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INnTRODUCTION

any different forms of continuous functions have been introduced over the years.

Some of them are pre continuity [1, 4], semi continuity [3], dg continuity [12] and slightly
continuity [2, 6]. Various interesting problems arise when one considers continuity. Its
importance is significant in various areas of mathematics and related sciences. In this paper,
slightly dg continuity is introduced and studied.

Throughout the present paper, X and Y are always topological spaces. Let 4 be a subset of
X. We denote interior and closure of 4 by int (4) and cl (4) respectively.

PRELIMINARIES

Eeﬁnition 2.1: A subset 4 of a topological space X is said to be
(1) pre open [4] if 4 c int (cl (4))

(2) semiopen [3]ifA4 ccl(int(4))

(3) o open[5]ifA4 cint (cl (int (4)))

A subset 4 of a topological space X is said to be d generalized closed (dg closed) [12] if
int (cl (int (4))) € U whenever 4 < U and U is open in X.

The complement of pre open (semi open, o open) set is pre closed (semi closed, a closed).
The complement of dg closed set is dg open.

The family of all open(respy dg open, clopen, dg clopen) sets of X is denoted by O (X)
(6g0 (X), CO (X), dgCO (X)).

Definition 2.2: A function /: X — Y is dg continuous [12] if /' (V) is dg open in X for
each open set Vof Y.
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Definition 2.3: A function /: X — Y is slightly continuous [2] if /' (V) is open in X for
each clopen set V of Y.

SLIGHTLY ¢ CONTINUOUS FUNCTIONS

E“ this section the idea of slightly dg continuous function is introduced and

characterizations and relationships of dg continuous function and basic properties of slightly
dg continuous functions are studied.

Definition 3.1 : A function f: X — Y is called slightly dg continuous if /' (V) is dg
open in X for each clopen set V of Y.

Theorem 3.2 : The following statements are equivalent for a function f: X — Y:
(1) fis slightly dg continuous

(2) for every clopen set ¥ of ¥, /' (V) is dg closed in X

(3) for every clopen set ¥ of ¥, £ (V) is dg clopen in X

Proof : Straight forward.

Theorem 3.3 : Let f: X — Y be a function and g : X — Y be the graph of the function f,
defined by g (x) = (x, f (x)), for every x in X. If g is slightly dg continuous, then fis slightly dg
continuous.

Proof : Let Ve CO (Y). Then X x Ve CO (X X Y). As g is slightly dg continuous, /' (V)=
g (X x V) e dg O (X). Then fis slightly dg continuous.

Definition 3.4 : A function f: X — Y is called:

(1)  dg irresolute [12]if /' (V) dg open for every dg open set ¥ of Y.

(2) dgopen[12]iff(A4) is dg open in Y for every dg open set 4 of X.

Theorem 3.5 : Let f/: X — Yand g: Y — Z be functions. Then the following are true:

(1) iffis dg irresolute and g is slightly dg continuous, then gof : X — Z is slightly dg
continuous

(2) if fis dg irresolute and g is dg continuous, then gof : X — Z is slightly dg
continuous

(3) if fis dg irresolute and g is slightly continuous, then gof : X — Z is slightly dg
continuous

Proof : (1) Let ¥ be clopen in Z. As g is slightly dg continuous, g ' (V) is dg open. Hence
(gof) (") =f" (g (V) is dg open, since fis dg irresolute. So gof'is slightly dg continuous.

(2) and (3) can be got similarly.

Theorem 3.6 : Let /: X — Yand g: Y — Z be functions. If f is dg open and surjective
and gof : X — Z is slightly dg continuous then g is slightly dg continuous.

Proof : Let V € CO (Z). As gof is slightly dg continuous, (gof)' (V) =f" (g (V) is dg
open in X. Since fis dg open and surjective, £ (" (g (V))) =g ' (V) is dg open in Y. Hence g
is slightly dg continuous.

Combining the previous two theorems, we have the following result.

Theorem 3.7 : Let f: X — Y be surjective, dg irresolute and dg openand g: ¥ — Z be a
function. Then gof': X — Z is slightly dg continuous if and only if g is dg slightly continuous.
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Definition 3.8:

(i) A filter base A is said to be dg convergent to a point x € X if for any U € dg O (X)
containing x, there exists B € A such that B c U.

(1) A filter base A is said to be coconvergent to a point x € X if for any U € CO (X)
containing x, there exists B € A such that Bc U.

Theorem 3.9 : If a function f: X — Y is slightly dg continuous, then for each x € X and
each filter base A in X dg converging to x, the filter base /' (A) is coconvergent to f'(x).

Proof : Let x €e X and A be any filter base in X, dg converging to x. Since f'is slightly dg
continuous, then for any ¥ € CO (Y) containing f (x), f ' (V) is dg open containing x. As A is
converging to x, there exists B € A such that B c /™' (V). Hence f (B) c V. So the filter base
f (M) is is coconvergent to f(x).

Definition 3.10: A space X is dg connected [12] if X is not the union of two disjoint
nonempty dg open sets.

Theorem 3.11: Let f': X— Y be slightly dg continuous surjective function and X be dg
connected. Then Y is a connected space.

Proof : Let Y be not connected. Then there exists two disjoint nonempty open sets U and
V suchthat Y=UU V. So, U and ¥ are clopen sets in Y. Hence /™' (U) and £ (V) are dg open
in X. As fis surjective and U and ¥ are disjoint, /' (U) and £ (V) are disjoint nonempty dg
open sets whose union is X, which is a contradiction. Hence Y is connected.

Definition 3.12 : A topological space X is called hyperconnected [11] if every nonempty
open subset of X is dense in X. It is well known that every hyperconnected space is connected
but not conversely.

The following example shows that slightly dg continuous surjection does not necessarily
preserve hyper connectedness.

Example 3.13: Let X = {a, b, ¢}, 1= {9,{a}, X} and o = {0,{b}, {c}, {b, c}, ¢}. Then
the identity function f : (X, 1) — (X, o) is slightly dg continuous and surjective. (X, 1) is
hyperconnected but (X, 6) is not hyperconnected.

COVERING PROPERTIES

n this section, the relation between slightly dg continuous function and compactness are
studied.

Definition 4.1 : A space X is said to be mildly compact [7] (respy. dg compact [12]) if
every clopen cover (respy. dg open cover) of X has a finite sub cover.

A subset 4 of a space X is said to be mildly compact (respy. dg compact) relative to X if
every cover of 4 by clopen (respy. dg open) sets of X has a finite sub cover.

A subset 4 of a space X is said to be mildly compact (respy. dg compact) if the subspace
A is mildly compact (respy. dg compact)

Theorem 4.2 : If a function f': X — Y is slightly dg continuous and X is dg compact
relative to X, then f'(K) is mildly compact in Y.

Proof: Let {H,: a € I} be any cover of f(K) by clopen sets of the subspace f (K). For
each a €/, there exists a clopen set K, of Y such that H, = K, N f(K). For every x € K, there
exists a, € 7 such that /'(x) € K,y and /" (K,,) € dg O (X). Since the family {f ' (K,,) : x € K}
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is a cover of K by dg open sets of X, there exits a finite subset K, of K such that
Kcu {fl (K : x € Ko}. Hence we have f(K) c U {K,, : x € Ky}. Thus f(K) =U {H,, : x €
Ky} and hence f(K) is mildly compact.

Corollary 4.3 : If f: X — Y is slightly dg continuous, surjective and X is dg compact,
then Y is mildly compact.

Definition 4.4 : A space X is said to be:

(1) mildly countably compact [7] if every clopen countable cover of X has a countable
sub cover

(2) mildly Lindelof [7] if every clopen cover of X has a countable sub cover

(3) countably dg compact if every countable dg open cover of X has a finite sub cover
(4) dg Lindelof if every dg open cover of X has a countable sub cover

(5) dgclosed compact if every dg closed cover of X has a finite sub cover

(6) countably dg closed compact if every countable dg closed cover of X has a finite
sub cover

(7)  dg closed Lindelof if every dg closed cover of X has a countable sub cover.

Theorem 4.5: Let f: X — Y be a slightly dg continuous surjection. Then the following
statements hold:

(1) if Xis dg Lindelof, then Y is mildy Lindelof
(2) if Xis countably dg compact, then Y is mildly countably compact.

Proof : (1) Let {V,: a € I} be any clopen cover of Y. As f is slightly dg continuous,
{if "(V,) - a €I} is a dg open cover of X. Since X is dg Lindelof, there exists a countable subset
Iy of I such that X = U{j’“1 (Vy) raely}. Hence Y=U {V,: a € ly}. So Y is mildly Lindelof.

The proof of (2) is similar.

Theorem 4.6 : Letf: X — Y be a slightly dg continuous surjection. Then the following
statements hold:

(1) ifXis dg closed compact, then Y is mildly compact
(2) if Xis dg closed Lindelof, then Y is mildly compact
(3) if Xis countably dg closed compact, then Y is mildly countably compact.

Proof : Similar to the proof of the above theorem.

SEPARATION AXIOMS

n this section, the relation between slightly dg continuous function and separation
axioms are investigated.
Definition 5.1 : A space Xis said to be :

(1) dg T, [12] if for each pair of distinct points x and y of X there exist dg open sets U and
V containing x and y respectively such that y € Uand x & V.

(ii) dg T, (dg Hausdorff) [12] if for each pair of distinct points x and y of X, there exist
disjoint dg open sets U and ¥ in X containing x and y respectively.
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(iii) clopen Ty [7], if for each pair of distinct points x and y of X, there exist clopen sets
U and V containing x and y respectively such that y € Uand x ¢ V.

(iv) clopen T, (clopen Hausdorff or ultra Hausdorff) [7] if for each pair of distinct
points x and y of X, there exist disjoint clopen sets containing x and y respectively.

Remark 5.2 : The following implications hold for a topological space X :
(1)  clopen T} implies T

(2) T, implies dg T;

None of these implications is reversible.

Example 5.3 : Let R be the real numbers with the finite complement topology t. Then
(R, 1) is T} but not clopen T}.

Example 5.4 : Let X = {a, b, ¢}, 1= {0, {a, b}, X}. (X, 1) is dg T, but not 7.

Theorem 5.5 : If f: X — Y be a slightly dg continuous injection and Y is clopen 77, then
Xis U,Ag T].

Proof : Let Y be f clopen 7). Let x and y be distinct points of X. There exist V,
WeCO (Y)suchthatf(x) eV, f(y) & V and f(y) € W, f(x) W. Since fis slightly dg continuous
S (W) edg O (X)suchthatx e/ (V),y &/ (V)andyef " (W), x &f " (W). Hence X
is U,Ag T].

Theorem 5.6 : If /: X — Y be a slightly dg continuous injection and Y is clopen 75, then
Xis dg 7.

Proof : Let Y be clopen T,.Let x and y be distinct points of X. There exist disjoint clopen
sets U and V containing f (x) and f (y) respectively. Since f is slightly dg continuous f ),
f T e dg O (X). f (), f (7 are disjoint dg open sets containing x and y respectively.
Hence Xis dg T>.

Definition 5.7 : A space is called clopen regular (respy. dg regular) if for each clopen
(respy. dg closed) set F and each point x & F, there exist disjoint open sets U and V such that
FcUandxeV.

Definition 5.8 : A space is called clopen normal (respy. dg normal) if for every pair of
clopen (respy. dg closed) sets F and F,, there exist disjoint open sets U and V' such that
F1C UandF2 c/.

Theorem 5.9 : If f'is slightly dg continuous injective open function from a dg regular
space X onto a space Y, then Y is clopen regular.

Proof : Let F be clopen in Y and y € Y be such that y € F. Let y = f'(x). As fis slightly dg
continuous, /' (F) is dg closed in X. Take G = f~ '(F). We have x & G. Since X is dg regular,
there exist disjoint open sets U and V" such that G € U and x € V. We have F = f(G) c f(U)
and y = f'(x) € f (V) such that /' (U) and f' (V) are disjoint open sets. So Y is clopen regular.

Theorem 5.10 : If f'is slightly dg continuous injective open function from a dg normal
space X onto a space Y, then Y is clopen normal.

Proof : Let F| and F, be disjoint clopen subsets of Y. Since f'is slightly dg continuous
£ (F)) and 7! (F,) are dg closed sets. Take U=f"(F,) and V' =f"'(F,). We have UN V = ¢.
Since X is dg normal, there exist disjoint open sets 4 and B such that U € 4 and V' c B. We
obtain that F, = f(U) € f(A4) and F,=f (V) c f(B) such that ' (4) and f(B) are disjoint open
sets. Thus Y is clopen normal. For a function f: X — Y the subset G (f) = {(x, f(x)) : x € X}
C X x Yis called the graph of f.
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Definition 5.11: A graph G (f) of a function f: X — Y is said to be strongly dg co-closed
if for each (x, y) € (X X Y) — G (f), there exists U € dg CO (X) containing x and V € CO (Y)
containing y such that (U x V) N G (f) = ¢.

Lemma 5.12 : [12] A graph G (f) of a function f': X — Y is strongly dg co-closed in
X x Y if and only if for each (x, y) € (X x ¥Y) — G (), there exists U € dg CO (X) containing
x and Ve CO (Y) containing y such that /(U) N Y= o.

Theorem 5.13 : If f: X — Y is slightly dg continuous and Y is clopen 7}, then G (f) is
strongly dg co-closed X x Y.

Proof : Let (x, y) €e (X x Y) — G (f). Then f'(x) # y and there exists clopen set V of Y such
that f(x) € Vand y & V. Since fis slightly dg continuous, then /' (¥) € dg CO (X) containing x.
Take U ="' (V). We have f(U) c V. Hence f(U) N (Y = V) =@ and Y — V € CO (Y)
containing y. This shows that G (f) is strongly dg co-closed in X x Y.

Corollary 5.14: Iff: X — Y is slightly dg continuous and Y is clopen Hausdorff, then
G (f) is strongly dg co-closed in X X Y.

Theorem 5.15: Let f: X — Y has a strongly dg co-closed graph G (f). If f'is injective,
then X is dg 7.

Proof : Let x and y be distinct points of X. Then (x, £ ()) € (X X ¥) — G (f). By Lemma
5.12, there exists dg clopen set U of X and V' € CO (Y) such that (x, f (v)) € U x V and
FU)NV=¢. Hence UN " (V)=¢ and y ¢ U. This implies that X is dg 7).

Theorem 5.16 : Let f: X — Y has a strongly dg co-closed graph G (f). If f'is surjective
dg open function, then Yis dg 7.

Proof: Let y, and y, be distinct points of Y. Since f'is surjective f (x) = y; for some x € X
and (x, y,) € (X x Y) — G (f). By definition, there exists dg clopen set U of X and Ve CO (Y)
such that (x, y;) € U x Vand (U x V) N G (f) = ¢. Then we have ' (U) N V = ¢. Since f'is dg
open, f(U) is dg open such that f'(x) =y, € f(U). This implies Y is dg 7.

REeLATIONSHIPS

Eeﬁnition 6.1 : A function f: X — Y is said to be:

(1)  semi continuous [3] if /™ (V) is semi open for each open set ¥ of Y.
(2)  pre continuous [1, 4] if /' (V) is pre open for each open set ¥ of Y.
(3) strongly dg irresolute if £~ (V) is open for each dg open set ¥ of Y.
The following diagram holds.

(i)  Pre continuous — dg continuous — slightly dg continuous

(i)  Slightly continuous — slightly dg continuous.

(iii) Strongly dg irresolute — dg irresolute — dg continuous.

(iv) Semi continuity — dg continiuity.

Example 6.2 : Let X= {a, b, c},T1=0= {0, {a}, {b}, {a, b}, X}

Define f: (X, 1) — (X, o) to be the identity function. f'is dg irresolute but not strongly dg
irresolute, as {a, c} is dg open, /' ({a, ¢}) = {a, ¢} is not open.

Example 6.3 : Let X= {a, b, c} 1=0= {0, {a}, {a, b}, X}
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Define f: (X, 1) — (X, 0) by f(a) = a, f (D) = b, f (c) = b. fis dg continuous but not dg
irresolute, as {b} is dg open /' ({b}) = {b, ¢} is not dg open.

Example 6.4 : Let X = {a, b, c}, t=0c= {0, {a}, X}

Define f: (X, 1) — (X, o) by f(a) = b, f (b) = a, f (c) = c. fis dg continuous but not pre
continuous, as {a} is open fl ({a}) = {b} is not pre open.

Example 6.5 : Take X, 1, 0, fas in the above example.

fis dg continuous but not semi continuous, as {a} is open /' ({a}) = {b} is not semi
open.

Example 6.6 : Let X= {a, b, c} t=0= {0, {a}, {a, b}, X}

Define f: (X, 1) — (X, 6) by f(a)=0b, f(b)=a, f(c) =a. fis slightly dg continuous but
not dg continuous, as {a} is open, £ ({a}) = {b, ¢} is not dg open.

Example 6.7 : Let X = {qa, b, c} 1= {0, {a}, {a, b}, X}, 0= {0, {a},{b},{a, b}, {a, c}, X}

Define f: (X, 1) = (X, 6) by f(a)=a,f(b)=0b,[f(c)=c. fis slightly dg continuous but
not slightly continuous, as {b} is clopen, ' ({b}) = {b} is not open.
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