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Analogous to a curve, called Ao-curve, which is such that is
osculating plane contains the vector d*\1ds® Rastogi [5], in
this paper, we have defined a new curve called Ay-curve.
This is such that its normal plane contains the vector
d3x'/d33, where A’ are the contra-variant components of a
unit vector in the direction of the line 1 of the congruence
passing through a point P. In this paper we have studied
some of its curvature properties in an Euclidean space of
three dimensions via-a-vis other well known curves.

PRELIMINARIES

et S:x'=x" "), (i=1,2,3and o = 1, 2), be the surface of reference of rectilinear
congruence, a line 1 of which is given by the direction cosines

A=A @), AA=1 .. (L.1)

We assume that x' and A’ are continuous along with their partial derivatives up to the
required order. At any point P (x') of S, A" is expressible as [3]

AN=p*x,,+qX, .. (1.2)

where p” are the contra-variant components of a vector in S at P and ¢ is a scalar function, X'

are the direction cosines of the normal to S at P and x', ., denotes the covariant derivative of x’
with respect to u” based on the fundamental tensor of S, gog =x', ¢, . X', 6.

The Gauss and Weingarten equations in Eisenhart [2] are given by x, p=dap X,
X, ,=-d x5 where d «p 18 the second fundamental tensor of the surface S.

Let us consider a curve C: x' =x" (s) on S, then the intrinsic derivative of x', d x'/d s and
d* x'/d s? is expressed as

x"'=dx'ds=x, ' x" = dx'/ds* = p* X', o + X'k, ... (1.3)
and X" = Xds = (0% g —ky dpog® ) Xy quP+ oy dop) X u' P, .. (1.4)

where, primes indicate the differentiation with respect to are-length s, p* are the components
of the geodesic curvature vector of the curve C and k, is the normal curvature of the surface in
the direction of the curve C [2].

Similar to above equations we can also obtain for a vector A’ in the direction of the curves
of the congruence-A, following intrinsic derivatives Rastogi and Bajpai [4].

N=dNds =\, 0w o= (Wex,, +v,X)u'% .. (1.5)
where Myot :pyaafqdotﬁgﬁy’ Va:qacx+pB dotﬁ- (16)
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For a normal congruence p', = — d'y and v, = 0, while for a congruence formed by
tangents to a one parameter family_of curves We = p', 4 and v, = p[3 dup. We known that
M. A" =1, therefore we can obtain A". A, = 0, which gives p, n'q + q v, = 0.

Differentiating A, , covariantly with respect to u'*, we get
M, ap=M" 4px', 7+ Ny X, .. (1.7
where M'yg=uup—Vadse gey,NaB:va,BJruyadyﬁ. ... (1.8)
The intrinsic derivative of dA'/ds, represented by A'"" along C can be obtained as follows:
A= (MY WP+ W ) X+ (N 0w+ v u") X ...(1.9)
such that p’ Mg+ g Nog + s “aﬁ + v vp=0.

From equation (1.7) we can get

7\41.’ aBy:(Meoc[}a nych dyégée) xi59+Xi(Me af dﬁy—"_Nocﬁ,y) (110)
such that q {Me aff (q dey + Moy —Pe,y) +Me[37 “Ga_Mﬁeay Hea)
~ 1ot doy Po — Nog (0 o+ 4 p° doy + 4 4.,) = 0. (11D

The intrinsic derivative of ¢?A'/ds? along C which is represented by A”""’ can be obtained
in the following form

A= (), A"+ BX), . (1.12)
where
A=W u" +d WP QMY g+ Mg )+ uuP u® (Mg, 5~ Nopd's)] ... (1.13)a
and
B=[veu"" "+ u"" +u"" u™ 2N, s+ Nyo) + t'* u® 0 (ds M 43 + Nog, 5)]. ... (1.13) b
A~ - CURVES

Eeﬁnition 2.1 — A curve C on the surface of reference S shall be called Ay —curve in an
Euclidean space of three dimensions if the normal plane at any point P of C contains the
vector A",

Education of a normal plane to curve C at a point P is given by Eisenhart [2] as
(x —=x)x"=0 L.(20)
For C to be a Ay-curve, ’xf =x'+ ¢ A", must satisfy equation (2.1). Hence in view of
(1.12) and (2.1), we obtain 4, u " = 0 or alternatively
[yt + 0" u™® QMo g+ M, go) + u'* 0P u'® (Mo 3, 5 — Nop dys)] ' 7= 0, .. (22)
as the differential equation of a Ay—curve.
Thus we have
Theorem 2.1 — In an Eucli@ean space of three dimensions, the differential equations of a
An-curve is given by either A, u’ =0 or equation (2.2).
For a normal congruence equation (2.2) reduces to
U {d,q u" +u" " u' P 2d, o g+ dypo) U U utd, g )
—K,d"d) wu=0, ...(23)
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While for a congruence formed by tangents to a one parameter family of curves, equation
(2.2) reduces to

u’a {pa,[} MWB +u'" u’B (zpaa 12 2ch, By*pgD dytp dot[i)]
+ [(Poops—D° doodaps) ' P —k, 3p®, sdoo+20° dogr )] uu'®=0. ... (2.4)

ALTERNATIVE EQUATION OF An-CURVES

et o, B' and v be respectively the direction cosines of unit tangent, principal normal
and bi-normal to a curve C, then for a Ay-curve, A”""’ can be expressed as follows:
N'=aB +by, .. (3.1
where a and b are arbitrary constants to be determined.

Let \ be the angle between the vectors ' and A", then for D [\ | =1,

a=D"cosy, b=+D"siny. ...(32)
Substituting in equation (3.1) from (1.3), (1.12) and using

y'=—1 (ko' +dB/ds), .. (3.3)

We obtain on simplification
N =4%+D" [t sinyu® (k8% + k' (p% p— k, d%)}
—k'p*(cosy+k T K siny)]=0 ...(3.4)
And T=siny (dyg p* uP — k, K k' + k') (k, cos w —BkD)" ... (3.5)

Equation (3.4) represented the differential equation of a Ay-curve and the vector n® is
called Ay-curvature vector of a curve C and n* vanishes for a Ay-curve.

The differential equation of a Darboux curve Semin [6] is expressed as daﬁp“u’ﬁ + kn'
= 0, therefore from equation (3.5), for a Darboux curve we can obtain

tv=—siny (k, k¥ k) (k, cos y — B k D), ... (3.6)
which implies.

Theorem 3.1. In an Euclidean space of three dimensions the torsion of a Ay-curve, which
is also a Darboux curve is given by (3.6)

Now we shall discuss some special cases.

Case L. If the vector """ is parallel to vector p’, with the help of equation (3.2), (3.4) and
(3.5) we get t =0 and

n“=4“-D"k'p* .. (37
Hence we have:

Theorem 3.2. In an Euclidean space of three dimensions, if the vector A" is parallel to
the vector B', the vector A is parallel to the vector p* and the Ay-curvature vector 1, satisfies
N U’ “= 0 such that the torsion of the curve C vanishes identically.

Case IL. If the vector """ is perpendicular to vector B’, with the help of equation (3.2),
(3.4) and (3.5) we get

A =Dk T KR p + ky d% u® — k2w - p%, p u®] ... (3.8)
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and T=BkD)" (kK k' —k,' — dyg p* u™) ... (3.9)

From equation (3.8), by virtue of p, u'* =0, py, g u'"* uP=0and 2=k’ + kg2, we get on
simplification

D'kt k. =0, ... (3.10)
which leads to k, = 0 or &, = k, provided D, k and t do not vanish.
Hence we have:

Theorem 3.3. In an Euclidean space of three dimensions, if the vector A" is
perpendicular to the vector B’ such that D, k and t do not vanish then the first curvature of the
An-curve is equal to the normal curvature.

From equation (3.9), for a Darboux curve, we can obtain t = (B k D) ' k, k' k', which
leads to

Theorem 3.4. In an Euclidean space of three dimensions, if the vector A s
perpendicular to the vector B'and the given curve C is both a Ay-curve and a Darboux curve,
then its torsion is given by t= (B kD) " k, k' k.

}\m-CURVATURE.

Enalogous to the well known definition of union curvature, let Ky be the Ay-curvature of
a curve C, i.e., the magnitude of the vector n*, then we can obtain after some calculation

Koy =A% Ao+ 2D [1" sin g {((k—k,) dup + K" po,p) A° u® — k7 K p* Ay}

— k' p* Ay cos y]+ D[t sin? g (k2 -2k, + KK kS

+ (k% Pos 5 % p— 2k 2 ke P, pdus+ K2 k) dys d% + 2ps,p) u' u'®}

+ 2kt sin vy {cos y (K K k' — p% g pott™® + ki, p* dop 0P

kTR p*u® siny (% — k, %)} + k7 k" cos? ). .. (4.1)
From equation (4.1) we obtain

Theorem 4.1. In a three- dimensional Euclidean space Ay- curvature Ky, of a curve C is
given by equation (4.1) and it vanishes for a Ay-curve.

CURVATURE OF A An-CURVE,

et us assume that

B=cy+dr" .. (5.
If 0 is the angle between y' and A"""’, we can easily obtain
c=-—cotB, d=D cosec 0. ...(5.2)

Substituting the values of ¢ and d in (5.1) together with the value of B, y'and A", we get
on simplification

A*=(Dkcosec 0)" {p“—1 " cos O (ku'"+k ' p% pu’)
—d%u” kPR pY)) ... (53)
and k,=BkDcosec®+k' v cos0(k, + dup p° WP =k, k). ... (5.9
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Multiplying equation (5.3) by u'* and using u'* p, = 0, py, g u™™ u'*= 0, 4, u'*= 0, we get
on simplification k = k, or k, = 0. Substituting k = k, in (5.4), we get

k2= (t DB) "' cos 0 dyg pou'’ (sin @ — DB) " ... (5.5)

If the given curve is a line of curvature Eisenhart [2], i.e., d,  p* u'? = 0, equation (5.5)
gives k = 0. Hence we have:

Theorem 5.1. In an Euclidean space of three dimensions, if Ay-curve is also lines of
curvature its curvature k vanishes.

SOME PROPERTIES OF OTHER CURVES

ase I. If we are given a curve which satisfies the differential equation A’ x" = 0 or
alternatively p, u'® =0, i.e., if it is a Cz-cure Bhattacharya [1], we can obtain on differentiating

i _

this equation A x" + A’ x" = 0 or alternatively
op u®u® + (o p*+ q k) =0. ... (6.1)
If we assume that the given curve is also a hyper-asymptotic curve [3], i.e., pop” + gk,

= 0, by virtue of equation (6.1) we get p, p u'* u'? = 0, which shows that the given curve is an
N*-curve Trivedi [6]. Hence we have:

Theorem 6.1. In a three dimensional Euclidean space the necessary and sufficient
condition for the Cp-curves to be a hyper-asymptotic curve is that it be an N*- curve.

Case I If we assume that A"’ X' =0, i.e., Nypu'® uP =0, we can obtain
MIX T X s =0, .. (6.2)

which can be expressed as B = Mj 01'5Ot u'*. Hence we have:

Theorem 6.2.— In a three- dimensional Euclidean space, a curve C, satisfying N, g u'® uP

=0, also satisfies B = My d°, u'*.

Case IIL. If for a curve C in an Euclidean space of three dimensions """ x"" = 0, we get on
differentiation A'""" x" + A" x"' =0, which leads to

Ag u'® + M, p*+ Nk, =0. ... (6.3)

If A, v'*= 0, the given curve is a Ay-curve, while if M, p*+ N k,= 0, the given curve is a
generalized asymptotic curve [4]. Hence we have:

ri

Theorem 6.3. In a three-dimensional Euclidean space a curve C satisfying A" x'* = 0 or

alternatively M, u * =0, is a generalized asymptotic curve if and only if it is a Ay-curve.
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