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INnTRODUCTION

Ehis paper is concerned with the adaptation of the change of topology approach from
topological topics to aspects of the theory of generalized topological spaces. This shows that
“the change of generalized topology” exhibits some characteristic analogous to change of
topology in the topological category. A general application of the change of generalized
topology approach occurs when the spaces are ordinary topological spaces. In this case, the
generalized topologies are families of distinguished subsets of a topological space which are
not topologies but are generalized topologies. Some common examples of generalized
topologies that are associated with a given topological space. Consider the collection of all s.o,
p.o, B-open, a-open sets in the (ordinary) topology (X, 7). Each collection is a generalized
topology on X. In fact, the family of a-open set is a topology. But in general, the other there
collections, namely, the family of s.o, p.o and -open sets are not topologies on X.

In 1992, Blumberg defined what he meant by a real-valued function on Euclidean space
being densely approached at a point in its domain. Continuous functions satisfy his condition
at each point of their domains. Since then, and particularly in the past four decade, a large
number of properties closely related to the notion of continuity of a function have been
introduced. The number of properties so large that different authors have used the same term
for different concepts and other authors have resorted to exotic terms, sometimes because the
natural term has already been pre-empty. It turns out that many of these concepts are not new
in the sense that if one is willing to change the topology on the domain and /or the range then
the class of functions satisfying a particular property often coincides with the class of
continuous functions under the new topologies from their point of view many of the results in
the literature concerning such functions are essentially restatements in disguise of familiar
properties of continuous functions. Throughout the paper, N stands for natural numbers. The
aim of this paper is to introduce and study some p-paralindelof and product spaces in
generalized topological spaces.
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PRELIMINARIES

et X be a set. A subset p of exp X is called a generalized topology on X and (X, p) is
called a generalized topological space [1] (abbr. GTX) if p has the following

Dden
(i1) Any union of elements of p belongs to L.
For background material, reference [4, 5] may be perused.

Let (X, 1) be a generalized topological space. Ac X is called C; - p; - closed in X if every
cover U of 4 consisting of sets p-open in X, has a countable subcollection V(c U) such that
A < U{iyc, (V) : V € V} where ij,c, is interior and closure of generalized topological space
with respect to X. Indeed if 4 < X, then A is C; — g-closed if and only if every cover
consisting of sets x-regular open in X of 4 has a countable subcover.

If X is a generalized topological space and A c X, then 4 is called a i - HP - set if every
w-open cover U of 4 has a countable sub collection V(< U) such that A < U{i,c, (V) : V V}.

A generalized topological space (X, p) is called almost p-paralindelof if every p-open
cover U of X admits a p-locally countable collection V of p-open subsets of X such that such
that V refines U and X = U{C,(V):V € V}.

A function f' - X — Y is called almost p-continuous if the inverse image of every p-
regular open set in Y is z-open in X.

A generalized topological space (X, p) is called p-lindelof or have the p-lindelof property
if every p-open cover of X has a countable subcover.

A generalized topological space (X, p) is called p - p - space if every Gg - set is p-open. If
it is further H-Hausdorff, it is called a pu - HP - space (i.e., every Gg - set is L - open).

A p - HP - space (X, ) is called minimal p - HP if p; € pand (X, p,)is a u; - HP- space
imply p; = p. A p-HP-space is called p-HP-closed if it is p-closed in every space in which it
is embedded.

A subset 4 in a generalized topological space (X, W) is called u - HP - closed if (4, M/ A)1s

W - HP - closed. A space X is called locally pu - HP - closed if each point of X has an p-open
nhd whose p-closure is p -HP-closed.

BEHAVIOR OF NEARLY u4-PARALINDELOF SPACES

Eefinition 3.1 : Consider a function f : X — Y where X and Y are generalized
topological spaces. F is called almost p - L - perfect if fis a p-closed and almost p-continuous
surjection such that f~(y) is p-lindelof for each y € Y.

Theorem 3.1 : Let X and Y be p - HP - space and f': X — Y be a p-closed, almost p-
continuous and almost p-open surjection such that f~1(y) is a u - HP - set for each y € Y.
Then, if X is nearly y - paralindelof, so is y.

Proof : Let U be a p-regular open cover of Y. Then {f “1(U) : U e U} is a p-open cover
of X. Take V = {iucuf‘l(U): Ue ’U}. V is a p-regular open cover of X and has a p-regular
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open refinement B which is x - locally countable. Let = {f(B): B € B}, C is p-open cover of
Y, C is p-locally countable, C refines z.

(1) That C is p-open cover of Y is obvious.

(i) Let y € Y. Since X is pu - HP and nearly p-paralindelof, we have X is almost p-regular.
Hence f~(y) is C; —u —cl osedor eachy € Y. For each xe f~1(y) there is a p-open nhd
W, of x which intersects only countably many members of B. {W, : x € f ~1(y)} is a pu-open
cover of f~1(y). Hence there is a countable subset C € f~1(y) such that f~1(y) c W =
{iucqu: X € C’} ; also W intersects only countably many members of B. Let V=Y —f(X— W).
Vis p-openin Y. If V' f(B) # ¢ then B~ W= ¢. Hence C is p-locally countable.

(iii) Since B refines V, for each Be B, there is a u - open set U e U such that
B c iyc,f~1(U). Since f is almost p - continuous, we have ¢, f~*(U) <. f~*(c,(U)) so that
B c f‘l(c#(U)). Hence f(B) < ¢, (U). Since B is u - regular open, f{B) is u - open and so
that f(B) € ¢,(U). Since B is u - regular open, f (B) is u - open and so that
f(B) ci,c,(U) = U. Thus C refines p.

Corollary 3.1 : If X and Y are ¢- HP - space and f: X — Y is an almost L - perfect and
almost x - open function of a nearly x - paralindelof space X onto Y, then Y is nearly u -
paralindelof.

Lemma 3.1 : If - X — Y is an almost p-continuous and almost p-closed bijection of a
nearly p-paralindelof space X onto 7, then Y is nearly p-pare lindelof.

Proof : Let U be a p-regular open cover of Y. Then V = {iucuf_l(U): Ue ’U} is a p-
regular open cover of X. V has a p-regular open refinement B which is p-locally countable.
Also f(B) = Y —f (X — B), is p-open for each B € B. {f(B): B € B}, is a p-open cover of ¥
with the required properties.

Theorem 3.2: Let /- X — Y be a p-continuous, p-open surjection and let £ be a p-closed
function such that f~1(y) is C, - u - closed for each y € Y. Then, if X is almost p-paralindelof
sois Y.

Proof : Let U be a i -open cover of Y. Then V = {f "1(U): U € U} is a p-open cover of X
and it has a p-open refinement B such that B is p-locally countable and X = U{C,(B): BeB}.
Let € = {f(B): B € B}, C is a collection of p-open subsets of Y.

(i) Since B refines V, for each B e B, there is a p-open set U € U such that B < f~1(U) so
that f(B) c U. Hence C refines p.

(ii) Since f is p-continuous, f(c,(B)) < c,f(B) so that Y= U{C, f (B): BeB}.

(iii) Since f is p-closed, f~1(y) is C, - p-closed and B is p-locally countable, Cis u-
locally countable.

Corollary 3.2 : Let f - X — Y be a L-perfect p-open surjection of an almost p-
paralindelof space X onto Y. Then Y is almost g~paralindelof.

Theorem 3.3 : Let /- X — Y be a almost p-continuous and p-open surjection. Let Y be
almost p-regular and f be p-closed with f~1(y) is C, - p-closed for each y € Y. Then, if X is
almost p-paralindelof and so Y is nearly p-paralindelof.
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Proof : Starting with a p-regular open cover of U of ¥, we proceed we did in theorem 4
and then, on applying the fact that an almost p-regular, almost p-paralindelof space is nearly
y-paralindelof, the result follows.

Corollary 3.3: Let /- X — Y be an almost L-perfect p-open function of an almost p-
paralindelof space X onto an almost p-regular space Y, then Y is nearly p-paralindelof.

Theorem 3.4: Let f - X — Y be a p-continuous and p-open surjection of an almost -
regular space X onto an almost p-paralindelof space Y. Let f be p-closed such that f~1(y) is a
u-HP set for each y € Y. Then X is nearly pi-paralindelof.

Proof : Let U = {U,: «@ € A} be a p-regular open cover of X. Let {V,;: « €A} be the family
of all collections of p-open subsets of X such that V,(a €A) is p-open refinement of U and
that each V, is p-locally countable. Then (X — U{V:VeV,}). Then W = {W,:a € A} isa p-
open cover of Y. W admits a p-locally countable collection S of p-open subsets of ¥ such that
S refines W and Y = {CP_(S): S E S}. Suppose s € S. Then there is an a € A such that S € W,
from V, = {f1(s):seS}. Form ¢(s)={f*(s)nv:veV,} and V =U{¢(s):s € S}.
Clearly V is p-locally countable. Also X =U {cﬂ (p):p € V}. Thus, since X is almost p-regular,
by using the fact that every almost p-regular, almost p-paralindelof space is nearly p-
paralindelof, the result follows.

Theorem 3.5: Let /- X — Y be a almost x - continuous and p-open and almost p-closed
surjection such that f~1(y) is a u - HP set for each y € ¥ where X is almost p-regular. Then, if
Y is nearly p-paralindelof, so is X.

Proof : Let U = {U,: @ € A} be a p-regular open cover of X. Since X is almost p-
regular, f~1(y) is C; — u — closed for each y € Y. Hence there is a countable subset A(y) c A
such that f~1(y) c{U,:a €A (y)}. Take P@)= iy, (U{Ug:a €A (y)}) = i#(U
{cuUa: a EA (y)}). P(y) is a u-regular open set containing f~1(y). Since f is an almost -
closed surjection, there is a p - open nbd ¥, of y such that f~*(y) f‘l(Vy) c P(y). Since f

is p-open, f7! (CP_(Vy)) c c,f (V) so that f~'(i,c, V) € c, (f‘l(Vy)) cc,P(y)=u
{cuUa: a EA (y)}. The family V = {V;,:y € Y} is a p-open cover of Y. Since Y is nearly p-
paralindelof, there is a p-locally countable collection W of p-open subsets of Y such that W
refines Vand Y =U {iucuw: wE W}. LetV, = {f‘l (iucu(w)) ‘we W}. V, is a collection
of p-open subsets of X. If w € W, then there is an y € Y such that W <V, and i,c,(w)
i,¢,(V,) so that f =1 (iucu(w)) cft (iucu(vy)) U{c,(U): @ €a ()} .

Form {c(W) = f*(i,c,(Ww)) N Uy €A (y)} and G =uU{C(W):w € W}. Bach W
determines y and a countable subset A (y)(C A).

Corollary 3.4: Let f - X — Y be an almost L-perfect p-open function of an almost p-
regular open space X onto a nearly p-paralindelof space Y. Then X is nearly p-paralindelof.

Probuct space

n this section, we give some results on products involving nearly p-paralindelof spaces.

Lemma 4.1 : Let X be a strongly p - HP closed space and Y be a p - HP space. Then
X %X {y}is C;- p-closedin X X Y, where y € 7.



Acta Ciencia Indica, Vol. XLIII M, No. 2 (2017) 97

Proof : Let = {U,:a@ € A} be a p-regular in ( X XY ) cover of X X {y}. For each
(x,y) € U,, there are p-open nbds P(a, x), Q(a, x) of x and y respectively such that P(a, x) X
Q(a,x) © Uy,. Hence i,c,(P(a,x) X Q(a,x)) = iHcH(P(a, x)) X i,c,(Q(a, x)) € Ug. Thus,
if iHcH(P(a,x)): (x,v) €U,=¢, and ¢ =U {¢,: @ EA} ¢ is a p-regular open cover of X.
Clearly, there are x (7), o (i) where each a (i) € A (i € N) such that

U {iuc, (P(x(), a(D)), a(i): i € N} = X such that U {Up,:i € N} 5 X X {3}

Lemma 4.2 : Let X be a strongly x - HP closed space and Y be a p - HP space. Then the
projection p,: X X y — y is almost closed.

Proof : Let F < X x Y be p-regular closed. Let y, € y — p,(F). Clearly X X {y,} N F =
¢ so that each point (xg, y9) has p-open nhd U(x) X U(xq,y,) which does not intersect F.
Now {(iucu(U(x))) X (iuc#(U(x, yo))):x € X} is a p-regular open cover of X x {yy}. Since
X x {yo} is C - p-closed, there is a countable subset B (c X ) such that X x {y,} cU
{(iﬂcﬂ(U(x))) X (i#c#(U(x, ¥0))):x € B}. Take U =n {(i#c#(U(x,yo))):x € B}. Then U is
a p-regular open nhd of yy such that U N p,(F) = ¢. Thus, p,(F) is p-closed in Y.

Theorem 4.1 : If X is nearly p-paralindelof and Y is strongly x#~HP closed, then X x Y is
nearly p-paralindelof.

Proof : Consider the projection mapping p;: X XY - Y, p; is a p-continuous, p-open
surjection with C; - p-closed point inverses by lemma 4.1. Further it is almost p-closed by
lemma 3.2. Again X x Y is almost p-regular, then by theorem 3.5, X x Y is nearly p-
paralindelof.

Corollary 4.1 : If X is a p-lindelof, u-HP space and Y is nearly g-paralindelof, then X x ¥
is nearly p-paralindelof.

Lemma 4.3 : Let {H,: @ € A}, be a p-locally countable family of p-closed subsets of a
WU - P - space X that covers X. Then {Cp_ip_(Ha): xE A} is a p-locally countable collection of
u-regular subsets of X that covers X.

Proof : Let U = {H,:ax € A},V = {Cp_ip_(Ha): xE A}. Let A be a well ordered set and take
A= [0,¢). Define Ug = {c,iy(Hy):a < Brox€ A} U {H,: B < a, x€ A}.

Case (i) : Suppose B = 0 and x € X. Assume that x #U {H,:a > 0,x€ A}. Then
x € X — U{H,:a > 0,x€ A}. Since U{H,:a > 0,x€ A} is locally countable family of
p-closed sets, in a 1 - P - space, we have U {H,: @ > 0, x€ A} is p-closed so that x € M € H,
where M = X —U {H,:a > 0,x€ A} is p-open. Thus € c,i,(H,). Hence Up for =01is a
cover of X.

Case (ii) : Suppose £ is any ordinal in A. Assume that U, is a cover of X for every o < 3,
ifx & ((U {Cp_ip_(Ha): a < f:xe A}) U (U{Hg:a > 0,xe A})) = Q, say, then by induction,
x € X - QO c Hg , notice that Q is p-closed in a p-space. Thus x € M < cuiu(Hﬁ), where
M =X - Qis p-open. In this way, Uy is a cover of X. Applying transitive induction, it follows
that Up is a cover of X for every B € A. Let x € X. Then there is a nhd M, of x which interests
atmost countably many members of U. Then there is a countable subset ¥ — A such that
M,NK, # ¢ if and only if « € £ . £ has a supremum and denote the same by 0. Then
xgU{Hy;:a>0d}andx € cui#(Ha) for some a < 0. In this way, V is a cover of X. In the last
that V is p-locally countable is obvious.
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Theorem 4.2 : For an almost pi-regular space X, the following are equivalent
(1) X is nearly p-paralindelof.

(ii) Every p-regular open cover U of X has a p-locally countable refinement consisting of
u-regular open subsets of X (covering X).

(iii) Every p-regular open cover U of X has a p-locally countable family V of p-open sets
such that V refines U and the u - closures of the members of V cover X.

(iv) Every p-regular open cover U of X has a p-locally countable refinement (covering X).

(v) Every p-regular open cover U of X has a p-locally countable. p-closed refinement
(covering X).

(vi) Every p-regular open cover U of X has a p-locally countable. p-regular closed
refinement (covering X).

Proof : i = ii Let U be any p-regular open cover of X. Then there is a p-locally countable
open refinement V;. Form V = {c#iu w) e V}. Clearly, V is a locally countable refinement of
M.

ii = iii Obvious.

iii = iv) Let U be any p-regular open cover of X. Letx € Xand U € U such thatx € U €
U. Since X is almost p-regular, there is a p-open set V. such that x € V. < ¢,(Vy) < U. Thus
X e {iucu (vy):xeX } is a p-regular open cover of X. Then by iii, there is a p-locally countable
family W1, of p-open subsets of X such that W, refines U and X = U {CP_W: wE Wl} so that if
W= {CP_W: wE Wl}, W, is p-locally countable p-closed refinement of U covering X.

v = iv Obvious

iv = v Let U be any p-regular open cover of X. For each x € X, let U € U with x € U.
Then there is a p-open set V, such thatx € V, < ¢, (V;) < U. Then V = {V;: xeX} is a p-regular

open cover of X. V has, by iv, a u - locally countable refinement W,. Let W = {CM(W): wE
W3. Clearly W is a p-locally countable p-closed refinement of U covering X.

v = vi This follows from an application of lemma 4.3.

vi = i This follows from the result : Let X be almost p-regular, then X is nearly p-
paralindelof if and only if X is almost pi-paralindelof.

Lemma 4.4 : Let X be u-HP and p-paralindelof. Let 4 and B be two disjoint p-regular
closed subsets of X. Then there exist disjoint open sets U and V' suchthat A c Uand B c V.

Proof : Let x € A. Since X is almost p-regular, there is a p-open set V, such that
x € Vi < ¢,(V) € X — B. Take V, to be p-regular open. Consider U' = {V,:x € A}. Let
U= U U{X — A} U is a p-regular open cover of X. Since X is nearly p-paralindelof, U has
a p-locally countable p-open refinement V covering X. Let V' be all those p-open sets in V
which intersects 4. Let U=U V. ThenA c U.SetV =X —U {CH(V'): V'e V’}.

Lemma 4.5 : Let X be a p-HP and nearly p-paralindelof. Let 4 and B are disjoint
p-regular closed subsets of X, there is a p-continuous function f - X — [0, 1] such that

f(4) < {0} and f(B) < {1}.

Proof : The proofis similar to the standard proof of Uryshon’s lemma.
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