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We consider Para Kahler manifold and study the constant
Holomorphic Sectional Curvature. We further study Almost
Hermite Manifold and find the Condition that Para Ké&hler
Manifold with Constant Holomorphic sectional Curvature is
Semi-Symmetric, Ricci Semi-Symmetric and it is also an
Einstein manifold.
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InTRODUCTION

awaki and Sekigawa [1] and Defever and other [2], and Mishra R.S. [3], Sharma, R.

and other [10] have Studied Semi-Symmetric and Ricci-Symmetric Para Kéhler manifolds.
Henri Anciaux and Nikos Georgoiu [4], Bang Y.C. [5] and Dimitri A., Costantino, M. [6]
studied Lagrangian submanifold and Einstein Mattices on homogeneous Manifold in Para
Kéhler manifolds. Salamon, S. [7], Cobrera, F.M. and other [8], Watanebe, Y. [9] have studied
Almost Hermitian Manifold and Para Kéhler manifold

Let (M, G, F) be a connected, n = 2m-dimensional (m > 2) Manifold of class C* with
complex structure tensor F satisfying.

X+X=0 ... (1.1)(a)
where X = FX ... (1.1)(b)
and a non necessarily definite metric tensor G satisfying :

GX, N=GKX, 1 ... (1.2)

Then (M, G, F) is called an almost Hermite manifold [7], [8], [9]. The almost Hermite
manifold (M, G, F) is said to be a para Kékler manifold [1], [3] if its Riemannian Curvature
tensor ‘K satisfying the Kéhler identity.

KXY, ZU)=KX7Y,Z D) - (1.3)

Remark (1.1). In the above and in what follows the letters X, ¥, Z, U ....... etc. Denote
the C* vector fields in the Lie algebra L (M) of the manifold M.

We know that every Kéhler manifold satisfies (1.3) but converse is not true. In view of
the following identities for Riemanniam curvature tensor ‘K.

KXY, ZU)=—KX,X,ZU)=-"K(Z, U X, Y)=-"K(U,Z X, Y)
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=—‘KX,Y,U,2) .. (1.4)

And the equation (1.1), the equation (1.3) gives the following results;
‘KXY, ZU)=KX,Y,ZUy="K(X,Y,Z,U)= ‘KX,Y,Z,U), .. (1.5)a)
and KX Y,Z, )+K(X,Y,Z,U)=0 ... (1.5)(b)

PARA KAHLER MANIFOLD WITH CONSTANT HOLOMORPHIC SECTIONAL
CURVATURE

In an almost Hermite manifolds the holomorphic sectional curvature with regard to any
vector field X is given by [3], [7]

k(X) G (X, X) GXX)+ KX XX X)=0 - (2.

Also, we know that the condition that the Almost Hermite manifold be of constant
holomorphic sectional curvature is [3]

KXY, ZU)+3KX,Y,ZU)+3K(X, Y, ZU)+KX,Y,Z U)
+KX,UZN+KY,UZX, 2)+K(Y,Z U X)+K(Z X U,Y)
+ KX, Z,UV+KY,U,ZX)+KWU,X,ZY)+‘K(Z,Y,UX)
= A4K{2FX, VWFCZU) +GX, )G, U)-GY,2)GX, U)+ F((Y,2)’F (U, X)
+F X, 2y F (Y, U)} .. (2.2)
Now using the condition (1.5) in (2.2), we get
6X, Y, Z, )+’ K(Z, Y, X, )+’ K(X,Z, Y, U) + 'K (X, Z, Y, U) + 'K (Z, Y, X, U)
= 2K{2FX,VWFZ U +GX, )G, U\)-GY,2)GX, U)+’F(Y,2)’F (U, X)
+F (X, 2)°F (Y, U)}
Further using Binchies first identity and (1.5) in this equation, we get
YKXY,Z,U)=—k{2F X, YVF(Z, U)+GX,2) G (Y, V)
~GYHGCXU)-FX, )+’ FX,U)+’F(X,2)'F (Y, U)}...(2.3)(a)
AKX Y,2)=—k{ZPFXNZ +GCX,DY-G,2)X-F(Y,2)X+'F(X,2) Y}

...(2.3)(b)
Contracting (2.3) (b) with respect to X, we get
4Ric(Y,2)=k(n+2)G (Y, 2) .. (24)(a)
Again Barring Y, Z in (2.3) (b) and then contracting with respect to X, we get
4Ric(Y,Z)=k(n+2)G(Y,2Z) ... (2.4)(b)
Combining the above two results, we can write
Ric (¥, Z) = Ric (7, Z) = ~ (”4+ D 6, 2) L (240

Thus, we have

Theorem (2.1). The condition that the para Kihler manifold be of constant holomorphic
sectional curvature is given by (2.3) (a) or (2.3) (b).

Corollary (2.1). In a para Kéhler manifold with constant holomorphic sectional
curvature, we have
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Ric (¥, Z)=Ric (Y, Z)
The proof is obvious from (2.4)(c).

Corollary (2.2). Para kdhler manifold with constant holomorphic sectional Curvature is
an Einstein manifold.

The proof follows from (2.4)(c).

Now, a Riemanion manifold is defined to be semi-symmetric and Ricci-symmetric [2],
[10]if

(K,’K)(Z, U, V, W; X, Y)=—‘K(K(X, Y, 2), U, V, W) — ‘K (Z,K (X, Y, U), V, W
K (Z, U, KX, Y, V), W)~ K(Z U, V,K(X,Y, W) ... (2.5)(a)
and (K. Ric) (Z, U; X, Y) = Ric (K (X, Y, Z), U) - Ric (Z, K (X, ¥, U)) = 0 ... (2.5)(b)

Here the tensor (K’K) and (K. Ric) are tensor of type (0, 6) and (0, 4). Another tensor Q of
type (0, 6) is defined as

O Ric,’K) (Z, U, V,W; X, Y)= —‘KRic (Z, ) X—Ric (Z,X) Y, U, V, W)
- ‘K(Z,Ric (U, ) X-Ric (U, X) Y, V, W)
—‘K(Z,U,Ric(V, ) X—Ric (V,X) Y, W)
—‘K(Z, U V,Ric(W,Y) X—Ric (W, X) Y) ...(2.6)
Now, taking account of (2.3), we can write the equation (2.5)(a) as
4K,K)(Z, U, V, W, X, Y)=—4&K (4K (X, Y, Z), U, V, W) - 4K (Z, 4K (X, Y, U), V, W)
-4KZ,UAK (X, Y, V), W) -4K(Z, U, V,4K (X, Y, W))
Using (2.3) in this equation, we get
KKy (Z UV, WX, V)=—&K(~k{2fX, NI+GCX, ) Y-G(Y, ) X—F (Y, 2) X
+FX )V, UV, W-4K(Z-k{2FX,NVT+GX,U)Y
~GY, )X FXY, D)X+ FX,U)Y}, V, W)
- YKZU-k{2FX,NV+GX, NY-GX, X
~FYNX+FX, VYL W)
- YKZ,UV,-k{2FX,)YW+GX,WY-GX,MX
—F(Y, X+ FX WY}
= A {2FX,V)VK(Z UV, W+GX,2)’KY,UV,W-G¥,2) KX, U, V, W)}
—‘FYLZ2)) KX, UV, W+ F(X,2)’KY,U, V,W+2FX,Y)’K(Z, U, V, W)
+GX, U’ KZ Y, V,W-G,U)’K(ZX,V,W)y-F(Y,U)’K(Z, X, V, W)
+FX, U)’K(ZY,V,W+2’F(X,Y)’K(Z, U V,W+G (X, V)’K(Z U, Y, W)
-G, NWKZ UX W) - FY,U)’K(Z U X, WM+ F(X,V)’K((Z U Y, W)
+2’FX,Y)’K(Z U, V,W)+G X, W)’K(Z, U, V,Y)
= 4*(K.Ric) (Z, U; X, Y)- G (Y, W) 'K (Z, U, V, X) - ‘F (Y, W) K (Z, U, V, X)
+'FX, Wy K(Z, U, V,Y)

Again using (2.3)(a) in the above expression and taking account of the equation (1.1) and
(1.2), we obtain

4(K.K)(Z, U, Y, W; X, 7)=0



168 Acta Ciencia Indica, Vol. XLI M, No. 2 (2015)

or KK (Z, U Y, W, X,Y)=0 .27
Thus, we have

Theorem (2.2). A Para Kaihler manifold with constant holomorphic sectional Curvature
is Semi-Symmetric

Again using (2.3)(b) in (2.5)(b), we get
4* (K. Ric) (Z, U, X, Y)=—4 Ric {4K (X, Y, Z) U} — 4Ric {Z, 4K (X, Y, U)}
= 4Ric-k{2FX,NZ+GX,2)Y-G(Y, ) X-‘F(Y,2) X
+F(X,2)Y,U}) - 4Ric (Z, -k {2’F (X, V) U} + G (X, U) X)
—FY, )X+ FX, UV}
Or
=4k [2°F (X, Y) Ric (Z, Uy + G (X, Z) Ric (Y, U) - G (Y, Z) Ric (X, U)
—‘F((Y,Z)Ric (X, )+ ’F (X, Z) Ric (Y, U)+ 2’F (X, V) Ric (Z, U) + G (X, U) Ric (Z, Y)
-G (Y, U)Ric(Z, Y)— G (Y, U)Ric (Z, X) - ‘F (Y, U) Ric (Z, X) + ‘F (X, U) Ric (Z, Y)]
Now using (2.4)(c) in the above expression, we easily get
(K. Ric) (Z, U; X, )=0
or (K. Ric) (Z, U; X, Y)=0 ... (2.8)
Thus, we have

Theorem (2.3). Para Kdhler manifold with constant holomorphic sectional Curvature is
Ricci Semi —Symmetric.

Further, using (2.3) and (2.4)(c) in (2.6), we have
40 (Ric, ’K) (Z, U, V, W; X, Y) == #[Ric (Y, 2) 'K (X, U, V, W)
—Ric(X, 2)’K (Y, U, V, W)+ Ric (Y, U)K (Z, X, V, W)
—~Ric (X, U)’K(Z, Y, V, W)+ Ric (Y, V)’K(Z, U, X, W)
—Ric (X, V)’K(Z, U, Y, W)+ Ric (Y, W) ’K (Z, U, V, X)
—Ric (X, W)’K(Z, U, V, Y)]
= En+2)[G(Y,2) 2F (X, U)’F(V, W)+ G(X, V)G (U, W)-G (U, ) G X, W)
—FUWNFX WM+ FXV)FUW;-GX,){2FX,U)FW,W)
tGX,NGUM+GWUNGE, W)= FU V) FX, W)+ FQX,V)FUW;
tGO2FEZXYFV,M+GEZV)GX W -GX, V)G(Z W)
—FX VN FEZW+ ' FEZV)FX WM -GX U {2FZY)FW,W
+GZ, NG, W-GY,VWGZW)—F(Y, V)’ F(Z, W)+ F(Z, V) F (Y, W)}
+GY,M{2FCZ U FX M+GZX)GUW-GWV,X)G((Z, W)
—FWUX)F(EZW)+F(ZX)FUW;-GWX V){2F(ZU)FY, W)
+GZ,NHGWUW-GWU,VNGZ W) —F(U,Y)F(ZW)+’F(Z,Y) F (U, W)}
G, M2 FEZUFV,X)+GEZV)GUX-GU V) G(ZX)
—‘FWU,VNFEZX)+F(EZV)FUX}-GX WA{2F(Z U)F,Y)
+GZ,NGUYNV-GUYVNGZY)-FU, V) F(Z Y+ ‘F(ZV)FU,Y)}
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40 [Ric ‘K) (Z, U, V, W, X, )=k (n+2) [2’F (V, W) {*F (X, U) G (Y, Z)

“F,UOGCKX D+ FI,2)GX U)-FKX 2)GX V)]

HFUNFEFXD)GE, W) -F(X,2)GX W)

- FXWMGE,2)+FY, W) GX, 2);
HFUM{FX NG, 2H)-F{,)GKX, 2
HFY,2)GX V) - FX,2) G (Y, D)
HFEEZM{FENGXU)-FX V) GT,0)
HFX UG, V) -F(X,U) 6K N}

HFEEZ V) FX WG, U)-F(F,W)GXU)
Y, U)GX W) - F X U) G, W)}
T2XFZO{FTV,X)GXW)-FF,Y)G X W)

+FX, WG, V)-F, W) G, )} ... (2.8)
Interchanging (Z, V) and (U, W) in the above equation, we get
ORic,’ K)(Z, U, V,W; X, Y) =Q Ric, ' F)(V,W,Z, U; X, Y) .. (29
So, we have

Theorem (2.4). In a Para Kéhler manifold with constant holomorphic sectional
Curvature, we have (2.9).

ConcLusion

En this paper we corelate Para Kéhler manifold with constant holomorphic sectional

curvature and here we find that this is Einstein Manifold and semi-Symmetric as well as Ricci
—Semi-Symmetric.
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