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In this paper, we discuss the problem of free torsional
vibrations of a non-homogeneous composite shape visco-
elastic solid circular cylinder, whose inner core is of
Achenbech and Chao type visco-elastic material, whereas
outer surface is of visco-elastic material of general linear
type. Bessel functions have been used as a tool to solve
the problem. Such type of problems are of importance in
engineering structural mechanics, materials  science,
Geophysics etc.

InTRODUCTION

Ehosh [1] discussed vibrations of non-homogeneous spherically aeolotropic spherical

shell. Johnson [2] dealt with radial vibrations of an isotropic spherical shell. Abdou & Khamis
[3] discussed the problem of an infinite plate with a curvilinear hole having three poles &
arbitrary shape. Lal [4] gave a note on the torsional body forces in visco-elastic half space.
Dey & Charavorty [5] found the influence of gravity and initial stress on Love waves in a
transversely isotropic medium. Sengupta & Mahapatra [6] investigated torsional vibrations of
a composite cylinder. Mahapatra [7] discussed torsional vibratons of an orthotropic cylindrical
shell having periodic shearing forces Dey and Mahto [8] discussed Surface waves in a highly
pre-stressed medium. Sharma & Chand [9] attempted to discuss the vibrations in a
transversely isotropic plate due to sudden punching of hole. Kang [10] studied vibrations of
complete hollow spheres with variable thickness. Ponnusamy & Selvamani [11] investigated
wave propagation in a homogeneous isotropic cylindrical panel embedded on elastic media. In
this paper, we discuss the problem of free torsinal vibrations of a non-homogeneous composite
shape visco-elastic solid circular cylinder, whose inner core (0 < » < b) is of Achenbech and
Chao type visco-elastic material, whereas outer surface (b <r < a) is of visco-elastic material
of general linear type. Such type of problems are of importance in engineering structural
mechanics, materials science, Geophysics etc.

Let the variations in elastic constants and densities are taken as,

G, = Go(1 + kz)" (L)
E, = E',(1+ kz)" - (1.2)

(J=12)
where Gy, E,',p'j,k are the constants and # is an integer. Bessel functions have been used

as a tool to solve the problem.
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FORMULATION OF THE PROBLEM, BOUNDARY & CONTINUITY
CONDITIONS

et us consider a composite visco-elastic solid circular cylinder whose inner core

(0< r<b) is of Achenbech and Chao type viscoelastic material, whereas outer surface
(b <r<a)is of viscoelastic material of general linear type.

Making use of cylindrical polar coordinates (r, 0, z) and assuming that axis of the
cylinder coincides with z-axis, the components of displacement become (cf [12]),
u

v = Vj(r,z) e?".
With the help of (1.1), (1.2) and (1.3), the non-vanishing stress components for

visco-elastic material of general linear type are (cf [13]),

n v N ipt

Org, = 2G,0,(1 + k2) (W - ?) e'? ..(2.2)
naV1 ipt

O'gzl = ZGOQl(l + kZ) Z e'?

and non-vanishing stress components of Achenbech and Chao type visco-elastic material are
(cf[14]),

O'rgz = EZ‘QZ(]- + kZ)n (? - ?) €ipt (23)

) naVZ ipt
09z, = E;'Q2(1 + k2z) . e'?

h _(1+i0p
where &= (1+i192p)'
s+ip\?
e (Y.
Q2 K+ip

The two stress-equations are identically satisfied. The only non-vanishing stress-equations
of motion are (cf[12]),

6217]- a(Ure)]. a(Uez)]. (Ure)].
= + + 2

Pigee = or 9z r - (24)
J=12)
The boundary condition is,
0,6, = —Pe onr=a .. (2.9
and continuity condition is,
Or9, = Opg, forr== ... (2.6)

SOLUTION OF THE PROBLEM

EUtting (1.1)-(1.3) and (2.1)-(2.3) in (2.4), we get,
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oy, 19V, V, 0%V, nk \ dV;
S Y Y o ( )52 pop” 1 . (31)
ar? ror r? 0z? 1+ kz/ 0z ZGOQ1
0%V, 10V, 02V. nk \ dV.
2 ——2—— 2, ) 2 PPy (3.2)
or? r ar az2 1 + kz az Q,
Making use of method of separation of variables, we substitute,
Vl = Fl(T') HI(Z) .. (3.3)
Vo = Fp(r) Hy(2)
in (3.1) and (3.2) to get,
1[0%F, 10F, F, ©p? 1 0%H, ( nk )aH1 ) 3.4
Florz "ror 12 a2 | 0z2  \1+kz/ 0z oG4
1[0%F, 10F, F, p? 1 [0%H, nk \ dH, 5
— Nt ———-=+=F|=—— | — | =- ..(3.5
Fz[arz r or r2+a§ 2 H, 622+(1+kz) 0z & (35
which split up into four equations, namely
0%F, 16F1_|_<2 1)F—0 26
arz Ty T R) =0 ~(36)
62F2+16F2+(2 1)F—0 3.7
arz r ar :u2 2 2 = ( . )
d 62H1+( nk )aHl H,=0 3.8
an 022 1+ kz) 9 BiH; =0, ..(3.8)
62H2+< nk )6H2 i =0 29
0z2 1+ kz G__ﬁz 2= +(3.9)
p?
where ui=—=+p
af
2
p
1= a—§+ﬁzz,
a? =[2GyQ1/po), a2 = Q2/p'y Bi,B, are constants.
The solution of (3.6) and (3.7) is,
Fy = A1 1 (uyr) + By Yy (uy7) - (3.10)
Fy = Ay J1(uar) + By Yy (uar) - (3.11)

where A;, By, A,, B,, are constants and J; and Y; are Bessel functions of order one and kind
first and second respectively.

For the finite cylinder,B; = 0 and B, = 0.

Thus, we have

Fy=A4,],(u1), .. (3.12)
Fy = Ay J1(pa7)
We put,
(1+k2)
xXj = ik ..(3.13)
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in equations (3.8) and (3.9) to get,
e°H, nmdH, o (3.14)
dx? = x, dx; 1 ’ A
d*H, n dH,
——H, = ..(3.15)

——2+—
dx; = x, dx,

Putting,

(a-n)
x]- 2
H; = 5 fi(x), ..(3.16)
in (3.14) and (3.15), we have
d*f; df;
xfﬁj+xld—£— [12+x2] f, =0, .. (3.17)
d*f df;
xgﬁjﬂzd—é— [24+x2]f,=0 ..(3.18)
1-n 1—-n
where L = ( ), L, = ( ) ..(3.19)
2 2
The solution of (3.17) and (3.18) become,
fl = A3 Ill(xl) + B3 Kll(xl) .(3.20)
...(3.21)

f2 = Ay, (x3) + BL K, (x3)

where Il]. and Kljare the modified Bessel function of order [; and j takes the values 1 and 2.

Since v; is finite as z — oo, therefore,
A3 =0& A4_ =0 andf1 = B3 Kll(xl) ,fz = B4 Klz(xz) cee (322)

The complete solution becomes,

X (1;71)

R S AL AC - (3:23)
X (1;71)

Uy = € (3_2) ]1(;127‘)](12 (x2) - (3.24)

Whel‘e Cl = Al B3 al’ld Cz = AZ B4 .
Again substituting the value of v; and v, in (2.2) and (2.3), we get the components of

stresses in first & second medium as,

n-1 n+2 1 ,
rg, = 2GoQ1Cik 2 (1 + kz) 2 [ullo(ulr)—;h(ulr)] ky, () )e'Pt ..(3.25)
, n-1 nt2 1 .
06, = QG T (1 + k)T |12 JoGtor) == (o) by G e -(326)
n-1 n+2 akll(_xl) .
Toz, = 2GQiCok 2 (L +k2) 2 ]y () — =€ .(3.27)
..(3.28)

’ n-1 nt2 aklz(xz) ipt
Ogz, = E3Q2Ck"2 (1 + kz) 2 ] (1) Y, ©
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Substituting (3.25)-(3.28) in (2.5) and (2.6), we get
n-1 n+2 1
G QGO T L+ k)2 [ Jo(1a@) = 1@ |y 0e) =P ..(3:29)
1
C1(2G,0Q1) [#1 Jo(usb) — ;]1 (#1b)] k11 (x1)

1
+C; (E2Q2) [#2 Jo(uzb) — ;]1(#217)] k11 (x2) =0 ..(3.30)
Solving (3.29) & (3.30), we get,

A
= —, .. (331)
A
o _f
0 -P
where, A=
X, -P
A2 _ 11
Xy 0
_‘ X, O
Xy X
n-1 nt2y 1
and Xy = Q6oQIK T (1 + kD) T |1 Jo(@ = L/ ()| e, ()

1
Xz1 = (GoQy) [#1 Jo(usb) — ;]1(/«‘117)] kzl(x1)

Xopp =— (EIZQZ) [liz Jo(p2b) — %]1(/«‘217)] kzl(xz)

Hence the components of stresses for visco-elastic materials of general linear type
become,

A\ nd nt2 1 )
Org, = 2GoQy (X) k2 (1+kz)2 [#1 Jo(uur) — ;]1(/117”)] ki, (x)e?t ..(3.32)

A -1 +2 ok .
Oy = 2600 () KT (14 k2)'2 Jy () a2 o .(333)

and the components of stresses for Achenbech and chao type visco-elastic materials are given
by,
’ AZ n__l n_+2 1 int
00, = B30 () KT (1 + k) [y o) = - 1aear) | by Grde ™ ..(334)

Ag), n-t +2 ok .
T6z, = E2Q; (f) K7 A +ka) 2 Jy(uar) ;;Z(x”e‘“ .. (3.35)

Concrusion
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or a specific set of materials, if we put the numerical values of the physical parameters,
we may find the variation of stress components with time. We shall attempt it in our next

paper.
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