, (r) to
u(r).

Step (5): According to the HPM, we can first use the imbedding parameter p as a ‘small
parameter’ and assume that the solutions of the equations (III) and (IV) can be written as a
power series in p :

_ 2 3 4
V=V +pV P VPV D VAo
The approximate solution of equation (I) can be obtained as

u= Lt v=vyy+v+vy+v3+y+——————————
p—l

NOTAT[ONS ADOPTED

N; (¢) : The population rate of the species S; at time ¢

N, (¢) : The population rate of the species S, at time ¢

a; : The natural growth rate of S;, i = 1, 2.

a;; : The rate of decrease of S;; due to its own insufficient resources, /=1, 2.
ap;  : The inhibition coefficient of S; due to S, i.e. the Commensal coefficient.

The state variables N, and N, as well as the model parameters a,, a,, a1, axn, K, Kp, o, hy,
h, are assumed to be non-negative constants.

BASlC EQUATIONS

W = aNy — a1 Nf — a;,N; N, - (D)

W = azNZ - a22N22 Wt hl ni tla(bndl ti OINI(O) =C ansz(O) = C12 e (2)
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The following system can be constructed by the concept of homotopy as follows

vy = Nig + p(N{o — a1v; + @y, v — ag,v1v,) =0 - (3)
v = N3o + D(N3p — @z, + a5,v3) = 0 - (4)

The initial approximations are considered as
v1,0(t) = Nyo(©) = v,(0) = ¢4 . (5)
V3,0(t) = Nyo(t) = v2(0) = ¢, . (6)
and v; (t) = v10(t) + pvy,1(t) + p?v1, () + PPvy3(0) + p*vya (@) + pPvis(®) + - .(7)
Uy (1) = 150(8) + Py 1 (t) + P20 (8) + D30y 5(E) + vy a(t) +pPvps(t) + - L..(8)

where v; ;(i = 1,2,] = 1,2,3 ...) are to be computed by substituting (5), (6), (7), (8) in (3), (4)
We get
vi,0(0) + pvii(0) +p?vi2(0) + PPy 3(8) +p w14 (O + pv s (0 + -+ — Nip +
PIN{p — a3 (V1,0(t) + pvy 1 () + p*v1 2 () + P31 3(0) + p*vy () + vy 5(E) + )
+a11(v1,0(8) + P11 () + P21 (1) + P31 3(8) + p*vra(t) + PO v15(8) + -+ ) (W1,0(0)
+pv1(8) + p?v1(8) + pPvy5(6) + () + P 5(E) + o + Ay (Vo (8) + poy,i(8)
+ P21, () + P31 3(6) + p*v1a(®) + PPy s (E) + ) (W0(8) + pro(E) + PPy ,(t)
+p305,5(8) + 24 () + P v5(0) + )] = 0 -9
From equation (4)
V3,0(t) + pv31(8) + p?v3, () + pPv35(8) + Pty 4(t) + Pv5(t) + - = Nyo
+P[N3g = @z (V3,0 (t) + P (£) + P04, () + PPvy5(0) + p*vy4(8) + v 5(E) + -
+055(V2,0(t) + 21 (8) + P23 () + PPv3(E) + PH4(8) + povy () + )
(V2,0(8) + P2, (0) + pzvz,z(t) + p3172,3(t) + p4172,4(t) + p5v2,5(t) +-)]1=0 ... (10)
From (9),
0 +pv 1 (6) + i, (0) + PPvi3(8) + p*v14(t) + vy () + - — 0
+p[0 — ayv;,4(t) — a1pvy 1 (t) — a1p?v,,(t) — a1p*vy3(t) — ayp*vy4(E) — a1p®vy5(t)
- tan Vlz,o () + a11pv1,0(O)vy,1(O) + a11p2V1,o (Ovy2(0) + a11p3v1'0(t)v1'3 ®)
+ a1 p* o) V14 () + -+ aypv1 OV (E) + ayp?vi () + ay vy (v ()
+ a1 p* v (OV13(8) + @ p°vy ()Vy4(8) + -+ @y p?vy o (D) v, (E)
+ a1 v 1 (V12 (8) + ay p*vi, (8) + ay P vy, (v, 5(8) + -+ ay P> vy o (v 5(E)
+ a11p4v1,1(t)v1,3 )+ a11p5V1,2 Ovy3) + - + a11p4v1'0(t)v1'4(t)
+ a1 p°v1 1 (O)V14(t) + 0 + @ p° vy o (Ov,5(E) +  + agp vy 9(E)v20(E)
+a12pV1,0(O) V21 () + a2p?01 0 (V2 (1) + a1 V10 (E)V5(E)
+a,p*vio (O v24(t). . . +a12 P11 (O V20 (2) + a12p2171,1(t)172,1(t)
+a12p3v1_1 (Dv,2(t) + a12p4171,1(t)172,3 ©). ..+ a12P2V2,0 (Ovy2(0) + a12p3171,2 (O)v,,1 (1)
1,001, (O)V22(E) .+ a1P% 01 3() V20 () + a12p V1 3OV, (0. ...
+a1,p 01 4 (B)Vy0(t) ...] =0 .. (11)
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From (10),
0+ pvj () + p?v3,,(0) + P*v33(8) + P v54(0) + Pov35(0) + - = 0+ P[0 — azvy,0(0)
—a;pv,4(t) — azpzvz,z ®) - a2p3v2_3 ®) - a2p4v2_4(t) - azpsvz,s () = +ax U%,o(t)
022020 () V2,1 (8) + QoD% V2,0(E)V22() + A2z V0 () V25(8) + QoD 20 (O)V4(E) + -+
+azz PV2,1(E)V20(t) + Azap? V51 (8) + a2’ V2,1 (D22 (1) + Azap*v21 (£)v23(8)
+a22p5172,1(t)172,4(t) + azzpzvz,o (Dv,2(t) + a22p3172,2 (Dv,1(2) + a22p4v§,2 ®)
+a550° V22 ()5 3(E) + -+ + QP V20()V23(1) + Agap* V21 ()V23(1) + Az
Psvz,z (Dvy3() + -+ + a22p4v2,0(t)v2_4(t) + a22p5v2_1 (Ova4(t) + -
+a320°V2,0 (Vo 5(t) + 1 =0 - (12)
Now comparing the coefficient of various powers of p in (11) and (12),we obtain
The coefficient of P' :
V11 () — a1v1,0(8) + a11vE0() + @151 0(E)V20(t) = 0
V51(t) = ap050(t) + ap,v35,(t) = 0
The coefficient of P’
V12() — ayv11 () + ay1v1,0(O)v1,1(8) + a1101 (O V11(0) + A1201,0(O)v21(0)
+a1,01 1 (O)V2,0(t) =0
V32(8) — az0,1(8) + Ag205,0 (D) V2,1 () + g2, (0)v21(E) =0
The coefficient of P’
V13(t) — @101 2(t) + ag101,0(O)v(8) + ag 07, (8) + agqv0(O)vy,(E) +
A12V1,0(O)V2,2(6) = @121, (D)2, () + a12050(E)v12(£) =0
V5,3(t) = ap055(t) + App050 ()52 (8) + az203 1 () + Agav7 0 () V5,(t) = 0
The coefficient of P*:
V1,4(0) — a1v13(6) + a1101,0(O)v13(8) + a1101 1 (OV12(8) + @111, (v 2(6)
+ a11v10(O)v13(6) + a12010(OV23() + 12011 (O)V22(1) + ay202,1 () v4,2(8)
+ a12020(Ov13(t) = 0
V34(8) — az023(8) + Aga05,0(D)V2,3(8) + Aga5,1 (£)V2(E) + ag25,1 (E)v22(0)
+a2202,0(O)v23(t) =0
Now v1(0) = ¢, v,(0) = ¢,
t t ¢

vi,(t) = ay f vyo(t)dt —ayq f vio(®)dt — ay, f V108 V3,0 (t)dt
0 0 0
= Clalt - allcft + a12C1C2t
v11(8) = (a1 — ay1¢1 — ag263)cqt

t t

V1 (t) = a, f vy0(t)dt — ay, f v3o(t)dt = ayct — ay,cit
0 0



Acta Ciencia Indica, Vol. XLI M, No. 4 (2015) 299

v2,1(8) = (az — azcy)cyt

¢ ¢ ¢
v12(t) = a; f vy, (t)dt — 2a,4 f V10O vy (H)dt —ag, f V1,00V (D)dt
0 0 0
t
_a12IU1,1(t)V2,0(t)dt
0
2 £2

=a;(a; —a;16 — a12C2)C1? —2a1161(a; — 116 — A1263)0 o
2 £2
—a12¢1(az — Az2C2)C; ?_aucz(al — 116 — A1262)C
2
v12() = [(a1 — 2a1161 — a1262)(A1 — Q1161 — A1262)€1 — Q1261 (A — Az2C2)C] o
t t
vy2(t) = az f v,,1(t)dt — 2a,, f V5,00V, (D)dt

0 0
2

= [az(a; — a22€2)C; — 2a55¢,(a; — a26,)C5] 7
£2
V2,2 () = [(az — azzcz)(a; — 2a5,¢,)c;] 7

t t t t
vi3(t) = a; J- v12(t)dt — 2a4,1¢; f v12(0)dt —aqgy f vi,(O)dt — a6 J- vy, (t)dt
0 0 0 0

t t

—0Qq12C, f V1,2 (t)dt —ay, f V11 (t)Vz,l (t)dt
0 0

= (a1 — 2a41¢; — a126){(ag — 2a11¢1 — a1262)(A — @161 — A1262)Cq
3 3

—a15¢165(a; — azzcz)}g —ay;(ay — @116 = A126,) (A1 — A11¢; — Ag2C;) €f 3

t3 t3

—a¢{(a; — azcy)(a; — Zazzcz)cz}g = A126,(A; — A22€3) (A1 — Q1161 — A12C5) ¢ ?
v13(t) = [(aq — 2a11¢ — apc){(ar — 2a41¢1 — ag263)(ag — ag1¢1 — A1262)¢q

—Q12€162(az — A2,6)} + (ag — ag1¢1 — aq65)c1{2a55¢,(a; — azcy)

3
—2a11(ay — @116 — a426)¢1} — ag2¢16{(az — az¢) (A — 2a;,6,)}] 3
t t t
v,3(t) = a, J- vy, (t)dt — 2ay, f V200V (t)dt — ay, J- v3,(t)dt
0 0 0
3 ¢3

t
= (a; — 2a3;¢){(a; — axc)(a; — 2‘12252)52}? —az(a; — ‘12252)2022 3
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3
Uz,s(t) = [(az — az2cr)cr{(ay; — 2a35¢,)(a; — 2a5,¢;) — 2az,(a; — azzcz)cz}g

¢ ¢
v14(t) = (ay — 2a11¢1 — aq2C3) fv1_3 (®)dt — 2a,4 f vy, (v (8)dt
0 0
¢ ¢ ¢
_alzfvm(t)vz,z(f)dt_‘112fVl,z(t)vz,l(t)dt_‘11251_[172,3(0‘1’5
0 0 0

= [(ay — 2a31¢; — ay26){ (a1 — 2a41¢1 — c){ (a1 — 2a41¢; — a45C3)
(a1 — 1161 — a1263) € — A1261C2(Ay — Az265)} (A — A11€1 — Aq2C5)

c1{2a1,6,(a; — az2¢;) —2a41 (a1 — q1C1 — A1263)C1} — A6 C2{(az — az,C3)
4
(az — 2a35¢;)}] 24 2a11(ay — ag1¢ — a1262)¢1{(ag — 2a11¢1 — a1263)

4
(ay — ay161 — ag63)c1— a6 (az — azzcz)cz}% — ap61{(a; — 2a;5¢;)
4
[(az — azzc3)cr(ay — 2a55¢5)] — 2(a; — azpc3)ca5,(a, — azzcz)cz}ﬁ
4
=126, (ay — ay161 — A1265)[(@z — Az2¢2)C5(az — 2a2,65))] g

+a12(a; — az6)c[(ag — 2a11¢1 — a126;) (@ — @116 — A12C2) ¢
4

— 035016,(az — 2a3263)] g
vy,4(t) = {[(a1 — 2a31¢1 — ay562) (a1 — @111 — @1265)C1 + Q1261 62(z — A22C7))
[(a; — 2a11¢; — a1263)% — €16a11 (a1 — Ag1€1 — G1265)]
+(ay — 2a;1¢ — a126){2(a1 — a1 — a1261) ¢4 [ar265(az26; — az)
—a;1(a; — a1161 — @1265)¢1] — A12616,[(Az — 2a2565) (A2 — Az22)]}
+[(az — azpcz)cz(az — 2a5;5¢)]larz61(a; — 2a;5¢;) — 3ag,61(ay — ag161 — ag265)]

+(a; — azc)c{[(ag — agqic — a12C2)51[3a12 (2as1¢1 — a; — ag2¢;)]
+ (a; — azy6;)c;[3a%,c, + 2a22a1251]}ﬁ

t t t

v,4(t) = a, f v,3(0)dt — 2a,,0, f v,3(0)dt — 2a22f”2,1(f)172,2(t)dt

0 0 0
4

= (az — 2a3,¢;) (a; — azycy)c{(a; — 2a2262)2—2a22C2(a2 - azzcz)}ﬁ
4
—2a5;(a; — az,¢5)C2{(a; — az¢;)cz(a; — 2‘12252)}§
4
w04 () = (A — a65)00(a; — 2a5,6,){(a, — 20a7,C;)% — 8ay,¢,(a; — az,¢,)} 24

Up to the terms which contain maximum the power of four, we obtain
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4

M) = 1w (0) = ) 012(8) = 91,0(0) + 01,4 (8) + 112(6) + v15(0) + v1,4(6)
Ny (t) = },—i>1m72 ® = Z Vax(t) = V30(t) + 121 (1) + v22(t) + v53(t) + v24()
x=0

The solutions by Homotopy Perturbation Method are derived as
Ni(t) = ¢ + [(a; — aj1¢1 — agpc)e ]t
+2
+[(a; — 2a51¢1 — a126)(ag — A11¢1 — A1262)¢q — Aq261 (A, — A2,C5)C;] >
H(ay — 2a41¢1 — ag26)[(a — 2a51¢1 — a4262)(ag — Aq161 — A1262)¢q
—a15C162(ay — Az,6)] + (a; — ag1¢; — a4,C;)

c1[2a12¢5(az20; — ) — 2a11(ay — @116 — a1262)¢1] — agz¢4C;
3

t
[(a; — azzc)(a; — 2a5,¢,)] E + {[(a; — 2a41¢1 — a1263) (a1 — ag161 — A1262)¢4
—a42¢162(ay — az6)][(a — 2a4,¢; — a12C2)2 —6a;,¢,(a; — a6 — a4263)]
+(ay — 2a41¢ — a126){2(a; — ag1¢1 — a1263)C1aq2[aAzC, — ay)
—ay1(a; — a116 — agp63)c1] — agpci6a[(ay — azc)(a; — 2a;3,¢,)1}
+[(az — azacy)cy(a; — 2az;¢5)1[ar,¢1(2a5,¢; — az) — 3as,¢1(a; — ag1¢; — ag,65)]

+(az — azc)c{(ay — agi¢ — a1262)¢1[3(ay — 2a41¢1 — ag26)a4,]
4
+(ay = az,¢,)c, (305,61 + 205,01,¢1)} 22

2

t
o No(t) = ¢z + [(ay — azacy)cplt + [(ay — azacz)(ay; — 2a5,¢,)c,] >

3
+[(a; — azacy)cx{(ay — 2az,¢:)(ay — 2a,,¢,) — 2(az,¢,)(a; — azcy)}l E

4

+[(az — az263)(a; — 2a3,¢)c{(a; — 2a3,¢,)(ay; — 2a5,¢;) — 8az,¢,(a; — az,c2)}] ﬁ

NUMER[CAL ILLUSTRATIONS

he nature of the ecological Ammensalism is to be established with a set of numerical
solutions which can be illustrated in a period of time.

The fixed parameters are assumed as
ann= 06, a;np= 04, a,= 15, axy»= 05, 1= 1 and Cr= 1

The varying variable is a;, i.e. a; = from 0.6 to 2.4 with difference 0.2 and then #* is
derived (2.5, 1.3, 0.8, 0.6 and 0.5).

The obtained solutions are illustrated from Fig. (1) to Fig. (10).

Case (1): In the case where natural growth rate of Ammensal Species is less than the
growth rate of enemy species (a; < a,)-From Fig. (1) to Fig. (5)
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Case (2) : In the case where natural growth rate of Ammensal Species is greater than
to the growth rate of Enemy species (a; > a,)-From Fig. (6) to Fig. (10)

] T T T T T T T T B T T T T T T T T T
Lid z i 4
=Amered spesies —imereal spesics
= Eemy spesies E .
= Eremy spesies
8 b B[ R E
t*=25
st " . st .
o™ o
z Z
o o
5 4 1 54 =13 1
z Z
3 b I h
r b 2r b
'l 1 L L L L 1 4 Il L 1 L 1 1 e 1 1 1 1
0 0§ 1 1§ 2 28 31 35§ 4 45 § l‘ﬂ g 1 15 2 a8 1 31§ 4 45 §
time (t) time (t)
Fig. 6 Fig. 7
!l . E g| i
=imensal spesies =—imensal spesies
7 ==Eremy gesies ] 7 =Eremy gesies |
g g 5 |
S 8 & - § i
= =
< =
Z 4 =08 1 Z 4 =06 1
3t 3 1
2 E 2 J
11: 0§ 1 18 2 25 31 315 4 45 § 1u pgE 1 1§ 2 28 1 3§ 4 45 §
time (t) time (t)
Fig. 8 Fig. 9
11 T T T T T T T T T

10 L ensal species 4
==Eremy speciey

[ % T 1.l! i; l.l! bR & T R 3 I |
time (t)
Fig. 10
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ConcLusions

ase (1) : From Fig. (1) to Fig. (5)
The following results are identified

(i) At initial stage, Enemy species dominates over Ammensal species and there is no
interaction between the two species. The Ammensal species has no observable growth rate.
Afterwards, Ammensal species gradually strengthens in it’s growth.

(i) Enemy species has an exponential growth rate than the growth rate of Ammensal
species. In the course of time, it is also noticed that the Ammensal species has obtained a
steady growth rate.

Case (2) : From Fig. (6) to Fig. (10)

(1)  Enemy Species flourishes over Ammensal species up to time distinct (#*). After the
dominance reversal time, the Ammensal species out numbers Enemy species throughout the
interval with a constant growth rate.

(i1) In the starting stage, Enemy species has a minimum growth rate than Ammensal
Species. It dominates over the Ammensal species up to #*, then after Ammensal species reins
over Enemy species in the rest of the interval.

OVERALL CONCLUSIONS

A mathematical model of Ammensalism with limited resources is formed by a couple

of first order nonlinear differential equations. A series solution of ecological Ammensalism is
successfully derived by Homotopy Perturbation Method.
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