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The paper intends to find a series solution by homotopy
analysis on harvested enemy species with variable rate
and Cover Protected Ammensal species. The
Ammensalism species is cover protected with limited
resources. The model equations are constituted by a pair
of non linear first order differential equations. The series
solution for the considered model is derived with
perturbation method.
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INnTRODUCTION

Ebbasbandy, S [1] applied perturbation technique and derived many results in the area

of asymptotic techniques .After wards Liao [5-8] developed and simplified Homotopy
Perturbation Method (HPM) in 1992. Few other methods with independent physical
parameters were also established by eminent Mathematicians [2, 4]. In the present years, the
HPM methodology has been effectively applied in the field of Modern Sciences [3, 9-12].

BASIC IDEA OF HOMOTOPY PERTURBATION METHOD

tep (1): Let us consider nonlinear differential equation:
Au)-f(r)=0, reQ )

With the boundary condition

B(u, %j =0, rel
on

where 4 is a general differential operator, B a boundary operator, f(r) is a known analytic

. . . 0 . .
function, T is the boundary of the domain @ and a—denotes differentiation along the normal
n

drawn outwards from Q.

Step (2): In general the operator 4, is divided into two parts : a linear part L and a
nonlinear part N. Therefore above differential equation (I) is expressed in the form of

L(u)=N(u)-f(r)=0 (I1)
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Step (3): With the help of Homotopy Perturbation Method (HPM), one can constitute a
homotopy v(r, p):Qx[0, 1] - R which satisfies

H(v,p) :(l—p)[L(v)—L(uO)Jer[A(v)—f(r)] =0, p e[O,l],r eQQ ... (D
It is nothing but
H(v,p) = L(v)—L(uo)+pL(u0)+p[A(v)—f(r)] =0 ... (IV)

where p 6[0,1] is named as an embedding parameter, and uis an initial approximation of
equation (1), which satisfies the boundary conditions.
Step (4): Then equations (III), (IV) follow that
H(v,0)=L(v)-L(up)=0 and H(v,1)=4(v)-f(r)=0

Thus the changing process of P from zero to unity is just that of v(r, p) from u (r) to
u(r).

Step (5): According to the HPM, we can first use the imbedding parameter p as a ‘small
parameter’ and assume that the solutions of the equations (III) and (IV) can be written as a

power series in p :
2 3 4
V=V pY PV PV p V-
The approximate solution of equation (I) can be obtained as

u= Lt v=vy+v+vy+v3+y+——————————
p—l

NoTaTiONS ADOPTED
N, (¢) : The population rate of the species S at time ¢
N, (¢) : The population rate of the species S, at time ¢
a; : The natural growth rate of S;, i =1, 2.
a; : The rate of decrease of S;; due to its own insufficient resources, i = 1, 2.
ap;  : The inhibition coefficient of S| due to S, i.e. The Commensal coefficient.
m : Decrease of Enemy Species due to Harvesting.
b : Cover protection for Ammensal Species (0 <b <1)

The state variables N; and N, as well as the model parameters ay, a,, a1, a», K1, K>, o, 4y,
h, are assumed to be non-negative constants.

Basic equaTions

at = a;N; — a1 Nf — (1 = b)a,;, NN, - (1)
d
% = (1-m)ayN, —ar, N3 with initial conditions N; (0)=¢; and N(0)=c; ... (2)

The following system can be constructed by the concept of homotopy as follows
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vy = Njg + p(N{o — a1y + ay1vf — (1 = b)avyv,) = 0 - (3)
vy = Nao + p(Nzo — (1 = m)ayv; + agv3) =0 NC))

The initial approximations are considered as
V10(t) = Nyo(©) =v1(0) = ¢4 .. (5)
V2,0(8) = Npo(t) = v,(0) = ¢, - (6)
and vy (t) = v10(t) + pr11 () + p?v2(t) + PPy 5(8) + p*va(t) + PPvis@) + o (D)
Uy (1) = 1p0(t) + pp1 (t) + p?12(8) + PPy 5() + vy a(t) +pPvps() + -+ ...(8)

where v; ; (i =1,2,] = 1,2,3...) are to be computed by substituting (5), (6), (7), (8) in (3), (4)
We get
v10() + i1 (8) + p?v12(8) + PPvi5(8) + p*via(®) + pPvis (D) + - = Nig
+p[Nio — a1 (V1,0(t) + pr11 () + p?v12(8) + Py 5(8) + vy a(t) + pPvis(E) + )
+a11(v1,0(8) + 1 () + PPv12(8) + P31 3() + o4 (t) + Py () + -+ ) (Wy,0(E)
+pvy1(0) + pzvl,z ®) + p3v1'3 ®) + p4v1_4(t) + psvl,s @) + -+ (1= b)a;(vy,0(0)
+pv11 () + P?012(6) +PPv15(6) + PHv1a () +P°015(6) + - ) (V20 () + vy (D) +
P?022() + P30y 3(1) + pHuga(t) + pPvas () + )] =0 ... (9)
From equation (4)
V3,0(t) + ;1 (8) + p?v3,(6) + pPv; () + pHvy4(t) + pPvps(t) + 0 — Ny
+p[Nzp — (1 = m)az(v20(t) + pro 1 (t) + p?v22(8) + p*vy3(t) + p*v2a(t) + P°vs5(E)
+ o+ Az (V2,0(t) + PV g () + pPv22(0) + PPuga(t) + v a(t) + pvas(t) + o)
(v2,0(6) + V2,1 (O) + P?v22(6) + P*v23(6) + P* 050 () + P05 () +++)]1=0...(10)
From (9),
0 +pvi1(0) + 12 (0) + P°vi5(8) + p*v1u(t) +p°vis(0) + - — 0
+p[0 — a3y () — a1pvy1(8) — a1p?v1 () — a1pvy () — ap*vy (L)
—a, vy 5(t) — ... Fay; VE(8) + @y pvyo(O)vy1(E) + 110?010 ()1, (t)
+a110%v1,0(O)V1,3(E) + a11p V10 (V14 (8) + -+ + apY1 (V1 () + ayp®vi(E)
+a11p3171,1(t)171,2 ®) + a11p4v1_1 Ovy3() + a11p5171,1 (O)v,4() + -
+a11p%01,0 (V12 (8) + a1p3v1 1 (V12 (8) + a1 p* V], (8) + a1 PV, (v 5(8) + -
+a11p3171,o(t)171,3 ®) + a11p4v1_1 (Ovy5(t) + a11p5171,2 Ovy3() + -
+a;1p* 1,0 V14(8) + a11p%V1,1 (V14 (8) + - + APV o (v 5 () + -
+(1 = b)ayz v1,0(O)v2(t) + (1 = b)aypvyo(E) v, (8) + (1 — b)a12p2171,o(t)172,2 ®)
+(1 - b)a12p3v1_0 Ovy3(0) + (1 - b)a;p*vio (Ov24(@).. ... (1 = b)agz pvy1(O)v2,(t)
+(1 - b)alzpzvl,l Ov,1(0) + (1 - b)a12p3v1'1(t)v2'2 ®)
+(1 = b)a,p*v; 1 (O V3E). ..+ (1 = b)a,p?v, 0 (v, (t)
+(1- b)a12p3v1,2 Ov, () + (1 - b)a12p4v1_2 (Ov2(t) .. +(1 = b)ay, p3171,3 (O)v4,0()
+(1 = b)ayp*vy3(O)vy 1 (8). .. + (1 = b)ag,p*vy 4 () vy (E) ...] =0 ... (11)
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From (10),
0 +pv}1(6) + p*v5,5(8) + vy 5(0) + P24 () + p°v3s5(0) + - — 0
+p[0-(1— m)a2p4v2,4(t) -(1- m)a2p5v2,5(t) —tap V%,o(t)vz,o(t)
—(1 = m)azpvy 1 (t) — (1 — m)ayp?v,,(t) — (1 — m)azp®vy5(t)
—(1 =m)ayp*v,4(t) — (1 —=m)ayp®v,5(t) — -+ + azp v3,(t)
22020 () V2,1 (8) + Q20?20 ()02 2() + A22P° V0 () V25(8) + Q2D 20 (D) V4 (E) + -+
+azz PV2,1(E)V20(t) + Azap? V31 (8) + a2’ V2,1 (D22 (1) + Azap*v21 (£)v23(8)
0220021 (D24 () + ++ + Agap? V20 ()22 () + Azp0° 122 () V2,1 (1) + agap*v3,(t)
+a22p5172,2 Ovys(®) + - + a22p3172,0(t)172,3 )+ a22p4v2_1 (Ovz3(8) +az
psvz,z Ovys(®) + - + a22p4172,0(t)172,4(t) + a22p5v2_1 (Ov4(t) + -
+a320°V20 () V25(t) + 1 =0 . (12)
Now comparing the coefficient of various powers of p in (11) & (12), we obtain
The coefficient of P':
V11 () — a1v10(8) + a1 070 (t) + (1 = b)ay,v;0(H)vy0(t) = 0
3,1(6) = (1 =m)azvy0(t) + azv3e(t) =0
The coefficient of P’.
V12(t) — ayvy 1 () + @11 v1,0(O)v1,1(8) + a11v10(Ov11 () + (1 = b)agavy0(E)v21(2)
+(1 = b)asv, 1 (D)vz(t) =0
V32(8) = (1 = m)az vy, (£) + az22,0 () V21 (E) + az202,0(0)v21(t) =0
The coefficient of P’
V13(t) — a1v12(t) + a11v10(0)v1,(8) + @y 071 (1) + agyv10(E)vy2(t)
+(1 = b)ayv, 0(Ov22(t) — (1 = b)av1 1 (D v21(8) + (1 = b)agav,0(H)vy2(8) =0
V3,3(6) = (1 = m)azvy5(6) + az205,0()22(E) + Az2051(8) + Agav20(D)12(t) = 0
The coefficient of P
v1,4(t) — a1v13(8) + ay1v1,0(O)v13(8) + 11 1 (O V12(8) + ay1v1,1 (O)vy2(8)
+ a11v10(O)v13() + (1 —m)a vy (v 5(t) + (1 —m)avy 1 ()v,2(t)
+(1 = m)ag2v21 (Ovy2(0) + (1 —m) ag2v50(O)vy3(6) =0
5,4(8) = (1 = m)ayvy3(t) + aza020(0)v55(6) + Az2,1 () V22 (8)
22021 () V2,2(8) + Az2020(O)V3(8) = 0
Now v1(0) = ¢ v,(0) = ¢,
¢ t t

v1.(t) = a4 f v1,0(t)dt — ayy J- vio(t)dt — (1 —b)ay, f v1,0(E)v,,0(t)dt
0 0 0
= Clalt - allclzt + (1 - b)alzclczt

- v11(8) = (a4 — ag16 — (1= b)agpcy)cqit
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¢ t
v1(t) = (1 —m)a, f Vy0(t)dt — ay, f v3o()dt = (1 —m)aycot — azcit
0 0
w110 = (1 —m)a; — axcy)et
¢ t t
v,(t) =ay f vy1(0)dt — 2a44 f v10(E)v1(0)dt — (1 —b)ay, f V10t v, (D)dt
0 0 0
t
~(1 = Dy, [ v O 0@de
0
2 2

=ai(a; — a6 — (1 — b)a1202)c1? —2ay,61(ay — ag16 — (1 — b)a1202)c1?

2 £2
—(1 = b)aj (1 —m)a, — azycr)c, 7_(1 —b)ajzc(ay — ag1¢0 — (1= b)agc3)e 7

w vy,(8) = [(ar — 2a41¢; — (1 — b)agpc;)(ag — agiep — (1 — b)agc)eq
2
—(1=b)a ¢, (1 —m)a, — az,c;)c,] 7

t t

V,,(t) = (1 —m)a, f vy, (t)dt — 2ay, J- V0V (t)dt
0 0
= [(1 —=m)a,((1 —m)a, — azc3)c; — 2a5,6,((1 —m)a; — a;¢;)c;] ?

£2
v22(t) = [(a; — ax,c;)(a, — Zazzcz)cz]?
¢ ¢ ¢ ¢
v13(t) = a; f vy, (O)dt — 2a;1¢4 J- vy ,(t)dt —aq,y f vi,(H)dt — (1 = b)a;,¢ f v, (t)dt
0 0 0 0
¢ ¢
—(1—=Db)ay,c, f vy,(t)dt — (1 = b)ay, f V11 (v, () dt
0 0

= (a; — 2a;1¢; — (1 = b)ay,¢;){(a; — 2a3,¢; — (1 — b)ay,c;)
3
(a; — ay1¢; — (1 = b)as,63)c; — (1 = b)agz¢6,((1 —m)a, — azzcz)}g

£3
—aj1(a; — ay1¢, — (1 = b)agc)(ag — a6 — (1 — b)a1202)c12 3

3

—(1 = b)a ¢ {(1 —m)a, — azc;) (1 —m)a, — Zazzcz)cz}%

3
—(1 = b)ayc,(1 —m)a, — azcy)(a; — agic; — (1 — b)agcz)e ?

U1,3(t) = [(ay — 2ay1¢; — (1 = b)ay,¢){(a; — 2a41¢; — (1 — b)asc)(ag — agq¢y

—(1 = b)acz)c; — (1 —b)ajycic,((1 —m)a, — azycy)}
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+(a; — ag1¢0 — (1 = b)as262)¢1{2(1 — b)ag ¢, (1 — m)a, — az,c,)
—2ay;(a; —agic; — (1 = b)ajycz)cq}
—(1 = b)acic{((1 —m)a, — a,c)(1 —m)a, — 2a22c2)}]%

t t t

v,3(t) = (1 —m)a, f vy, (t)dt — 2ay, J- V200V, (t)dt — ay, f v22,1(t)dt
0 0 0
3

= (1 —m)ay — 2a,,6:){(1 = m)a, — azyc,) (1 — m)a, — 2‘12202)02}%
—ay,((1 —m)a, — azzcz)zcg%

= 13() = [(1 —m)ay — azc)e{((1 —m)a, — 2a,,¢,) (1 — m)a, — 2a,,¢;)
3
—2a,,((1 —m)a, — azzcz)cz}g
v14(t) = (a; — 2a31¢; — (1 — b)ay,c;) f vy 3(0)dt — 2a4, f V1,1 (0, (0)dt

0
t t

~(1 - b)ay, f 001 v, (D)t — (1 — bas, f 015 (a1 (D)t

—(1=b)as,¢ f v,3(t)dt
0
= [(a; — 2a41¢; — (1 = b)ay,¢){ (ag — 2a41¢1 — c){ (a1 — 2a4:,¢; — (1 = b)as,¢)
(a1 —ag1¢6 — (1 = b)as,¢3) ¢ — (1= b)agpc16,((1 —m)a, — az,c;)}
+(a; — ay16 = (1 = b)as¢;)c1{2(1 — b)ag,c, (1 —m)a, — a;¢;)
—2ay1(a; — ag1¢ — (1 —m)ag,65)cq}
4
—(1 —m)a;,¢,16{(1 —m)a; — azc) (1 —m)ay — 2a,,¢; )} 24

—2a41(a; —ag1¢0 — (1 = b)agzcr)ei{(ag — 2a41¢ — (1 = b)ag¢)(ag — ag164
4
—(1 = b)asc)c;—(1 —m)a ¢ ((1 —m)a, — azzcz)cz}g

—(1 = b)a ¢ {((1 —m)a; — 2a,,6,)[(1 —m)ay — azycy)c, (1 —m)a, — 2a;,¢;)]
4
2((1 —m)a; — az;€3)Cc2a55((1 —m)a, — azzcz)cz}ﬁ

—(1 = b)ac(ay — ag¢ — (1 — b)ag,c;)
[(1 —=m)a; — azycy)c, (1 — m)a, — 2a,,¢,)] §

+a (1 —m)a, — azc;)cz[(ag — 2a4,¢ — (1 — b)ag,¢;5)
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(a; —ain¢p = (1 = b)agzcz)cr — (1 = b)agpcica((1 —m)ag — 2a3,¢,)] g
V1,4(8) = {c1 + (1 = b)aya¢16,((1 — m)a; — ay2¢3))

[(ay = 2a1;¢; — (1 = b)asz¢,)* — ¢16a44 (ay — ag1¢; — (1 = b)ag,¢3)]
+(ay — 2ay3161 — (1 = b)as¢;){2(ay — ags6 — (1 = b)aga¢q)eq ((1-b)
2(az2¢; — (1 —m)ay) — a1 (ay — ay16 — (1 — b)as ;)]

—(1=Db)asz¢16[((1 —m)a; — 2a;,¢,) (1 —m)a, — az,c,)]
+[((1 —m)a; — azcr)e, (1 —m)ay — 2az,¢,)]
[(1 = b)ay ¢ (a; — 2az,¢;) — 3(1 — b)ag,ci(ay — agge; — (1 — b)1)ay,c;)]
+((1 —m)a, — azcr)c{[(ay — arnc; — (1 — b)agzc;)e [3(1-b)

a2 (2a;1¢; —a; — (1 — b)ag,c;)]

4
+((1 —m)a, — azc;)c[3(1 — b)zafzq + 2a;5,(1 — b)“uﬁ]}ﬁ
t t t
v,4(t) = (1 —-m)a, f vp3(t)dt — 2ay,c, J- vy3(t)dt — 2ay, f V1 (D) v, (t)dt
0 0 0

= (1 =m)a, — 2a3,¢;) (1 —m)a, — azc)e{((1 —m)a, — 25122C2)2
4
—205,¢6,((1 —m)a, — az,¢,)} 24
4

—2a5,((1 —m)a, — az;¢;)c{((1 —m)a, — azcy)e (1 —m)a, — 2“2202)}§

V2,4(f) = ((1 —m)a; — azc;)c, (1 —m)a, — 2a,¢,){((1 —m)a, — 2‘12202)2
4
—8ay,¢,((1 —m)a, — azzcz)};_4

Up to the terms which contain maximum the power of four, we obtain

Ni(t) = Li_r}} v (1) = z V1, (6) = V10(t) +v1,1(0) + 1 2(8) +v13(8) + v1,4(8)
x:O
M) = 1M v,(0) = )" 0.0(0) = V20(6) + 21(6) + 2(0) + v35(6) + V2, (6)

The solutions by Homotopy Perturbation Method are derived as

Ni(t) = ¢; + [(ag —ag1¢0 — (1 = b)agc)e ]t
+[(a; — 2a31¢; — (1 = b)aj,c;)(a; — agcp — (1 = b)agcr)eq
£2
—(1 = b)a,;c,((1 —m)a, — az,cy)c,] > + {(a; — 2ay,¢4
—(1 = b)ay,cx)[(a; — 2a51¢1 — (1 — b)ajpcz)(a; — ag¢p — (1 — b)agcr)eq

—(1 = b)acic,((1 —m)a, — azcy)] + (a; — agqcp — (1 — b)agpcy)
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c1[2(1 = b)as,¢5(az,6, - (1 —m)ay) — 2a44(ag — agi¢ — (1 — b)ag, ;)¢ ]
3

—(1 = b)a, ¢ [(1 —m)ay — azc) (1 —m)a, — 2a;3,6,)] 3

+H[(a; — 2a4,¢; — (1 —m)agc3)(a; — a6 — (1 — b)agc)c

—(1 = b)aj¢1¢,(1 —m)a, — az,c;)]

[(a; — 2a31¢; — (1 = b)as,¢,)% = 6ay5¢1(a; — ag1¢, — (1 = b)ay,c,)]
+(a; — 2a41¢, — (1 — b)agc){2(a; — a6 — (1 — b)ag,¢63)c (1 — b)ay,
[(azzc; — (1 —m)ay) — ay1(a; — agic; — (1 — b)ag,c;)cq]

—(1 = b)a¢16[(1 —m)a; — azcy) (1 —m)a, — 2a,,6,)]}

+[((1 —m)a, — azc)c, (1 —m)ay — 2az,¢,)]

[(1 = b)as,¢1(2az,c; — (1 —m)ay) — 3(1 — b)ag,¢i(a; — agi¢; — (1 — b)ag,c,)]
+((1 —m)ay — ac)c{(ay — agic; — (1 — b)ag cz)e

[3(a; — 2a;,¢; — (1 —m)ag,c)(1 —m)ay,]

t4—
+((1 —-m)a, - azzcz)cz(3(1 — b)?af,c; + 2a5,(1 = b)as,¢,)} 24
o Np(t) = ¢, + [((1 —-m)a, — azzcz)cz]t
2
+ [((1 -m)a, — azzcz)((l —-m)a, — Zazzcz)cz]%
+H((A —m)a, — azc;)c{(1 —m)a, — 2a3,6,) (1 —m)ay — 2a,,¢;)
£3

—2(512252)((1 -m)a, — ‘12252)}] 6
4

H((A —m)a; — 2a,,¢,)((1 — m)a, — 2a,,¢;) — 8a,¢,((1 —m)a, — az,cy)}] ;—4

ConcLusions

mathematical model of harvested enemy species with variable rate and Cover

Protected Ammensal species is formed by a couple of first order nonlinear differential
equations. Harvesting at variable rate for Enemy Species and a Cover protection for
Ammensal Species are also considered. A series solution of this Special model of
Ammensalsim is successfully derived by Homotopy Perturbation Method.
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