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In the present paper, | have been studied and defined
Kaehlerian ~ Weyl-Conformal and  Weyl-Concircular
recurrent and symmetric spaces of second order. Several
theorems also have been investigated and proved therein.
The necessary and sufficient condition for a 2T,,-space to
be ?P,-space and 2C,-space to be 2Z,-space have been
established.

InTRODUCTION

mkumura (1962), studied some remarks on space with a certain contact structure.
Tachibana (1967) and Mathai (1969) studied and defined the Bochner curvature tensor and
Kaehlerian recurrent spaces respectively. Singh (1971), studied on Kaehlerian spaces with
recurrent Bochner curvature tensor. Singh (1971-72) studied and defined Kaehlerian recurrent
and Ricci-recurrent spaces of second order. Rawat and Dobhal (2009), studied on Einstein
Kaehlerian s-recurrent space. Rawat and Kumar (2009), studied on curvature collineations in a
Tachibana recurrent space. Further, Rawat and Prasad (2010), studied on holomorphically
Projectively flat parabolically Kaehlerian spaces.

An n (= 2m) dimensional Kaehlerian space K, is an even dimensional Riemannian space,
which admits a structural tensor field F/* satisfying the conditions ([3])

Fj = —Fy, (F; = F* ga)) ... (1.2)
v, F!' = 0. .. (13)

where V denotes the operator of covariant differentiation with respect to the metric tensor g;;
of the Riemannian space.

The Riemannian curvature tensor, which we denote by R{ljk is given by
h h h (1 h)(1
h = — . —
Rijie = ai{i k} 9 {i k}+ {i l}{, k} {, l}{i k} - (14)

0 ; .
where 9; = — and {x'} denotes real local coordinates.
ox
The Ricci-tensor and scalar curvature are respectively given by
Rij = R¢ and R = RUgU

aij

107/M014



2 Acta Ciencia Indica, Vol. XLI M, No. 1 (2015)

It is well known that these tensors satisfies the following identities

iika = Riki — Rij » .. (1.5)

R; =2R{, ... (1.6)

FRg; = —RyoFf . (1.7)

and FER, = R*F] . .. (1.8)

The Holomorphically projective curvature tensor ( Sinha 1973), Tachibana H-Concircular
curvature tensor, Weyl-Conformal curvature tensor and Weyl-Concircular curvature ( Sinha
1971) are respectively given by

1
Pl = R+ —— (Rye 8 — Ry 8! + Sy F' — Sy Fl + 2SyFE ), ..(1.9)
(n+2)
1
Th = Ry + —— (G 6/' — 9jie 61" + Fu F* — Fy F' + 2F;F! ), ...(1.10)
(n+2)
Cli = Rl + —— (Rye 8 = Rl + g R = gy RY) = ———— (gue8 — g1 61
/ T (n+2) / J (n-1)(n-2) /
. (1.11)
d Zh = Rh R (Sh _ 5h 1.12
an ijk = Rijie + m Gix 6 — 9jx 6;) (1.12)
where Sij = Ff Rgyj .

KAEHLERIAN RECURRENT SPACES OF SECOND ORDER

Eeﬁnition (2.1): A Kaehler space K, is said to be a Kaehlerian recurrent space of

second order, if the following condition is satisfied (Singh 1971).

Vi Vi Rik = A Rl . (2.1)
where A,,,, is non-zero and in general, non-symmetric covariant tensor of order 2. It will be
denoted briefly by 2K,, — space.

The space is said to be Ricci-recurrent space of second order, if it satisfies the condition
Vin Vo Rij = Amn Ryj, ..(2.2)
Multiplying the above equation by g%, we get
VnVaR= A, R ..(2.3)

Remark (1.1) : From (2.2), it follows that every Kaehlerian recurrent space of second
order is Kaehlerian Ricci-recurrent space of second order, but converse is not necessarily true.

Definition (2.2) : A Kaehler space satisfying the condition
Voo Vo Pl = An Pl .. (24
for some non- zero tensor A,,,, will be called Kaehlerian Projective recurrent space of second
order, or briefly 2P, — space .

Definition (2.3) : A Kachler space satisfying the condition
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Vin Voo Tl = Aonn T (2.5)
for some non-zero tensor A,,,, will be called Kaehlerian Tachibana H-Concircular recurrent
space of second order, or briefly 2T,, — space .

Definition (2.4) : A Kaehler space satisfying the condition
Vin Vi Cl:’}k = Amn Ci’]l'k , ...(2.6)
for some non- zero tensor A,,, , will be called Kaehlerian Weyl-Conformal recurrent space of
second order, or briefly 2C, — space.
Definition (2.5) : A Kaehler space satisfying the condition
Voo Voo Zl% = Ao 2l (2.7)
for some non- zero tensor A,,, , will be called Kaehlerian Weyl-Concircular recurrent space
of second order, or briefly 2Z,, — space.

Now, If we put

R
Lij = Ry — — gij .. (2.8)
n
a R
and MU = Fi La] = SU - ; FU (29)

then from (1.9), (1.10), (2.8) and (2.9), we get
1

Pl =Th + m (Lik 8! = Lix 8 + My F* — My F! + 2M;F ), ..(2.10)
and with the help of (1.11), (1.12), (2.8) and (2.9), we get
1
Che=Z + m (Lik 8! = Lix 81 + guc L} — g LD, L(2.11)

Now, we have the following:

Theorem (2.1): If a Kaehler space satisfies any two of the following properties.
(1) the space is Kaehlerian Ricci recurrent space of second order,

(i)  the space is a Kaehlerian Projective recurrent space of second order,

(iii) the space is Kaehlerian Tachibana H-Concircular recurrent space of second order ,
then it must also satisfy the third.

Proof: Differentiating (2.10) covariantly with respect to x™ , we have

1
Vo Pl = VT + ) (VoL 8] = Vo Lix 8] + Vy My F* =V, My FI' + 2V, M F )

.. (2.12)
Again , differentiating (2.12) covariantly with respect to x™ , we get

1

ViV Pl = Vi Vo Ty + TS

(V‘mvn Lik 5]"1 - V‘mvn ij 5ih + van Mik th

—Vn Vo Mj Ft +2V,,V,, M;;F}) .. (2.13)

Transvecting (2.10) with A,,,, and subtracting from (2.13), we get
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1
van Pi’]l'k - )lmn Pi}]):k = vanTi’}k - )lmn Ti}}k + m [(vanLik - )lanik )5]h

~(VinVaLjie = AmnLii )8!+ (Vin Vi My = Ay My )F!

—(VVn Mj = Agn My )FP+2(Y,, Y, Myj — A My ) F . (2.14)
The statement of the above theorem follows in view of equations (2.2), (2.3), (2.4), (2.5),
(2.8),(2.9), and (2.14).

Theorem (2.2): If a Kachler space satisfies any two of the following properties.
(1) the space is Kaehlerian Ricci recurrent space of second order,

(i1) the space is a Kaehlerian Weyl-conformal recurrent space of second order,

(iii) the space is Kaehlerian Weyl-Concircular recurrent space of second order
then it must also satisfy the third.

Proof : Kaehlerian Ricci recurrent space of second order, Kaehlerian Weyl-conformal
recurrent space of second order and Kaehlerian Weyl-Concircular recurrent space of second
order are respectively characterized by the equations (2.2), (2.6) and (2.7).

Differentiating (2.11) covariantly with respect to x™ , we have

1
V Cly = Vo Zly + 2 (Y Lie 8] = Vi Lig 81 + Vo gige L} = Vi g L), ... (2.15)

Again, differentiating (2.15) covariantly with respect to x™ , we get

1
VinVn Ci’}k = vanzihjk + (n+2)

(vm Vn Lik 6]"1 - V‘m Vn ij 5ih + van Yik L;'l

—VnVa g L) ..(2.16)
Transvecting (2.11) with A,,,,, and subtracting from (2.16), we get
1
Vin Vo Ci’;k - AmnCi}}l'k = vanzthjk - lmnzthjk + m [(Vm VaLix = Amn Lix )5]"1
_(Vm Vnij - Amn ij ) 5ih + (V‘m Vn L;'l - )lmn L;'l )gik
= (Vi Vi L = A L) gji], -(2.17)
The statement of the above theorem follows in view of equations (2.2), (2.3), (2.7), (2.8),
(2.9), and (2.17).
Theorem (2.3): The necessary and sufficient condition that a 2T, — space to be
2p, — space is that
(Vm VoL — Amn Ly )6]h - (Vm Vnij - Amn ij )(Sth + (van My, — lmn Mik)P}'h
~(Vi Vi Mjge = A My ) Ff* +2(V3n Vi, Myj = A Mi)F = 0,

Proof: The statement of the above theorem follows in view of equations (2.2), (2.3),
(2.4), (2.5), (2.14), similarly , we have the following

Theorem (2.4): The necessary and sufficient condition that a 2Z, — space to be
C, — space is that
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(Vm anik - Amn Lik )5]'}1 - (V‘m Vnij - )lmn ij )51}1 + (V‘m Vn L;'l - )lmn L;'l )gik
- (Vm Va L’il = Ann L’il )gjk] =0.

Proof: The statement of the above theorem follows in view of equations (2.2), (2.3),
(2.6), (2.7), and (2.17).

KAEHLERIAN SYMMETRIC SPACES OF SECOND ORDER

Eeﬁnition (3.1) : A Kaehlerian space is said to be Kaehlerian symmetric space of
second order, if it satisfies

Vi Vi thjk =0, or equivalently V., VR = 0, ..(3.1)
and it is called Ricci-symmetric space of second order of
Vi Vo R;; =0, ..(32)
Multiplying the above by g¥ , we get
VuVaR =0 ..(3.3)
Definition (3.2) : A Kachler space satisfying the condition
Vi Vi Pl-’]l-k =0, or, equivalently V,, V. P;;; =0, ..(3.4)

is called a Kachlerian Projective symmetric space of second order.
Definition (3.3) : A Kaehler space satisfying the condition
Vi Vi Tih = 0, or equivalently  V,, V,,Tij; = 0, ..(3.5)
is called a Kaehlerian Tachibana H-Concircular symmetric space of second order.
Definition (3.4) : A Kaehler space satisfying the condition
Vi Vo Cli = 0, or, equivalently V,, V,,C;jy = 0, ..(3.6)
is called a Kaehlerian Weyl-Conformal symmetric space of second order.
Definition (3.5) : A Kaehler space satisfying the condition
Vi Vi Z5 = 0, or equivalently V,, V,,Z;;; =0, (3.7
is called a Kaehlerian Weyl-Concircular symmetric space of second order.
Theorem (3.1): If a Kachler space satisfies any two of the following properties:
(1)  the space is Kaehlerian Ricci -symmetric space of second order,
(i) the space is a Kaehlerian Projective symmetric space of second order,

(iii) the space is Kaehlerian Tachibana H-Concircular symmetric space of second order
then it must also satisfy the third.

Proof: In a Kaehlerian Ricci -symmetric space of second order, the condition (3.2) is
satisfied, whereas, Kaehlerian Projective symmetric space of second order and a Kaehlerian
Tachibana H-Concircular symmetric space of second order respectively are given by the
conditions (3.4) and (3.5). Therefore the statement of the above theorem follows in the view of
equations (2.13), (3.2), (3.4) and (3.5).

Theorem (3.2) : If a Kaehler space satisfies any two of the following properties:
(i)  the space is Kaehlerian Ricci -symmetric space of second order,

(i1)  the space is a Kaehlerian Weyl-conformal symmetric space of second order,
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(iii) the space is Kaehlerian Weyl-Concircular symmetric space of second order
then it must also satisfy the third.

Proof : In a Kaehlerian Ricci -symmetric space of second order, the condition (3.2) is
satisfied, whereas, Kaehlerian Weyl-conformal symmetric space of second order and a
Kachlerian Weyl-Concircular symmetric space of second order respectively are given by the
conditions (3.6) and (3.7).

Therefore, the statement of the above theorem follows in the view of equations (2.16),
(3.2), (3.6) and (3.7).

Theorem (3.3) : The necessary and sufficient condition that a Kaehlerian Tachibana H-
Concircular symmetric space of second order to be a Kaehlerian Projective symmetric space
of second order is that

Vi VL 8" = Vo Vo Li 61 + Vi Vyy My Fl = V.V My F* + 2V,,V,, My = 0,
Theorem (3.4): The necessary and sufficient condition that a Kachlerian Weyl-

Concircular symmetric space of second order to be a Kaehlerian Weyl symmetric space of
second order is that

Vm anik 5]'h - V‘m Vnij5iil + V‘mvn giij'l - van gjkL}il =0.
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