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The extended fractional Fourier transform is the
generalization of fractional Fourier transform with two more
parameters. In this paper, we have proposed a new
definition of extended fractional Fourier transform of a
function as an operation which correspond to rotation of
Wigner distribution of a function. Moreover we have also
obtained extended fractional Fourier transform of some
special functions including Gaussian function.
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InTRODUCTION

s a generalization of the classical Fourier transform (FT), the fractional Fourier

transform (FrFT) has received much attention in recent years. Namias [5] had introduced it
and since then it has been applied in several areas, including optics, quantum mechanics and
signal processing [1, 6, 7], its relationship with the Fourier transform can be found [8].

In 2014, Kai Lu et. al. [4] had applied the local fractional Z-transforms to signals on

cantor sets.

The generalization of the fractional Fourier transform, which is known as extended

fractional Fourier transform (EFrFT) introduced by Juanwen Hua et. al. [3] (with two more
parameters a and b) is,

Fglf 1) = F«%;)(u)

— f eirr[(azt2+ b%u?)cot a—2abtucsca] F(®)dt (1.1

The FrFT of some common functions are seen in [5,7].

If the Gaussian with zero mean and standard deviation o 1is,
(t) = ! tz 1.2
f@) = Wexp 552 ..(1.2)
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Then the fractional Fourier transform of Gaussian is introduced by C. Capus and K.
Brown [2] in 2003,

2

V2mA 1 1 u
F,(uy) = ——— exp(z iuécot(p) exp| =577 =
) (? - icot(p) sin?¢

t

. (13)

1 .
(U_tz —icotg

where as the Fourier transform of Gaussian function is F (u) = % exp(— %u20t2>.
T

The relation between Wigner distribution of FrFT of a function f(u) rotated by « is given
by Ozaktas et. al. [7] as,

We, (u,u) = Wr(ucosa —pusim,usim+ ucosa) . (1.4)

In this paper we have introduced EFrFT of some special functions and Gaussian function
and established a relation in Wigner distribution and EFrFT.

SOME SPECIAL FUNCTIONS OF EFrFT

Eroperty 1: If F7, (u) is the EFTFT of §(t) then

g,b(u) = gb[6(t)](u) = eiﬂbzuzcota

Proof: By (1.1),

[ee)

@ 15(0)](w) = f ein[(a2t2+b2u2) cot a—2abtucsca] 5(t)dt
a,

—00

= pinb*u?cota
Property 2 : If F, (u) is the EFTFT of §(t — 7) then
F% (W) = F4[8(t — D)](W) = giml(@®t?+b?u?) cot a-2abrucscal
a, a,

Proof : By (1.1),

[oe]

‘;Zb [5(t _ T)](u) — f ein[(a2t2+b2u2) cot a—2abtucsca] 5(t _ T)dt
By theshi ftiagd defi ni t iafiEFRFT

= e irb%u?cota e ira?(1)?cot a—2imab (T)ucsca
— ein[(az‘rz+b2u2) cot a—2abtucsca)

Property 3: If F', (u) is the EFrFT of 1 then

F% (uw) = F& [1](w) :1 ;e—inbzuztana
@b @b a.|cota

Proof: By (1.1),
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[oe]

ng [1] (u) = f eiﬂ[(a2t2+b2u2) cot a—2abtucsca] 1. dt

— 00

—im(abucsca)?
— gimb*utcota ’ : T e dcota
—ima?cota

1 i

- e-imb*u’tana
a.cota

Property 4: If F%, (u) is the EFrFT of e2™" then

1 i 202 T .2 . b
a _ ra 2imét _ —imb“u“tan a—— §“tan a+2in — Suseca
Fa,b(u)_Fa,b[e f](u)_a cotae a a

Proof: By (1.1),

[ee)
i i 2,2, 12,2 _ i
ng [eZLnft] (u) — f em[(a t“+b“u”) cot a—2abtucsca) eZmEtdt
—0o0

—im(abucsca—&)?
= gimb*ulcota /— N ¢ dcota
—ima? cota

[ . in . b
l —inb?u?tan a— — {%tan a+2in — fuseca
e a a

a. cota

Property 5: If FZ, (w) is the EFrFT of e™™*” then

. —n2
itana imb2u? (M)

P2
F% (1) = F2 [eimxt*](y) = e a’+ytana
a,b( ) a,b[ ]( ) (az +)(tana)
Proof: By (1.1),
(o)
ng [ein)(tz] (w) = f eirr[(azt2+b2u2) cot a—2abtucsca] eirr){tz dt
— 00
—in(abucsca)?
— einbzuzcota T o (a%cota+y)

—ir(a’cota + y)

itana  mprp(Xotana)
R a’+ytana
(a? + y tana)

Property 6: If F%, (w) is the EFrFT of e ™(Xt*+2¢0) then

in[b?u?(y—a*tan a)—{%tan a+2abusecal
(a%?+y tana)

i tana
—e
(a? + y tana)

ng(u) — ng [ein()(t2+2$t)](u) —

Proof: By (1.1),
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Fab [ein()(t2+2§t)](u) — f eirr[(azt2+b2u2)cota—2abtucsca] ein(){t2+2§t)dt
a,

. —im(abucsca—&)?
irb?u?cot e (aZcota+y)
—in(a? cota + )

i i 522,2(y—2 _z2
i tana in[b“u ()( a tana) &“tan a+2abusecal
(a%+y tana)

—e
(a? + y tana)

Property 7: If ', (u) is the EFrFT of e~ ™" then

iq2
—nbzuz(cgt at+ia )
a“cot a+i

1

a —_ ra -mt? = |—
Fap W) ab [e ](u) 1 —ia?cota

Proof: By (1.1),

el [

; 242 12,,2 _ )
em[(a t“+b“u*) cot a—2abtucscal) e Tt dt

T —im(abucsca)?
> -
e (a“cota+i)

—in(a? cota + i)

irb?u?cot a

iq2
—nbzuz(cgt at+ia )
a“cot a+i

1
1 —ia?cota

Property 8: If ', (u) is the EFrFT of e ™t” then

1
¥ —ia?cota

na’b?u’ycsc’a
a*cotZa+y?

inb?u?cot a(y%-a*)
a*cotZa+y? e

F& () = F&[e ™ |(u) = e

Proof: By (1.1),

—yt2 i 242, 12,2 _ Cryt2
ng[e Tt ](u) — f em[(a t“+b“u*) cot a—2abtucscal] e Xt dt

— 00
T —im(abucsca)?
— einbzuzcota e (a?cota+iy)
—in(a’cota + iy)
1 irrbzuz(ix cot a+a2cot2a—azcsc2a)
a?cot a+iy

¥ — la?cota

ma’b?u’ycsc’a

inb?u?cot a(y%-a*)
a*cotZa+y?

a*cotZa+y? e

1
¥ — ia’cota

e

Property 9 : If F%, (w) is the EFrFT of e “"(Xt*+2¢0) then
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gb(u) — ng [e—n()(t2+2§t)](u)

b2u?(y?-a*)+a?é?+2ab& yuseca
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a?b?yu?-y&?sin?a+2a3b&ucosa

i imcot a

——e
(x — ia®cota)

a*cot?a+y?

Proof : By (1.1),

F&, [e—n(xt2+2§t)](u) =

)

/

—in(a?cota + iy)

A

irb?u?cot a

a’cota+tiy

i

eirr[(azt2+b2u

ira?b?u?cot?a—-mb?u?y cot a—imra?b?u?csc?a+inf?—2mab&ucsca

> —ncscza(
e

a*cot?a+y?

2) cot a—2abtucscal e—n(){t2+2§t)dt

—in(abucsca—i§)?

(

— ¢
(x — ia?cota)

a?cota+iy

b2u?(y2—a*)+a?&2+2ab& yuseca

)

2 (a?b?yu?—y&%sin?a+2a3béucosa

i

i cota(
———_¢€
(x — ia®cota)

a*cotZa+y?

Table of some special functions of EFrFT:

—Tcscta

( a*cot?a+y?

)

S. No. f® Extended fractional Fourier transform
1 5(t) einb*u’cota
2 5t —1) einl(@®t?+b*u?) cot a-2abrucscal
3 1 l t e~ imb*u’tana
a./cota
2inét i —inb%u?t —i—nfzt +2i 2;’
4 e2iné = o ~imb*uttan a— ¢ tan a+2ingfuseca
a. cota
P . 22 2 )(—aztana>
5 pimxt? i tana L (—a2+x e
(a? + y tana)
) i tana in[b?u?(y—a’tan a)—&?tan a+2ab&usecal
6 em()(t2+2$t) > e (aZ+y tan @)
(a® + y tana)
in2
1 2 2(cotozﬂa)
7 e—ntz > _e U 2ot ati
1—ia“cota
1 inb*u?cota(y*-a*) ma?b?*u?ycsc’a
8 e—Tlez - - a*cot?a+y? e a*cot?aty?
in2
X —laccota

)

)
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- X b2u?(x%2-a*)+a?&2+2abéyuseca
; elT[ cot a( a4cot2a+)(2 )
9 e—ﬂ()(tz‘*‘sz) (x—ia?cot @)

azbz)(uz—xfzsin2a+2a3b§ucosa)
a*cot?a+y?

—ncscza<
Xe

GAUSSIAN IN EXTENDED FRACTIONAL FOURIER TRANSFORM DOMAIN

Ey (1.1)and (1.2) extended fractional Fourier transform of the Gaussion gives,

[oe]

F&, (u) = fein[(a2t2+b2u2) cot a—2abtucsca]
a,

t2
Nerz o (‘ F) a

(imb™cota) 2m2a?b?u?csc’a
= exp(imb*u*cota)exp| —
V2mo? (—2 — 2ima®c ota)
o
2
f 1 (1 DimaPeot ) - 2imabucsca it 31
X —= —— - (3.
exp > 2 imra’cota . (3.1
—oo — — 2ima’cota
o

Let

1 ] 2imabucsca 1 ]
z= (?— Zznazcota) t+ thendz = (?— 2ima’c ota) dt

1 .
’—2 —2ina?cota
o

u 1 o 2m2a?b?u?csc’a
Fip(u) = exp(imb*u®cota). exp

- '
V2mo? /% — 2ima?cota (F - ZLnazcota)

[oe]

X f exp (—?) dz ..(3.2)

— 00

Therefore (3.1) will be,

The standard definition of the Gaussian gives,
1 z?
Ef exp (— 7) dz=1.0 ..(3.3)
Therefore by(3.3), (3.2) gives,

ng W) =

2.2 2n2a?b?o?ucsc’a
exp(ith*u*cota).exp " (1 - 2ino2a?cota)

V1 = 2imo2a?cota
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WIGNER DISTRIBUTION OF EFYFT

he Wigner distribution of a signal f(t) is,

r 1 1 .
Wee, (6u) = f @ (t +§x> e (t - Ex) e2imaugy (41
Then,
b u ) au _ b u 1
ngb (Et cosa _ESI m,abt si m +7cosa) = f f(at cosa —ESI m +§x)
x f* (915 cosa — isi o — lx> e—zinx(abtsina+%cos a)dx (4 2)
a ab 2 T
and EFrFTs,
. 1 0. 1
ab (t + Ex) = J- Kia (t + Ex,y) fO)dy
© 2
i azyz+b2 t+lx cota-2aby t+£x csca
= J-e [( ( 2)> (t+2%) ]f(y)dy . (43)
1 r 1
o (t —§x> _ f K;e (t —Ex,z)f*(z)dz
— f e—irr[(a222+b2(t—%x)z)cota—Zabz(t—%x)csca]f*(z)dz (4 4)

Therefore from (4.3) and (4.4), (4.1) will be,

[ee) [ee) [ee)
2.2
WFab (t, u) = f f f ein(a2y2+b2t 2+bTx+b2tx)cot a-2imabytcsca—imabyxcsca
a,

—00 —00 —00
b2x?2
4

—in(azz2 +b%t 2+ —-b? tx)cot a+2imabztcsca—imabzxcsca
e

e MU £ (YY) f*(2)dy. dz. dx

e—2inx(u+ab%csca—b2t cota) dx. einaz (¥?-z?%)cot a—2imabt(y—z)csca f(y)f* (Z) dy dz

Substituting the delta function,
f e—Zinx(u+ab@2ﬂc5ca—b2t cota) g — 5(u+ ab y+2)

— 00

Then,

csca — b%t cota)

y+2)
2

WFézb(t,u)= f f(S(u+ab

—00 —00

csca — b%t cota)

x einaz (y2-z2)cot a—2imabt(y—z)csca FOf*(2)dy.dz
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[ fa[z—< =2 (fpsim— 2rcosa) |

csca| o oo

% gima®(y*-z*)cot a-2inabt(y-z)csca FONf*(2)dy.dz
By shifting property of the delta function,

[oe]

f 6 [z - <—y -2 (%sina —gtcosa)>] f*(z)dz =f* (—y -2 (%sina - gtcosa)>

Therefore,
2sim
Wng (t' u) =
* b 2 b
J’ ira?y?cot a—ima? <—y—2(ﬁsm a—gtcos a)) cot a—2inabytcsca+2inabt<—y—2(%sin a— tcos a))csca
e
—00

u b
F* (_y_ 2(551 m—at COSOl))f(y)dy

; 2
_ |2 S1m e—4in(%sin a—bt cos a) cot a—4inbt(% sin a—bt cos a) csca
ab

[ . 2
X f e_4l”“y(%°05 a+btsina) fr (—y - E(%Si m — bt cosa))f(y)dy .. (4.5)

By (4.2), substituting Ztcosa - isina + %x =y, then

b u
x = 2y—2(at cosa—Em m) and dx = 2dy

b u ) au
Wia (—t cosa ——sim,abtsi rrx+—cosa)
ab\aq ab b

_y ()*(bt u +bt u )
= fof Glcosa——sim—y+—tcosa—— sim

— 00

Xe b

. b 2u . . au
—Zm(Zy—ZtE cos a+E sin a)(abt sin a + —— cos a) dy
(U 2 . u .
— 29_4”1(551“ a—bt cos a) cot a—4Lnbt(Esm a—bt cos oc)csca

[oe]

. u : 2 u
X f e_“”“y(ﬁcos a+btsina) fOOf* (—y - (BSi m — bt cosa)) dy ..(4.6)

— 00

By (4.5) and (4.6),

Wng(t,u) - | ab

b u ) au
Wia (—t cosa ——sim,abtsi rrx+—cosa)
ab\q ab b
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. N . sina
Thus Wigner Distribution of Fg), is

times Wigner Distribution of f(y) rotated by

an angle a.

If we put a =b =1 then we get special case for FRFT defined by equation (1.4) in
FRFT.

ConcLusion

En this paper we have obtained extended fractional Fourier transform of some common

functions and the Gaussian formula in the extended fractional Fourier transform domain. Then
we have established the relation of Wigner distribution and EFrFT.
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