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INnTRODUCTION

. S.Kim and Y.N. Kim [1] introduced the concept of = BE —algebra in 2006.
Since then several related concepts have been developed and studied.

Definition (1.1): A BE—algebra is a system (X; *, 1) consisting of a non-empty set X, a
binary operation “ * ” and a fixed element 1 satisfying the following conditions :-

1. (BE1) x*x=1

2. (BE2) x*1=1

3. (BE3) 1*x=x

4. (BE4) x*(y*z) = y*(x *2)
forallx, y,z € X.

Definition (1.2): Let (X; *, 1) and (Y; 0, ¢) be BE-algebras and let f: X — Y be a
mapping . Then f is called a homomorphism if f(x *y)=f(x) of(y) forallx,y € X.

SOME HOMOMORPHISMS

he following result have been established in [3, 2017].

Theorem 22.1): Let S be anuniverse and let X be the set of all fuzzy sets defined on
S. Let 1*the 0 be the fuzzy sets defined on S as

1"(x)=1 and 0" (x)=0 forall x €.
Also for f, g € X, we define f=giff f(x) =g (x) for allx € S.

[IPRL)

For f, g € X abinary operation “0” is defined as

(fog) (x) =min {f(x), g ()} +1-f(x)
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=(fAg )+ 1-f(x).
Then (X:o,1") is a BE-algebra with zero element 0" .

Note (2.2) : For a € [0, 1], the constant fuzzy set a (f) = o for all ¢ € § is identified
as o.

Definition (2.3) : Let x be a fixed element of S. For 6 € X. Let 8 (x) = a. We consider
the constant mapping o : S — X defined as a (f) = o forall £ € S. Let f, : X — X be defined
as

£ (0) =a=23 (x). .. (2.1
We prove that
Theorem (2.4): £, is a homomorphiosm on X for every x € S.
Proof: Letd, 5, € Xand let &, (x) = a, 5, (x) = p. Then
S @B1) = o, £ (82) = B.
Let £, (810 8,) =7v. Then
Y (x) =(8109) (x)
=min {8;(x), & (N)}+ 1 -8 (x)
=min {o, B} +1 -

=lor f+l-a
according as o< Borf <a.

Table 2.1
o|S 4 B C D E F 0
S|S 4 B C D E F 0
A|S S §S D D D S D
B|S F S D D E F E
c|S F § S S F F F
D|S A B B S F F 4
E|S B B B § S§ S B
F|S B B C DD S C
o1s s s s s s s S
This means that
£ (8108)=1"orp+1-a. .. (2.2)
according as o< BorP <o.
Again, f;(8)ofi(B)=aoB=1"orp+1-a. ... (23)

according as a< Borf <o.
From (2.2) and (2.3) it follows that

J2 (810 8) = f: (81) 0 £ (32),

Hence f, is a homomorphism .
Example (2.5) : Let S={a,b,c,d, e} and X={0,4, B, C, D,E, F, S}
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where 4 = {a, b}, B={a,b,c},C={c},D={c,d, e}, E=1{d, e}, F={a, b,d, e}; S=1,
¢=0.
For L, M e X, we define a binary operation ‘‘0’’ as
Lo M=L"UM.
Then Cayley table for this operation ‘0’ be given by
Then (X; o, S) is a BE—algebra with zero element 0 [ 5 ].

For a € S, let g, : X > X be a mapping defined as g, (L) = smallest element of X
containing L and a.

Then, g A)=4, g.(B)=8B, g.(C)=B, g,(D)=S,
gE)=F, g.(F)=F, g2.(5= S, g.(0)= 4.

Now we see that
g(AoB)=g,(85)=S, g.(A)og,(B)y=A0B=S5;
8a(AoD)= g,(D)=S,g,(A)0g.(D)=A40S5=S5,
8.(CoE)=g,(F) =F, g,(C)o g.(E)y=BoF=F,
8aDo00)=g,(4) =4, ga(D)o g.(0)=So0A4=4,;
g (Eo 0)=g,(B)=B, g,(E) 0g,(0)= FoA=B.

For other elements it can be proved that

8a(LoM)= g,(L)og,(M) for L, M € X.
So g, is a homomorphism.

PARTIAL HOMOMORPHISM

efinition (3.1) : Let (X; *, 1) be a BE—algebra and let f: X — X. If there exists a
subalgebra M of X such that
Sy =1 *f)

forallx,y e Mbutf(x *y) #f(x) * f(y) for some x, y € X, then we say that f is a partial
homomorphism on X with respect to subalgebra M.

Example (3.2) : Let (X, T ) be a topological space where T contains only clopen
(closed and open) subsets. For 4, B € T we define a binary operation ‘0’ on T as

A oB=A°UB. .. (3.1
Then (T; 0, 1) is a BE—algebra with zero element 0 = ¢ and 1 = X [5].

For a fixed a € X, let S be the collection of those elements of 7 which contain a. Now
LMeS = LoM = L°UM € S, since L° U M contains a. So S is a BE-subalgebra of 7.

Let f,: T— T be a mapping defined as

fo(L)y=Lor L according aeLor ag L.
Let L, M € S, we have

JalLoM)=f, (L"UM)=L"U M,

since a € M. Also in this case



526 Acta Ciencia Indica, Vol. XLIII M, No. 4 (2017)

fa)=L, fy(M)=Mand f, L)of, M)=LoM= L UM.
Thus f, (Lo M)= f,(L) of, (M) is satisfied for all L, M € S.
Again,a¢g Landae M= f, LoM)= f,(L°"UM) =L UM, sincea € L°UM.
In this case,  f, (L) =L°andf, (M) =M which givesf, (L) o f, (M)
=LoM=LUM.
Sof,(LoM)= f,(L)of, (M) forsome L, M e T.
This means that f; is a partial homomorphism in 7 with respect to subalgebra S.

PAir HoMOMORPHISM

Eeﬁnition (4.1) : Let (X; *, 1) and (Y; 0, e) be BE—algebras.

Let f:X —> Yand g : X —> Y be mappings. The pair (f; g) is said to be pair
homomorphiosm if

SE*y)=gx)og®) .. (4.)
forallx,y € X.

Example (4.2): In the above definition, let /' (x) = e forallx € X and g (f) =a € Y for all
t € X, then the pair (f, g) is pair homomorphism. For,

fx*y=e=gx)og®)
forallx,y € X.
Note (4.3) : Pair (f, g) is pair homomorphism
# Pair (g, f) is pair homomorphism.
In the above example g (x *y)=a#e=f(x) o f(»).

Note (4.4) : If g (1) = e then f coincides with g and f'is a hompomorphism. For x € X we
have

S =f1*x)=g(l)ogkx)
=eog(x)
=g (x).

Note (4.5) : From the above example it also follows that in pair (f; g) g may not be
unique for a mapping f.

Example (4.6) : Let (X; *, 1) be a BE—algebra with zero element 0 and let Y= X x X.

Then (¥; O, (1, 1) ) is a BE-algebra [4, 2014] with zero element (0, 0) where © is
defined as

(x1,%2) © (1, 12) = (x1 * y1, X2 * 32).
We consider mappings P, Q;: Y > Y
defined as P (xy, x3) = (1, xp) and Q (x1, x;) = (0, x,) for all (x;, x,) € Y. Then
Py ((x1, %) © (1, 32) = Pi(x1 * y1, %2 * »2)
= (L, x2% )
=(0, x2) O (0, y2)
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=01 (x1, %) © 01 (1, )2)
for all (x1, x2), ("1, ¥2) € Y. So (Py, O)) is a pair homomorphism.

Lemma (4.7) : Let £, g : (X; *, 1) > (¥; 0, ¢) be a mapping such that pair (f, g) is a
homomorphism . Then

) =e
x<y=>g@=gh:;
Proof: (a) Wehave f(1)=f(1*1)=g(l)og(l)=e.
(b) Also x<y= x*y=1
= fx*y)=f1)=e
= gx)ogh)=e
= gX=g®.

Definition (4.8) : Let (f, g) be a pair homomorphism from a BE- algebra (X; *, 1)
into a BE—algebra (Y; o, e). Then Ker f'is defined as Ker f= {x € X: f(x) =e}.

Theorem (4.9) : Let (X; *, 1) and (Y; 0, e) be BE-algebraandletf, g: X — Y. Let (f, 2)
be a pair homomorphism. Then

(a) xe Ker f iff g(x)=g(1);

(b) Kerf is a BE—sub algebra of (X; *, 1).

Proof: (a) Let (f; g) be a pair homomorphism and let x € Ker f.

Thene=f(x)=f(1*x)=g (1) o g (x). This implies g (1) < g (x).

Again from lemma (4.7) (b) it follows that
x<1=g@=<g(). Sogx)=g(1).

Conversely, suppose that

g =g
Then S =f1*x)=g1)ogx)
=g(Mog()
=e.

Sox € Ker f.

(b) Letx,y e Kerf Then from above g (x) =g () =g (1). Alsof(x*y)=gx)o g ()
=g(1)og(l)=e.Sox *y e Kerf. This proves that Ker f'is a BE—algebra.
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