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In this paper, the idea of distributive filters is introduced
based on subsemilattices. Some theorems are established.
Further, generalization of distributive filters for convex
subsemilattices, called distributive subsemilattice is
introduced.
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PRELIMINARIES

lattice is a poset in which any two elements have a g.1.b and l.u.b.
A lattice L is called a distributive lattice ifaav (bAc)=(avb)A(avc)foralla,
b, cel.

A non empty subset S of a lattice L is called sublattice if @, b in S implies a v b, a v b in
S.

A meet-semilattice is distributive, if for all a, b, and x:

If a A b < x then there exist a’and b'such thata <a',b<b'andx=a’'ADb’.
A join-semilattice is distributive, if for all a, b, and x:

If x <a V b then there exist a’and ' such thata’'<a,b'<bandx=a'V b'.

Any distributive meet-semilattice in which binary joins exist is a distributive lattice. A
join-semilattice is distributive if and only if the lattice of its ideals is distributive.

A filter F of a lattice is called distributive filter
if FVv(XAY)=FvX) A(FvYforallX, YinF (L).

Let S be a semilattice and D a non-empty subset of S, then D is called a convex
subsemilattice if,

()a,beD =avbeD, ()x,yeD, cesand x <c<y=>ceD

A convex subsemilattice is generated by a subset 4 of a semilattice S will be denoted <4>
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For any two non empty subsets of 4 and B of a semilattice S, it is defined that
AvB=<{avblace A, beB}>and AAB= <{x/xe A,x e B}>

That is 4 v B and A A B are convex subsemilattices of S generated by the elements a v b
and x =a = b (where a € A, b € B} respectively.

Theorem 1. For each d € S, {d} is a distributive convex subsemilattice of S.
Proof : Take D = {d}

DnXz¢=>deX= <D, X>=X ..(D)
DNnY#¢=>deY> <D, Y>=Y .2
Nowd e X,d€ Yimpliesd EXAY and dEXV Y
> <D, XANY>=XAY
and <D, XvY>=XvY
Using (1) & (2)
So <D, XAY>=XAY=<D,X>A<D,Y>and

<D, XvY>=XvY= <D X>v<D,Y>
Whenever DN X # ¢ and DN Y = ¢.
Hence {d} is a distributive convex subsemilattice of S.

Theorem 2. A filter F' of a semilattice S is distributive if and only if it is a distributive
convex subsemilattice of S.

Proof : Assume that a filter F is a distributive convex subsemilattice.
To prove : F is a distributive filter
Let X, Y be any two arbitrary filters of S
Then X, Y are convex subsemilattice of §
Moreover FnXo {1} #¢
Fn Yo {1} #¢
Then we have by definition of convex subsemilattice.
<FXAY>=<F,X>A<FY>
<F, XvY>=<F,X>v <FY>
Since < X, Y> = X v Y for the filter X, Y of S, so we arrive at
Fv(XAY) = FVvX)AFVY) forall X, Yof F(S)
= Fis a distributive filter
Conversely, let a filter F be a distributive filter of a semilattice S.
To prove F is a distributive convex subsemilattice.
Let X, Y be any two arbitrary convex subsemilattice of S.
We have [XAY)=1[X) v I[D
Claim : <F,XAY>=<F,X>A<FY>
FS<F X> F<<F,Y>
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=

FAF < <F,X> A <F,Y>
F < <F,X>nA<FY>

X< <FX>Y<<FY>
XAY<S <F,X> A <F,Y>

Therefore from (1) and (2),

<F,XANY> < <F,X>A<F,Y>

Clearly,
<F,X>=FvI[X
<F,Y>=Fv][Y)
and <F,XAY>=FVv[XAY)

Clearly <F,X> A <F,Y> is a convex subsemilattice
Let (E<F,X> A<FY>
= t=anbwherea €E<F,X> be<F,Y>

= t=anb,

a=firnx;withfi€F, x;=x, xinX

b=fArywithfh€F, y =2y, yinY
= t=anb, anb =firnfp Axiny with fiInf, EF

XIANVIZXAY, XAYEXAY

> t=anb,anb = (fi nfy) A (1A Y1)
with (firnf)) A(xiay) € (F,XAY)
t E<F,XAY>
Therefore , <F,X> A<F,Y> < <F,XAY>

From (3) and (4)

Next we claim that
We have

Also

=

Therefore

<SF,X>A<F,Y>=<F,XAY>
<F,XvY>=<FX>v <F,Y>

F< <F X> F<<F Y>
FVF < <F, X> v <FY>

F < <F,X>vVv<F,Y>

XS <F,X> Y<<F, Y>
XvY S <F,X>v <F,Y>

<F,XvY>< <F, X>v <F,Y>

Let t E<F,X> v <F,Y>be arbitrary

=

te(FvI[X) v (FvI[)

23

)

Q)

. 0)

. (4)

.05
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= t = anb,witha € Fv[X)
b eEFVI[Y)
= t > anb,witha> finx, fi € F,xy2x, x€X

bZﬁAylafZ EF) J’IE% yEY
= 1z (infa) A (x1A y1)

with firnfh € Fo xpAy1 2 x Ay, xAy EXVY

> tE <F,XvY>
Therefore, <F,X>v <F,Y><<FXvY>
From (5) and (6)

<F,X>v <F,Y>=<F, X v Y> forall X, Y€ (S)

Hence F is a distributive convex subsemilattice of S.

...(6)

Theorem 3. A dual filter D of a semilattice S is distributive if and only if it is distributive

convex subsemilattice of S.

Proof : Assume that the dual filter D of a semilattice S is a distributive convex

subsemilattice of S. To prove that D is a distributive dual filter.

Let X, Y be two arbitrary dual filters of S. Then the dual filter X, Y are Convex

(D
.(2)
..(3)

for the dual filter X, Y of S. so we arrive

subsemilattices.
Moreover DN X o{0}=¢
D nNnY o{0}# ¢.
<D, XAY>=<D,X> A<D, Y>
<D, XvY>=<D,X>v <D,Y>
Since <X, Y>=XvY
Using (3) in (1)

DvXAY)=DvX)AnDvVvY

DvXvY)=DvX)v(DvVvY)
Equation (4) gives that D is a distributive dual filter.
Conversely, let D be a distributive dual filter of a semilattice S.
To prove that D is a distributive convex subsemilattice of S.

Using the obvious equality

(XA Y]=(X] A (Y] valid for any subsets X, ¥ of S.

We have for convex subsemilattices of X, Y of S
Now <D, XAY>=Dv(XAY]
=D v (X]A (XD
=D vEX)ADv(Y]

...(4)
forall X, Y € F(S)
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<D, X>A<D,Y>= <D, X>v<D,Y>

And the distributive dual filter property gives

<D, XAY>=<D,X>A <D, Y>

Next we claim that (2) is valid for every dual filter D of S

D<<D,X> and D<<D,Y>

> DvD < <D, X>v <D)Y>
D < <D, X>v <D, Y>
X< <D, X> and Y< <D, Y>
Implies that XvY < <D, X>v <D, Y>
Therefore <D, XvY>< <D X>v<D,Y>
Now <D,X> = Dv(X]
<D,Y>=Dv (Y]
= <D, X>v <D, Y>=DvX])vDv(]

and

<D, XvY>=Dv(XvVvY]

Clearly < D, X > v <D, Y > is a convex subsemilattice generated by the elements of the
form (d; vx;) v (dyv y;) whered|,d, inD, x;inx, xinXandy; <y,yinY

=

xivyrin <D, XvY> (divdy) v (xvy)in <D, XvY>

By the convexity of <D, Xv Y>

xivyr S (divx) v (dvy) < (divx)v (dvy)
= (dvd)v (xvy)

Implies (d, v x)) v (dyVv y1) in <D, Xv Y>
Thus <D, XvY>=<DX>v<D,Y>

Hence D is a distributive convex subsemilattice.

REFERENCES

1.

Dilworth, R.P., Lattices with unique irreducible decompositions, Annals of Mathematics, 41, 771-
777, Reprinted in Chapter 3 of this volume (1940).

Natarajan, R., Distributive sublattice, Acta Ciencia Indica, Vol. XXX M, No. 3, 527-532 (2004).
Dharmalingam, P. and Natarajan, R., Standard Filters in Lattices, Acta Ciencia Indica, Vol. XXXII
M, No. 4, 1723 (2006).

Carlos, Serra Alves, Distributivity and Wellfounded Semilattices, Portugaliae Mathematicia, Vol.
52, Fasc. 1 (1995).

Dharmalingam, P. and Natarajan, R., Distributive Filters in Lattices, Acta Ciencia Indica, Vol
XXXIII M, No. 1, 005 (2007).

Gratzer, G., A characterisation of Neutral Elements in Lattices, Magyar, Tud. Akad. Mat. Kutato, Int.
Kozi., 7, 191-192 (1962).

Paul, Poncet, Convexities on ordered structures have their Krein—Milman theorem, arXiv,
1301.0760v3 [math.FA] (2014).

Begum, S.N. and Noor, A.S.A., Some Characterizations of Modular and Distributive JP-
Semilattices, Atlantic Electronic Journal of Mathematics, Volume 4, Number 1, pp.56-69 Winter
(2010).



26

10.
11.

Acta Ciencia Indica, Vol. XLI M, No. 1 (2015)

Thenmozhy, R. and Jeyachandran, S.S., Dually distributive Convex subsemilattices, The [UP
Journal of Computation Mathematics, Vol. 3, No.1, pp 30-38 March (2010).

Gratzer, G., Lattice Theory : Foundation, Springer/Birkhduser.; here, Sect. I, 5.1, p. 167 (2011).
Davey, B.A. and Priestley, H.A., Introduction to Lattices and Order, Second edition, Cambridge
University Press, Cambridge, (2002).

Q



