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InTRODUCTION

t is well known that a distributed complimented lattice is a Boolean Algebra which is
equivalent to Boolean ring with identity. This relation gives a link between Lattice theory and
Modern Algebra. The algebraic structure connecting lattice and group is called /-group or
lattice ordered group. Many common abstractions, namely Dually residuated lattice ordered
semi groups, lattice ordered commutative groups, lattice ordered near rings lattice ordered
semi rings and commutative /-group implication algebra are presented in [6], [3], [1], [5] and
[4] respectively. The concept of LI-ideal in lattice implication algebra is introduced in [7].

In this paper to introduced and established the study of LI-ideal in Commutative /-group
implication algebra.

PRrELIMINARIES

n this section are listed a number of definitions and results which are made use of

throughout the paper. The symbols <,+, —, V, A,—, * and € will denote inclusion, sum,
difference, join (least upper bound), meet (greatest lower bound), implication, symmetric
difference and membership in a lattice L or commutative /-group implication algebra G. Small
letters a, b,.... will denote elements of the lattice L or commutative /-group G.

Definition 1.1 : A non-empty set G is called an /-group iff
(i) (G, +)isagroup
(i) (G, =)isa lattice
142/M015
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(iii)) Ifx<y,thena+x+b<a+y+b,foralla, b x,yinG.
or
(a+tx+b)yvv(a+y+tb)=(a+xvVy+b)
(a+tx+b)aN(@a+ty+b)=(@+xaAy+b), foralla, b,x,yinG.

Definition 1.2: An /-group G is called commutative /-group if x + y =y +x for all x, y in
G.

Definition 1.3:

An implication algebra is a non-empty set L with greatest element /, least element 0, an
unary operation “’ ” and a binary operation “—” which satisfies the following axioms:

I 1-x=x

I12) x—>x=1I

13) G—=y)—=y=@—-x)—x

I4) (=222 =x)—=>x=(0y—=x) 20—z -z
15 x—=>@—-2=y—-GKx—2

16) 0—-x=1I

(I7) x—>0=x"forallx,y,z € L.

Definition 1.4: Let (L,vV, AA, 0, I) be a bounded lattice with an order-reversing
involution ', / and 0 the greatest and the smallest element of L respectively, — : L x L — L be
a mapping. Then (L,V v, AA,’, —, O, ) is called a lattice implication algebra if the following
conditions hold forany x,y,z € L:

L) x—=>@—2=y—>@x—2),
(L) x—-x=1

(L) x—y=y —x,

(Ly) Ifx—>y=y—ox=Lthenx=y,
Ls) (x—=y)—y=@—x) —x
(Le) (xVy)—=z=(x—2)A(—2)
(L) Ay)—=z=Ex—>2)V(y—2).

The binary operation “—” will be denoted by juxt a position. We can define a partial
ordering “<” on a lattice implication algebra L by x <y if and only if x —» y=1.

Theorem 1.1. Definitions 1.3 and 1.4 are equivalent.

Theorem 1.2. In a lattice implication algebra L, the following are hold
(i) x<yifandonlyifx —y=1

(i) xs(x—y) -y

(iii)) 0 —>x=1, 1—-x=x and x—1=1

(iv) x'=x—>0

V) x—=ys@p—2)x—2

(Vi) (xVy)=@x—y) =y

(vil) x<y=y—oz<x—ozandz—ox< z—y.



Acta Ciencia Indica, Vol. XLI M, No. 4 (2015) 317

Definition 1.5. A non-empty set G is called commutative /-group implication algebra
if only if
1. (G, +) is a commutative group
2. (G, =) is an implication algebra
3x<y=(i) a+tx<a+ty
(i) (@a—=>x)»>b=(@a@—- y)—-b
(i) a >(x—->b)=a »(y —»b), foralla b x, yinG.

Definition 1.6. A non empty set G is called commutative /-group implication algebra
if and only if

1. (G, +) is a commutative group
2. (G, —) is an implication algebra
3. i) at@xVvy)=@+x)V(a+ty)
(i) at@xAy)=(atx)A(a+y)
(i) [a—(xVy)]—=b]=[(a—x)=b]A[(a—y)—b]
=a-[(xVy)—b]
(iv) [a= &A= b]=[a—x)—b]V[@a-y) - b]
=a-[(xAy)—=b] forallx, y,a, bin G.

Theorem 1.3. The above two definitions for commutative /~group implication algebra
are equivalent.

LI—IDEAL IN COMMUTATIVE L-GROUP IMPLICATION ALGEBRA

En this section to introduced lattice implicative ideal or L/-ideal and obtained set of all

Ll-ideals in a commutative /-group implication algebra form a distributive lattice.

Definition 2.1: Let G be a commutative /~group implication algebra and / a non-empty
subset of G. Then [ is called an L/-ideal if and only if

1. a,binlimpliesa—binl

2. a,binlimpliesaVb,anbinl

3. 0<x<a,and a in [ implies x in /

4. (x > y) €landy € Iimply x € I

In a commutative /-group implication algebra, {0}, G are L/-ideals of G.

Theorem 2.1: If [}, I,, are two LI-ideals of commutative /-group implication algebra G,
then

(i) LVL={xeG/x<xVx,forsomeuxinl,x,in l,} is an LI-ideal
(i) LAL={xeG/xinl and xin L,} is an LI-ideal

(i) I+ L= {xin G/ x <x;+ x, for some x;in [}, x, in I} is an LI-ideal
(iv) 1,V I, is the smallest L/- ideal containing /; U ,

Proof: For (i):
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Leta,bin,V I,
= a,binGsuchthata<a,Va, b<b,V b, forsomea,, b, in 1, ay, b, in I,
= a->b,aV b,aAbin G such that
a-b<(a1Vay)—(biVby)=l[ar—(b1VDb)]V [(a2—(b1V by)]
(a1~ b)) A @y~ b1V [(az— b)) A (a2~ by)], by property (4) and (5)
< (a;—b) V(ay—by) witha,—byin 1y, a,— b, in .
aVb < (@Va)V b Vb)) =a VeV (b Vb)]=a V[(aVb)V b
=aV[(b1Vay)Vb]=a V[bV(aV b)]=(a,V b))V (aV by) for some a, V b,
inl,a,Vbinl
anNbs (@Va)AbiVb)=[a1Va)Ab]V[(aVa)Ab)
= [bin(@Va)]V [baA(arVa)]=[(biAa) V(b Aa)]V [baAa) V (by A ay)]
< (ayVb)V(aVby)witha Vb inl,, a,Vbyinl,
= a-b,aVbaNbinl| VI,
Let0< x< ag andainl, VI,
= 0O0<x<gandain Gsuchthata < a,V a, for some a, in [, a, in I,
= xin Gsuchthatx<a;V a, forsomea;inlj,a,inL=xinl; VI,
Let(a —b) € [ VL, beEL VI,
=b—oa€l VL be VI,
= b—>a€Gsuchthatb > a<c Vc,forsomec, €1, c, €L
b<b,V b,forsome b, €I, b,E L,
a<b—oa<c Vc,forsomec €I, €I
=a€lLiVlh
Thus /; V I, is an LI-ideal.
For (ii):
Leta,binl; AL,
=a,binljanda,binL,=>a-b,aVb,aNbinl; and a—b,aVb,aNbinl,
= a-b,avb,aNbinl|\N],
LetO<x<aandainl AL,
= 0O0<x<gandain/jandain,= (0<x<aandainl;)and (0 <x<aandainl,)
=xinljandxin, =xinl; AL
Let(a— b)Y € [ AL, beELANL
= (a—b)y€l, and b€, and (a—b) €L and bEL,
=a€ljanda€L,=a€l,N],
Hence I; A I is an LI — ideal

For (iii) :
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Leta,binl + 1,
= a,binGsuchthata< a;+a,, b<b,+b, forsomea,,b,inl,, a, byinl,
= a-b,aV b,aAbin G such that
a-b<(a+a)—(by +by)=(a;— b)) +(a—by) witha,-b;inl,, a— by,in I,
aVb<(ata)V(bi+b)<[(aVbh)+(axVb]V[(aVb)+(azV b))l
=(a, Vb)) +(a;V by forsomea, Vb inl,a Vb inl,
aANb<(a+ay) A b1+ by) <(a;+ ay) for some a; in I}, ay in I,
= a-b,avb,aAbinl, +1,
LetO<x<agandainl, + 1,
= 0<x<gandain Gsuchthata < a;+ a, for some a; in 1, a, in I,
= x<a;ta,forsomea;inl, a,inl,
= xinl,+1,
Let (a—b)y €1 +1,, bel, +1,
= b—oa€l+h, bel+1]
= a<b—-oa<c tcforsomec €l,c€EL
= a€l+],
Hence I, + 1, is an LI-ideal of G.
For (iv):
To prove
(1) LUuLchvVvli
2) If L ULcIthenl VI,c Iforany Ll-ideal [ of G.
For (1) :
Let x € I} U I, be arbitrary
=xelorxel,orxelinl,
Case (i) : Suppose x € [;
= x<xVOwithx€e€l,0€l,
=x€el VL
Case (ii) : Suppose x € I,
=0<0vxwithO€/, x€l,
=xelvl
Case (iii) : Supposex €, N I,
= x€l,andx €],
= x<xVxwithx€l,, xée, = x€[ VI,
Henceinallcasesxe [ UL = x€, VI,
=LUL< LV
For (2) : Suppose I, U I, c [ for any Li-ideal / of G
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Then we claim that /; v I, ©
Let x € I} V I, be arbitrary

=x<x Vxforsomex;inl,x,inlh,=>x< x;Vx,, yin[ULcCLx,in[ULC]/
=x< x1Vxy,, yVxin/l=x€el
Therefore [y VI, c [
Hence [, V I, is the smallest LI — ideal containing /; U I,
Theorem 2.2: Let G be a commutative /~group implication algebra and / (G), set of all
Ll-ideals of G. Then I(G) is a lattice.
Proof : &
First to claim that (/ (G), <) is a poset
Let I, , I, I; in I(G) be arbitrary.
Define a relation < on /(G) by

L<L& I,cwherel ,inl(G).

‘< is reflexive: [, </, forall /; in [ (G)
Then, € 1,= I, <1,
Thus [; <1, for all I, in I (G).
‘<’ is anti symmetric: If 7, <[, and I, <I thenl; =1 forall [}, I in I (G)
Suppose [ <hand L<[ = Shand LS, =1=1,
Thusif [y, <L and I, <[ forall I}, I, in I(G)
‘<’ is transitive: If /; <L and , < L then [, < I; forall I, I, I in I (G)
Suppose [y <L and I, <13
= L CShandLSLZ= [ Sh= I[,<I
Thus if I, <, and I, < s then I, < L for all I, I, I5 in I (G).
Thus ( (G), <) is a poset.
Next to claim that any two elements in /(G) have a L.u.b and g.1.b in I(G)
= [, L are LI-ideals of G = I,V I, I} A I, are LI-ideals of G, by previous theorem
=LV [ ALinIG) (D)
Wehavelyc 1V, L [VL= <VDL, L<L VI ..(2)
Suppose /; is any other upper bound of /, and /; in /(G)
= L <L L<L=ch,Lch= L ULCI

= [} VI, C I3, since I} V I, is the smallest L/-ideal containing /; U I,

Thus I, <L, L<hLimplies; VL <L ...(3)
From (1), (2) and (3), any two elements /; and /, in /(G) have a lL.u.b [; V I, in I(G).
WehavellAIZ cl, INLEL =L AL, [ ALL L (4)

Suppose I; is any other lower bound of /; and 7, in 7 (G)
= L<Il, £L= Lcl,Lh cL,= LAaLc [ AL = L<|ANL
Thus]3 Sll, 13 SIZ impliesl3 SII/\IZ (5)
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From (1), (4) and (5) we have any two elements /; and /; in / (G) havea glb Iy ALin [
(G).
Hence 7 (G) is a lattice.

Theorem 2.3: If / (G), set of all L/-ideals of a commutative /~group implication algebra
G then I(G) is a distributive lattice.

Proof : From the previous theorem 7 (G) is a lattice.

Then claimthat [y V(L AL)=(4 VL) AV L) forall I}, 1, 5 in I (G).

For let I}, I, , I; in I (G) be arbitrary

Thenwehave I} V(LAL)YS(I VL)AL VD) (D)
Letxin (I, V L) A (I} V I5) be arbitrary

=xin/jVhandxinl; VL= x<a;Va,and x <a3V ay where a, a; in I}, a,, as in I.

=x<aVaandx<aVaswherea=a Vaz=>x<(aVay)A(aV ay)

= aV[azAa4] Withainll,azAa4in12 /\13
5 xin11V(12A13)
Therefore ([1 Vlz) A ([1 V13) Sll \% ([2 A [3) (2)

From (1) and (2) we get
[1 \ ([2 /\13) = (11 Vlz) A (I] V[3) for allll ,12 ,13 mI(G)

Hence 7 (G) is a distributive lattice.

QUOTIENT COMMUTATIVE L-GROUP IMPLICATION ALGEBRA

En this section we introduced equivalence relation, equivalence class and commutative /-
group implication algebra.
Definition 2.1 : Let / be an L/-ideal of a commutative /~group implication algebra G.
We define a binary reflection ~ on G as follows:
x~y & (x—y) €land (y »x)’ €[forallx,y € G.
Then ~ is an equivalence relation on G.

Definition 2.3 : We denote by /,, the equivalence class containing x and by G/I the set of
all equivalence classes of G with respect to “~”. That is

IL.=1{y € G/x ~y}
G/I={l./x€ G}

Theorem 2.4 : If / is an L/-ideal of commutative /-group implication algebra G, then G/
is a commutative /-group implication algebra.

This commutative /-group implication algebra G/I is called quotient commutative /-group
implication algebra.

Proof : Given G is a commutative /—group implication algebra, 7, an L/-ideal of G and
is an equivalence relation defined above.

Denote G/I = {1, /x € G}.

Then it is easy to prove G/I is a commutative /-group implication algebra with respect to

[T3gEL
~
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(1) [x + Iy = Ix +y (11) [x \ I} = [x Vy
(i) LAL=IxAy (V) L—I=I_,
(V) Ix’ = Ix,

with greatest element /; and least element /.

HOMOMORPI‘IISM, ISOMORPHISM THEOREMS

En this section homomorphism, kernal of homomorphism and isomorphism are

introduced and established fundamental theorem of homomorphism, first isomorphism
theorem and second isomorphism theorem.

Definition 4.1: Let Gy, G, be two commutative /—group implication algebras. A map ¢ :
G, — G, is called homomorphism if

) ¢@t+bh)=0(@)+¢(®)

(i) ¢(@Vvd)=9¢(a)Vo(b)

(i) ¢ (@AD)=¢(a) A (D)

(iv) ¢@—b)=¢(a)— ¢ (b)

V) ¢@)=[¢(a)] foralla,beG.

Definition 4.2: Let ¢ : G; — G, be a homomorphism of commutative /~group implication
algebra. Then the kernel of ¢ is defined by Ker ¢ = {x € G,/¢ (x) =0}

Theorem 4.1: Let ¢ : G; — G, be a homomorphism of commutative /-group implication
algebra. Then Ker ¢ is an L/-ideal of G.

Proof : Given ¢ : G; — G, is a homomorphism of commutative /-group implication
algebra and Ker ¢ or Ky = {x € G\/$ (x) =0 1in G}

To prove Ker ¢ is an L/-ideal
i.e., to prove (1) Ker ¢ #¢ Ker ¢ <G,
2) x,yeEKerp =x-y,xVy,xAy€Kerd
3) 0<a<x,xeKer¢p = a €Ker¢d
(4) (x—y)€eKer ¢, y € Ker p = x € Ker ¢
For (1) :
We have 0 € Gy such that ¢ (0) =0
= 0€Ky = Kerp#o
Let x € K, be arbitrary
= x€G;suchthatd (x)=0= x€ G,
Therefore Ker ¢ € G,
For (2) :
Letx,y €K,
= x,y€ G suchthatp (x)=0,¢(»)=0
= x-y,xVy,xAyE€ G, such that
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G-V =0x+INN=0@)+0(=1)=0x)-$(»=0-0=0
dEVI=@ VO =0V0=0
dEAN=0@AP(G)=0A0=0
= x—-y,xVy,xANy€Ker¢
For 3) :
LetO<a<x, x€Ker¢
= 0<a<x,x€G,suchthat¢ (x)=0 = a € G,suchthat¢ (a) <o (x)=0
= a€G,suchthatp (a)=0= a € Ker ¢.
For (4) :
Let (x —» ) € Ker ¢,y € Ker ¢
= (x— y) € G,suchthat ¢ [(x — »)']=0
y € G,suchthat$ (y)=0
=[x =>»T=0[x =" =[P (x) = ¢ (M]'=[d (x) = 0T ={[¢ ()]}’
=¢ (x) withx € G,
= x € Ker ¢
Hence Ker ¢ is an LI-ideal of G,

Theorem 4.2: Let ¢ : G — {0, 1} be an onto homomorphism of commutative /~group
implication algebra. Then the kernel of ¢, K, is a maximal L/—ideal of G.

Proof: Given ¢ : G — {0, 1} is an onto homomorphism of commutative /-group
implication algebra and K, = {x € G/ (x) = 0}

= Ky # ¢ since ¢ isonto = K, is an Ll-ideal of G

To prove K is a maximal L/—ideal.

Suppose K, is not maximal

Then there is a proper Li-ideal / containing K,

= thereexistsx,y € Gsuchthatx€ G-I, y €EI-K,

= fO=f=1=7fx->n=fO->,0)=1->1=1

= flx=>1=0Ex—->nI' =F®->/0)] =1I"=0= x—-y €K,
=>Kycl, yel

= x € [ which is a contradiction.

Hence K, is a maximal L/-ideal of G.

Definition 4.3 : Let ¢ : G; — G, be a homomorphism of commutative /—group
implication algebra. Then ¢ is called an isomorphism if ¢ is 1 — 1 and onto. G is isomorphic
to G, if there exist an isomorphism.

Theorem 4.3 : (Fundamental theorem of homomorphism). Let G be a commutative /—
group implication algebra and / an L/-ideal of G. Then the quotient commutative /~group
implication algebra G/I is a homomorphic image of a commutative /~group implication
algebra G. Conversely let G; and G, be commutative
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I—group implication algebra and let ¢ : G; — G, be an onto homomorphism. Then
G, / Ker ¢ is isomorphic to G.
Proof:
First part:
Given G is a commutative /-group implication algebra and 7 an L/-ideal of G.
Then G/I is a commutative /-group implication algebra.
To prove G/I is the homomorphic image of G.
Define : f: G — G/I by f(x) = I, for all x in G.
fis well-defined :
x=y = f(x)=f()wherex,yin G
Suppose x =y
= x—-y=0, 0€kerf = x—y€ekerf= f(x—»)=0= fx)+f(-»)=0
= fO-fM=0= f()=/0)
fis a homomorphism :
Letx, y in G be arbitrary.
Then /(c+3) = Loy =L+ L,=f() +/()
FEVI =LV, =LV, =f(X) V)
SaAY)=Lpy =LAL=fX)Af()
JSa—-n=L,=L—->L=fx)—f()
S =L'=) =[]
fis onto:
Take any element /; in G/I
= xinG= fx)=1I,
Hence f'is homomorphic to G to G/I.
Second part:
Given ¢ : G; — G, is an onto homomorphism of commutative /-group implication algebra
and Ker ¢ =K= {x € Gi/¢ (x) =0}
Then K is a LI — ideal of G and G//K is a commutative /-group implication algebra
To prove G /K is isomorphic to G,
Define f: Gi/K — G, by f(K,) = ¢ (x) where x € Gy, K, € Gi/k
Then we claim that f'is a well defined isomorphism of G/K onto G,
fiswell defined; K.=K, = f(K,)=f(K)), where K,, K, € G\/k
Suppose K, =K, = x=y = ¢(x)=¢ ()= f(K)=/(K))
fis one-one: f(K,) =f(K,)= K,=K, whereK,, K, € G\/k
Suppose /(K =f(K) = d ()= (1) = ¢ ()~ ¢ () =0 = ¢ (@) + ¢ (1) =0
=[x+t (=N]=0=0¢x-)»)=0 =x-y=0=>x=y =K=K,

f is onto:
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Take any x, € G,
= there exist x; € Gy such that ¢ (x;) =x, = Kx; € G\/K
F(Kx))=¢ (x) =x;

Thus for any x, € G, there exist K,; € G1/K such that f(K,;) = x,
fpreserves +,V, A\, —, " :
Let K,, K, € G|/K be arbitrary = a, b€ G
Then £ (K, + Ky) =f (Kuws) = 0 (a + ) = (@) + ¢ () = (K) +/ (Ky)

J(KaVEK)=f(Kavp) =9 (@VD)=d(a)V ¢ (b)=/(K)V[f(Kp)

S (Ko NKy)=f(Kapp) = (aNb)=0¢(a) A (b)=f(K) AS(Kp)

S Ky = Kp) =f(Kamp) = ¢ (@ = D) = ¢ (@) = ¢ (D) =f(K,) = [(Kp)

for all K, K, € G|/K
Thus f'is an onto isomorphism
= G//K isomorphic to G,

Theorem 4.4 :Let G, G, and G; be commutative /—group implication algebras.
H : G; — G, an onto homomorphism and g : G; — G; homomorphism with non-empty
kernals.

If Ker (k) € Ker (g) then there is a unique homomorphism f: G, — G; satisfying fo h=g

Proof: Given & : G| — G, 1is an onto homomorphism and g : G; — G; a homomorphism
with non-empty kernals of commutative /-group implication algebras.

Suppose Ker (k) € Ker (g)
Then to prove (i) There is a unique homomorphism f: G, — G;
(i) foh=g
Take any y € G,
= there exist x € Gy, such that & (x) =y
For the element x € G, putz =g (x) € G;
Define f: G, —» G; by f(y) =z
Claim (1) f'is well defined
2 foh=g
(3) f'is a homomorphism
(4) f'is unique.
For 1:
1=y = f () =f(2) where yi, y» € Gy
yvi=h(x;), y2=nh(x) where x, x, € G,
Suppose y1 =y,
= h(x))=h(x) =y (say)
y=h(x;)=h (xp) for x;, x, € G,
1=h(x) = h(x2)=h(x —x)
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0="[h@—x)]"=h(x;—x)
(x; — xp)" € Ker (h) € Ker (g)
= 0=glt—x)]=g—x) =[gk)—>gx)] = gh)—ogh)=1
= gx)<gx)

Similarly, g (x2) <g(x)
Therefore g(x) =g (x)
For2:

Let x € G, be arbitrary, then
(foh)x)=flhX)]=fly]l=z=g(x) forallx€ G
= foh=g
For 3 : fis a homomorphism
Let y;, v, € G, be arbitrary
Thenf (1 = y) =z1 >z =f (1) = ()
SOrvy)=z1Vvz =)V S0)
SOiAy) =z Aza=f () Af ()
SOty =zt =) +f02)
For 4 : fis unique:
Suppose there exist f}, f> such that
fioh=g, froh=g
= fioh=fHoh=(fioh)(x)= (hoh)(x), x€G
= filh@]=Lh@]= fiv]=L0] forally
= h=k
Therefore fis unique.
Theorem 4.5 : First Isomorphism theorem

Let ¢ : G — G be an onto commutative /-group implication algebra homomorphism with
Ky, =S.1f I, is an Li-ideal of Gy, then

1= ¢‘1 (l1) = {x in G/ (x) in 1} is an Ll-ideal of G and S is a subset of /. Conversely if /
is an Ll-ideal of G containing S, then

L =¢ () = {x; in Gy/x; = ¢ (x), for some x in [} is an Ll-ideal of G| and G/I = G/,
Moreover, G/I = (G/S)/(I/S).

Proof :

First part : Given ¢ : G — G, is an onto commutative /-group implication algebra
homomorphism with Ky, = § and /, is an Ll-ideal of G,

To prove I=¢ ' (I}) = {x in G/ (x) in I;} is an Ll-ideal of G and § c I.
Clearly, / # ¢, since 0 € G such that ¢ (0)=01n /;

(1) Letx.yin [ be arbitrary

= x,y in G such that ¢ (x), ¢ (v) in [,
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= x+y,xVy,xAy,x —y,x" in G such that
O+ y) = () +0 () with ¢ () + ¢ () in 1,
OOV =0 () V() with g () V § () in Ty
O AY) =0 () A () with ¢ () Ad () in ],
dx—=»=0x)— ¢ () with¢ (x) > ¢ (y)in,
6 () =[¢ (0 with [¢ @]’ in 1,
= x+y,xVy,xAy,x—p,x in Gsuchthat ¢ (x +),d(x V), o (x Ay),
¢ (x— ), ¢ () inl
= x+y,xVy,xAy,x—yx'inl
(i) LetO<x<gandain/
= 0<¢M <@, $@inl
= ¢ inly = xinl
(iii) Letx in S be arbitrary = x € K,
= xin G such that ¢ (x) =0in /,
= ¢(x)in/; = xinl
Therefore, S c 1
Second Part:

Given ¢ : G — G is an onto commutative /-group implication algebra homomorphism. /
is an Ll-ideal of G and

I, =0 () = {x; in G/x; = ¢ (x), for some x in /}
Clearly I; # ¢, since 0 € G, 0= ¢ (0)
To prove:
1;is an LI — ideal of G.
(1) Let a1, by in I be arbitrary
= ay, by in G, such that a; = ¢ (a), by = ¢ (b) for some a, b in 1
=a;—-by,a,V by, a A by, ay — by, a;’ in G, such that
a-b=¢(@-0ob)=¢(a-b)withd¢ (a—b)inlj,a-bEeEI
ayVbi=d(@Vvod)=¢(avbd)withd¢(avb)inl,avVbel
agANbi=d(@NANdB)=¢d(anb)ywithd(aAb)inl,aNbeE]
ay—>bi=0(@—->d(B)=0¢(a—b)withd (a > b)inl,a—>beI
a)' = (@) =[¢ @] with [p ()] in [, o' €1
= a;—-b,a;Vb,a ANby,a,— by, a inl
Let0<x;<ajanda; in [
= 0<x<gandain/= xin/l= x=¢(x), 6(x)€EL,= x, €]
Therefore 7, is an Ll-ideal of G,
Third Part:
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To prove G/I = G\/I,

Define g : Gy — G/Iby g (x)) =1, x;=0¢ (%)

g is well defined:

Suppose I, = I,

= x=y= 0W=00)= Ln=lLn= gl)=g)

Therefore g is well defined.

g is a homomorphism :

Let xy, y; € G, be arbitrary.

= x1=0¢(x), y1=¢()wherex,y € G.

Then, g (xy +y) =Levy= L+ 1, =g (1) +g (1)
gavy)=Lyy =LV =gx)VgQ)
giAY)=lipny =LAL =gx)Ag ()
gxi»y)=L, =L—L =gx)—>gO)

g =1L =) =[g )]

Kerg=1I:

Let x, € ker g be arbitrary

= x; € Gysuchthatg (x)) == x;=¢(0), ¢ (0) €

= x; €

Therefore Ker g C I,

Conversely, let x; € I, be arbitrary

= x=¢(x), x€/
= x;=¢(0), 0/
= gx)=I)= x€Kerg

Therefore I, cKerg

Hence I,=Kerg

Hence we have g is an onto homomorphism with Ker g = I;

= Gy/I; = G/I by previous theorem

= G/l = G/I,

Take G, =G/Sand I, = I/S

We get G/I = (G/S)/(1/S)

Theorem 4.6: Second isomorphism theorem

If I} and I, are two Ll-ideals of a commutative /-group implication algebra G, then

L/ILANL =1+ L/

Proof : Given I, and I, are LI-ideals of G.

Then I, + I, I A I, are LI-ideals of G.

Toprove Ii//[[ANL =1+ 1/,

Consider amap ¢ : [} — I} + I,/ by ¢ (a;) = la; where a; in [

Then we claim that ¢ is a well defined onto homomorphism with Ker ¢ =1, A I,
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¢ is well defined:
Suppose a; = a, where ay, a, in I
= a—a,=01in1,
= lay=lIla, = ¢ (a1) = ¢ (a2)
Therefore ¢ is well defined
¢ is onto :
Takeany I, in I, + I,/ I,
= aqginli+1, = a=a,+a,forsomea,inl,a,inl,
= [,=Ia;+ay))=1Ia;+ layIa,
¢ (a) = 1a,
Therefore ¢ is onto.
¢ is a homomorphism :
Let ay, a, in I; be arbitrary.
Then, O ta)=Ila+a) =Iant+1p =¢(a)+¢(a)
O Va)=Iluvay=IlaVipg=0(@)V ¢(a)
d(ar A a2) =g na2) =L Nz = ¢ (a1) A ¢ (a2)
d(a1—a) =l -ay=1la — 1o = (a) > ¢ (a2)
b (@) =1(a) =(a) =[6 (a)] foralla, ayin’;
Therefore ¢ is a homomorphism
Kero=I,NIL:
Let a in I} N I, be arbitrary
= ginljandainl, = ainljandly=1, = ainl suchthat¢ (a)=1
= ainker ¢
Therefore, I; A I, € Ker ¢ (D)
Conversely, let a; in Ker ¢ be arbitrary
= a; in [} such that ¢ (a,) = zero element in [, + I,/I,
= gqg;in/;suchthat ¢ (a)) =lh=1, = ainlhandayinL=1, = a inl[ AL
Therefore, Kero € [ AL ..(2)
From (1) and (2) we get, Kerd¢=1I,AD
Hence ¢ : I} — I, + I,/I, is an onto homomorphism with Ker ¢ =1, A L.
= [I/LAL = I+ /I, by previous theorem.
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