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This paper deals with the theoretical investigation of
convective instability of a electrically non-conducting,
incompressible MHD micropolar fluid layer heated from
below in the presence of porous medium. A dispersion
relation is obtained for a flat fluid layer, contained between
two free boundaries using a linear stability analysis theory
and normal mode analysis method. The influence of
various parameters like medium permeability magnetic
field, coupling parameter, micropolar heat conduction
parameter and micropolar coefficient has been analyzed
on the onset of stationary convection and results are
depicted graphically. The principle of exchange (PES) is
found valid. In this paper we obtained that the magnetic
field produces the oscillatory modes and found that the

oscillatory modes will be stable when a<t—2 and
5
/
Q<.
Pr’?
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INnTRODUCTION

he onset of convection instability of a fluid layer heated from below has been studied

by many researchers. Bénard [3] in 1900 did an experiment of a fluid layer heated from below
and observed a thermal instability. The theoretical analysis of Bénard’s experiment has been
given by Rayleigh [4] and this analysis has also received a considerable importance due to its
relevance in various fields such as chemical and industrial engineering, soil mechanics,
geophysics etc. The main objectives of the various studies related to the convective instability,
in particular, is to determine the critical Rayleigh number at which the onset of instability sets
in either as stationary convection or through oscillations.

The Rayleigh-Bénard convection in micropolar fluids heated from below has been
extensively studied by Ahmadi [2], Datta and Sastry [1], Bhattacharyya and Jena [9], L.E.
Payne and B. Straughan [5]. The common results of all these studies are found that the
stationary convection is the preferred mode of instability and the microrotation has a stability
effect on the onset of Rayleigh-Bénard convection. An excellent review as well as large
number of new developments are given by Chandrasekhar [8] in his celebrated book on
hydrodynamic and hydromagnetic stability. In these methods of stability study a linear theory
is usually employed i.e., the equations governing the disturbances are linearized and then the
grow or decay of the disturbances is studied. The effect of a magnetic field on the onset of
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convection in a horizontal micropolar fluid layer heated from below has also been investigated
by several researchers. The extension of micropolar flows to include magneto-hydrodynamics
effects is of interest in regard to various engineering applications such as in the design of the
cooling systems for nuclear reactors, MHD electrical power generation, shock tubes, pump,
flow meters etc. The effects of through flow and magnetic field on the onset of Bénard
convection in a horizontal layer of micropolar fluid confined between two rigid, isothermal
and microrotation free, boundaries have been studied by Narasimha Murty [10]. Z Alloui and
P. Vasseur [11] studied onset of Rayleigh-Bénard MHD convection in a micropolar fluid.

Sharma and Kumar [6, 7] also studied the effect of magnetic field on the micropolar
fluids heated from below in a non-porous and porous medium, they found that in the presence
of various coupling parameters, the magnetic field has a stabilizing effect whereas the medium
permeability has destabilizing effect on stationary convection.

M ATHEMATICAL FORMULATION

onsider an infinite, horizontal, electrically non-conducting, incompressible micropolar
fluid layer of thickness d. This layer is heated from below such that the lower boundary is held
at constant temperature 7 =T;, and the upper boundary is held at fixed temperature 7'=T,

z

therefore, a uniform temperature gradient B = is maintained. The physical configuration

is one of infinite extent in x and y directions bounded by the planes z=0 and z=d. The
whole system is acted on by gravity force g(0, 0, — g).

0 o frffrr
(Heated) T=T,

A uniform magnetic field H= (Hy, 0,0) is applied along x-direction. The magnetic

Reynolds number is assumed to be small, so that the induced magnetic field can be neglected
in comparison with the applied magnetic field.

The governing equations, which describe the system behavior following Boussinesq
approximation, are as follows

The equation of continuity for an incompressible fluid is
V.Gg=0 - (1)

The equation of momentum, following Darcy law, is given by
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polog 1 __ _]_ N 2= (€+ﬂ)ﬂ =
E[at+e(q-v)q]— Vp —pgé, + (n+ OV q- ” g+ (VXN
He — —
+E(V><H)><H w(2)

The equation of internal momentum is given by
[oN 1 ., . ) . 1 .
Poj E+E(q.V)N =(a+p)V(V.N)+ y V2N +¢ (E VX g —21v) .(3)
The equation of energy is given by

aT _ ) -
[ poC, € +psCs(1—€)] Fr poCo(@ VT = x7V?T + 5(V X N).VT v (4)
And the equation of state is
p=pol1—a(l—Ty] - (5)

where g, N, p, p, Pos Ps> 1 &, Mo K, o0, By, T, t, 7, 0, 0, T,,C,,, Cg and é, denote
respectively fluid velocity, microrotation, pressure, fluid density, reference density, fluid
viscosity, coupling viscosity coefficient, magnetic permeability, microinertia coefficient,
micropolar viscosity coefficients, specific heat at constant volume, temperature, time, thermal
conductivity, micropolar heat conduction coefficient, coefficient of thermal expansion,
reference temperature and unit vector along z-direction.

The Maxwell’s equations become

—

H > — -
€ =Vx (G x H)+€ v, V2 H .. (6)
V.H=0 - (7)

where y,, is the magnetic viscosity.

BASIC STATE OF THE PROBLEM

he basic state of the problem is assumed to be

Ei = %) = (0'0'0) i Iv = ﬁb) = (0'010)'ﬁ = Fb) = (HOJ 010)'p = pb(z)!p = pb(z)
Using above equations the equations (1)-(7) yield

d

%+pbg=0 ..(8)
T=—-fz+T, - (9)
p=po(1+apfz) ..(10)

PERTURBATION EQUATIONS

et 6 N,p,6, R be represent the perturbations in §, N, p,T, H then the new
variables become

. - =

Gd=q,+4q,N

j— -

=N+ N,p=p,+p,T=T,+0 H=H, +h
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Using these new variables and using equations (8), (9), (10) the equations (1)-(7) become

v. 5 =0 . (11)
po[0d . 2 (u o
|5tz (G )q = —Vp + (u+ V24 - G- pgé +VxN
(Vxh)xH,,+ (Vxh)xh .(12)
N
poj | 5p e (q )N = (a+p)v(v. N)+yV2N+Z( Vx4-— ZN) .(13)
[poCy € +psCs(1— E)] +P0C (4-9)0 + poC,(4.V) T,
=220+ 6 (Vx K).V0 +5 (VX N).VT, ..(14)
p = —poab ..(15)
oh
€5, = (Hy.V)q+€ y,,V*h .. (16)
V.h=0 .. (17)
Using the following non-dimensional variables
=x'd dz=zd§=0g F=lrgE 2P 6 = pdo*
x=xd,y=y'd,z=12z" q—j =—N",t= t =B
UK > = XT
) *,h=Hyh* K =
b= a2 — P 0 T 20C,
and dropping the stars , the equations (11)-(17) become
V.g=0 ..(18)
194 +K
Ea—‘t’=—Vp+R9e;+(1+K)v2*—( )q+KV><N+(V><h)><ex ..(19)
1
oN ., -, 1. . -
jﬁzCV(V.N)—CVx(VXN)+K<EV><q—2N> .. (20)
a0 _
EPa——V29+W—6§ ..(21)
€P— Oh_ 0, €h "v2h 22
Tat  ox P, - (22)
V.h=0 ..(23)
da* HEd?
where R = M is the thermal Rayleigh number, OR = HelT0? is the Chandrasekhar
uKr 4nuky
- . G+ p+y y
number, K :E, J :i, C = # ,C = Lz B = is the Prandtl number
0 d* pd pd poKr
P, = is the magnetic Prandtl number, S = W €= (V X IV)Z ,

PoYm
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R c,(1—€)

W=4gq.é,,E= [e +p”—]
pOCv

Bounpary conprTions

e consider that both the boundaries of the problem are free and perfectly heat
conducting, thus
0w

W=0= ,
0z2

6=0,N=0,f=0atz=0andz=1 . (24)

DiSPERSION RELATIONS

sing curl operator on equations (18) to (23) and applying normal mode given by
[W,E,0,h,]1=[W(2),6(2),0(2),B(z)]ekxtiky+o) and eliminating © , G , B, we have

E (D% — a?) — (1 + K)(D? — a®)? + (%) (D? - aZ)] [jo — C(D? — a?) + 2K]

€P
P

[EP.c — (D? —a?)] [e P.o— (D% — az)] w

5K
€

+Ra? [e o —SE(D? - az)] [ja —Cc(?*-a®) +2Kk + % % - az)] w

€EP
Pn
+Qk,*(D? — a®)[EP.c — (D? — a?)][jo — C(D? — a?) + 2K]W = 0...(25)

vhere a = [k, +k 2ar1dD=i
\NE Y dz

Boundary conditions (24) become W =0=D?W at z = 0 and z = 1 therefore
D*™ W =0 atz=0and z =1, where # is a positive integer.

KZ
(D7 = a?)? [e P.o——T (D2 — aZ)] [EP.c — (D? — a®)|W

Thus, W = W, sintz , where Wj is a constant.

Substituting for W in equation (25), we have

ob 1+K €EPBRDb
[—+(1+K)b2+< )b] [jo + Cb + 2K][EP.c + b] [e Pra+—r]
€ K, P,
€ P.b1[_ 5Kb] K?b? € P.b
—Ra? [e Pra+—] jo+Ch+2K——|— [e B.o+ ][EPra+b]
P, € € B,
+Qk,*b[EP.c + b][Jo + Ch+2K] =0  ..(26)

where b = a? + 2.

STATIONARY CONVECTION

or the stationary marginal state we set 6 =0 in (26) and we obtain
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b2 (b+ )(1+K)(Cb+2K) K2b3 Y ZP b(b+2K)
R = .27)
(Cb + 2K — é‘eib)

In the non-porous medium and in the absence of magnetic field and coupling parameter
equation (27) reduces to

b [b(l +K)C+2K+K2]
T

(Cb + 2K)
Which is the same as given by Goodarz Ahmadi [2].
In the absence of magnetic field and in non-porous medium equation (27) reduces to
b3[C(1 + K)b + 2K + b?
:_[ (C—8K)b + 2K ]

Which is the same as proposed by C.E. Payne and B. Straughan and Y. Qin and P.N.
Kaloni.

Equation (27) can also be written as

2
b4(1+K)+b3[(1+K)(2A+Kil)_K_:]+bz (1+K)+Qk rP] ZAQEkPPb

afeaso(1-2)

R:

.. (28)
K . . .
where 4 = C is the micropolar coefficient.

In order to investigate the effect of medium permeability K;, coupling parameter K,
micropolar coefficient 4, heat conduction parameter § and magnetic field Q, we examine the
dR dR dR dA dR

behaviour of — and —.
dK,; dK dA ds dQ

From equation (28), we have

dR b2(1+ K)(2A + b) dR €
W: — 5A :ﬁ< 0 vhen 5 <Z
! K *a? [ZA +b (1 - —)] !

. = € . .
Thus, R decreases as K; increases when § < I hence the medium permeability has

destabilizing effect when & < 5
From equation (28), we have
_A 2A
dp b*+Db? [2A+ ]+b2(—1)

K (1~ D)
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dR - € €
= ﬁ>0 vhen 6<Z and K1<Z
Thus, R increases as K increases when & < 5 and K; < E Hence the coupling
parameter has stabilizing effect.

§(1+K) S1+K) K 5Qk,2P,

5 4 _n 3 x 'm __
" bb[ u ]+b . €]+b et - 2k
dA ~ a?

[2a+5(1-54)]

= dR>0vh K<S dQ>2"’KEZP"1
— en — an —_—
dA Ky Sk’ Py,
5 24K € P
Thus, R increases as A4 increases when K < — and Q > Tmhence the
Ky Ski P,
< 2
24K € P,
micropolar coefficient 4 has stabilizing effect when K < Ll and Q > %
1 ok, P,

Again from equation (28), we have

1\ KA 24(1+K)  OQk,*P 240 k2P, b
iR A)b4(1+1<)+b3[(1+K)(2A+K—1)—?]+b2[ e
&E AN
a[ea (-2
dR 1
= —>0 vhen €>-—
dé 2

= 1
Thus, R increases as § increases when €> E’ hence the heat conduction parameter has
. 1
stabilizing effect when €> — .
Again from equation (28), we have
dR bk,*P,(2A + b)
d_ = =
Q € P.a? [2A+b(1—?A

N——

|

R _
= —>0 wen §6<

dq

2| m

. . = € . o
Thus, R increases as Q increases when § < Ve hence the magnetic field has stabilizing

effect when § < E.

N

CASE OF OVERSTABILITY:
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quation (26) may be written as

lbE P.P,,c* Ib2P, LbE P, EP.P,lb(1+K) EP.PB,b(b+2A
—TE’” +03[ E’"+ Er+EPTPmlb2(1+K)+ ’"‘K( )+ ’mé )
1

b3 EP.P,b(1+K)(b + 24

+0? [— + EP.P,b2(1 + K)(b + 24) + ( X )

Ib?P,(1+K) b2P,(b+24 EP.Ib(1+K) EBb(b+24A
+ ( )+ ( )+EPle2(1+K)+ L )+ ( )
KAb2EP.B,, lEQkszmb] Ib3(1+K) b3(b+24)

+ +
€ K, €

+1b3P,,(1+K)

—Ra?lP, — +o[lb*(1 + K) +

b?P,(1 + K)(b + 24)
K,
EP.b(1 4+ K)(b + 24) 54 K& P.b® KAB,b?
+ —Ra?|lb+P,|b+24A— - -
K, € €
1b2Qk,*P,, N EQk,*P,b(b + 24) b3(1 + K)(b + 24)

b*(1+ K)(b + 24
<P = +b*(1+ K)(b + 24) + X,

54 KAb* Qk,*P,b2%(b + 24
—Ra2b<b+2A— )— - L Y me; ) _

+b3P, (1 + K)(b + 24) + +EPb2(1 + K)(b + 24)

0 ..(29)

wh l—]_ A—K
ere =cA=7

Putting 0 = ig; in equation (29) and separating real and imaginary parts and then
eliminating Ra?, we have

AOSZ + Als + AZ = 0 aee (30)
where 6,2 = s

As s = g;% which is always positive, therefore both the roots of equation (30) must be
positive so that the sum of the roots will be positive. But from equation (30), the sum of the

roots is —[—1] thus, the sufficient conditions for non-existence of over-stability are given by

Ay < 0and A; < 0 which give

S<Ee>1A>1 PT<P<' {EP ! }
=Ty T S S B0
1 _ P, 2AP.
and mx .{—,EPT}<l<mn. €EP,—, 5
€ Kl Qkx

Hence PES is valid.

NATURE OF OSCILLATORY MODES

mmtiplying both sides of equation (25) by W* ( complex conjugate of /') and integrate
with respect to z from z =0 to z = 1, we have
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o 1+K (! _
(E + —) I + (1 +K)I, —Ra?|c*EP.Is + I + Sf G*0dz| — (E jo* + 2K €)I,
0

K,
P
+€ CI4+&[0*PmI7+IS] =0 ...(31D)
er,
1 1

vhere I, = J-[lD/I/ 12+ a?|W|?ldz, I, = f[|D2W|2 +2a?|W |? + a*|W|?]dz
0 0

1 1
I =f Gl2dz, I, =f [5G |2 + a2[G]?]dz,
0 0
1 1 1
Iy = f |0)2dz, I, = f [IDO|? + a?|6|?*]dz, I, =f [IIB |?> + a?|B|?]dz,
0 0 0

1
Ig = f [ID?B|? + 2a?|IB |2 + a*|B|?*]dz
0
Putting 0 =0, +io; and o* =0, —io; in equation (31) and separating real and
imaginary parts, we have

The real part in the absence of micropolar heat conduction parameter is given by

o, %—eﬂg+%]+(1+K)(II(—11+12)—2K€13+€ CI4+QEP—$

0,EPI5 + I,

The imaginary part in the absence of micropolar heat conduction parameter is given by

Ra? = .(32)

I P
o; [ElJ“ RZEP.I+¢ jl, — & 7] =0 .(33)
In the absence of magnetic field equation (33) reduces to
I
o; [El + Ra’EP.Is+€ j13] =0 ..(34)

Since I, 15, I5 are all positive, then o; = 0. Hence in the absence of magnetic field and
heat conduction parameter oscillatory modes do not exist and PES is valid. Hence magnetic
field produces oscillatory modes.

For oscillatory modes equation (33) reduces to

QBRI I _o o
Ra?=—& € (35
@ EP.I, (35)

Eliminating Ra? between equations (32) and (35), we have

€ [(A+K)EPLI

- EP.LI + KEP.I.(I, — 2 € I
oy 2EP LI X, +ERLIs + 2 Is (1, 5)
P2EIl; I
+€ CER.LI + % +E6(11 — QP.I)+€ jl3l,
m

I Iy
= <0 vh e<— d Q<
o, en 2l and Q Y
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1
Hence oscillatory modes if exist will be stable when e< # and O <
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1
5 b1y

ConcLusion

. The medium permeability has destabilizing effect when 5 < S .

2. The coupling parameter has stabilizing effect when § < S and K; < S

3. The micropolar coefficient has stabilizing effect when K < Ki and Q >

24K € P,
I 3k P

1
4. The heat conduction parameter has stabilizing effect when €> 3

5. The magnetic field has stabilizing effect when § <

€

A

1 1
6. The oscillatory modes if exist will be stable when €< ﬁ and Q < ——.
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