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In this paper | have defined a curve which is such that its
341

osculating plane contains the vectors , where A’ are

ds?®

the contra—variant components of a unit vector in the
direction of the line ¢ of the congruence passing through a
point P. We have called such a curve as Ag—curve in an
Euclidean space of three dimensions and studied some of
its curvature properties.

INTRODUCTION

et S:=x'=x"(u",(i=1,2,3and a = 1, 2), be the surface of reference of a rectilinear
congruence, a line ¢ of which is given by the direction cosines

A=A (ua), A-A=1 .. (L.1)

We assume that x' and A’ are continuous along with their partial derivatives up to the
required oreder. At any point P (x') of S, A" is expressible as [3]

AM=p*x,+tqX ... (1.2)

where p* are the contra-variant components of a vector in S at P and ¢ is a scalar function, X’
are the direction cosines of the normal to S at P and x', denotes the covariant derivatives of x'
with respect to ™ based on the fundamental tensor of S, g, = x'y - X'p.

The Gauss and Weingarten equations are given by Eisenhart [1] as follows:
Xop = dop X', X'o = — dup gps X's .. (1.3)
where d;p is the second fundamental tensor of the surface S.

i
Let us consider a curve C : x' = x' (s) on S, then the intrinsic derivatives of x', — and

ds
d*x
P are expressed as
s
i 2.
x'= di =x g u x" = d”x =p%, o + X'k, (1.4
ds dS2
and X" =(p% = kydyo &) X', o '+ (ki p + p* dop) X u® .. (1.5)

where primes indicate the differentiation with respect to arc—length s, p* are the components
of the geodesic curvature vector of the curve C in two dimensional Euclidean space and %, is
the normal curvature of the surface in the direction of the curve C [1]. For a normal
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congruence equation (1.2) gives p* = 0 and g = 1, while for a congruence formed of tangents
to a one parameter family of curves ¢ = 0 and p® is a unit vector in a two dimensional
Euclidean space.

INTRINSIC DERIVATIVES OF VECTORS \f

imilar to equations (1.4) and (1.5) we can also obtain for a vector A’ in the direction of
the curves of the congruence-A, following;

Intrinsic derivatives

A= ar Mo ' = (W Xy + v X) 1%, 2.
ds
where Wa=p"sa—qdup &, va =G+ P dup . (22)
Differentiating A',, covariantly with respect to u®, we get
Moop =My x', + Nyg X, .. (2.3)
and Mg =W p— Vo dpo 8% Nog = Ve p + Wa dip .. (2.4)

Since we know that A is unit vector, therefore we can obtain A A, = 0, which gives py
i
Wy + g vq = 0. The intrinsic derivative of 5 represented by A" along C can be obtained as
s
follows:
xui — (Mya[} quL uvB + “Ya unot) Xi,y + (ch[} uvot ulﬁ + Vo unot)Xi (25)

where p, M7y + g Nog + 1% 1’ + v v = 0, which is a consequence of p,u’, + gv, = 0. From
equation (2.3) we can get

kiaa[}y = (Meot[}, 2 chB dyS gée) xiaﬁ + X (Meotﬁ dﬁy + Naﬁ,y) s (26)
Such that
q{Meth (q dey + ey _Pe,y) + Meﬁy Moo — MBG; Y uea}
- uea uch d@yptp - NOLB (Meypﬁ + qpe dey + q qay) =0 s (27)
240
The intrinsic derivative of 752 along C which is represented by A" can be obtained in
s
the following form
A" = (x,, AT+ B X)) .. (2.8)
where A= [, u"* + n"a u'B QM Typ + M Tpo) + u u® u® (Myps — Nog d'5)] ... (2.9)
and B =[vg u"* +u" u® (2Nop + Nao) + 0 u® u® (dys Mo + Nygo)] ... (2.10)

}\40—CURVES

Eefinition 3.1: A curve C on the surface S hall be called Ay—curve in an Euclidean space
of three dimensions if the osculating plane at any point P of C contains the vector A"".

The equation of osculating plane at any point P of C can be written as [1]
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ljk(' ! xi)(u'cx/ac)(p x7a+kan) 0 (31)
where 'x' are current coordinates of a point in Euclidean space of three dimensions and p?%, the
first curvature vector is expressed as [1]

pr=u""+ {"p} u® ...(32)

Now if A" lies in the plane (3.1), equation '’ = x' + ¢ A"", must hold for all z. Hence we
get

874 x.o) (p" Xy + X k) (6, A7+ BX) =0 ..(33)
Using [1]

8 XXX =087 XX =0 ... (3.4)
In equation (3.3), we obtain on simplification

87 XXt Xy (Bp“—k, A% =0 .. (3.5
Summing (3.5) for ¢ and a and neglecting non—zero terms and using e;; = — e;; = | and

e = ey =0, we obtain
oo (Bp*—k,AM=0 ... (3.6)

Hence we have:

Theorem 3.1: The differential equation of Ay—curves, in an Euclidean space of three
dimensions is given by equation (3.6)

If either C be a geodesic or B = 0, the equation (3.6) reduces to

e A*=0 ... (3.7
which implies that either &, = 0 or
esqu®A*=0 ... (3.8)

Using equation (3.2) for a geodesic curve, equation (3.8) can be represented by
Gay u'G u|9 ® '6 [2{ BS} {B Ggo} “' o IJ' B { 9(p}75
—{" 00} ("o + Mlos + M5, — dsp 8" vo) + Mo95 — Nog dsu 81=0 ... (3.9)

If we consider that the Ay—curves are either asymptotic lines or satisfy equation (3.8),
equation (3.6) leads to e, , u'° B p* = 0, i.e., either it is a geodesic curve or B =0, i.e., it is a
generalized Darboux curve Rastogi and Bajpai [2]. Hence we have:

Theorem 3.2: The necessary and sufficient condition for a Ay—curve to be either a

geodesic curve i.e., u" p* = u” p' or be a generalized Darboux curve, is that it is either an
asymptotic line or satisfies equation (3.8).

}\40—CURVATURE OF A CURVE ON S

he equation (3.6) is the single differential equation of A,—curves. The equation of
Ag—curves can alternatively be expressed as

T'=Bp'+k,eqqu’ A" grpu®=0 .. (4.1) ()
TP=Bp —kyegqu®A*gu®=0 ... (4.1) (ii)
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In analogy with the definition of union curvature [3], we define the vector with
contravariant components 7% as the Ay—curvature vector and the magnitude of this vector shall
be called A—curvature. From equation (3.1), we can observe the following

Theorem 4.1: The A,—curvature vector in an Euclidean space of three dimensions is a
null vector at each point of the Ay—curve.

Using g45 = (xi,OL xi,ﬁ )F) = g ey, the Ag—curvature of the curve is defined as

Ko = gop ™ TP .. (42)
Since gqp u" u™ = 0, therefore with the help of equation (4.1), we can write (4.2) as
Ko=gop ™ (B p* — k, A" .. (43)

From equation (4.3), we can easily obtain.

Theorem 4.2: The ratio of Ky—curvature of a generalized Darboux curve and normal
curvature to the surface is given by g, u' AP,

If k= €qp u' p[3 , be the geodesic curvature, from equation (4.3), we can observe that the
geodesic curvature along a Ay—curve (K, = 0), is given by

Bhy=ky eqp u* A .. (44)
which is analogy to the geometrical interpretation of union curvature, Springer [3], gives

Theorem 4.3: The Ky—curvature of a curve C at any point P on a surface of reference S of
a rectilinear congruence is the curvature of C obtain by projecting C onto the tangent plane to
S at P, in the direction of A"

CURVATURE OF A Lo-CURVE

et o, B’ and y' be respectively the direction cosines of unit tangent, principal normal
and binormal to a Aq—curve C, then we can express Bi as

B'=aa +bA" .. (5.
Let \ be the angle between the vectors o' and A", then for D ]\"| = 1,

a=—coty,b=D cosec y ...(52)
From equations (5.1) and (5.2), we get
B’ =cosec y (D A" — o cos ) ...(53)
Since we know that x" = k ', therefore substituting from equation (1.3), we can write
p* X' + X'k, =k cosec y [D (x',q A% + B X') — X', ™ cos ] ... (5.4

Multiplying equation (5.4) by X', g x',s € u" and A" respectively and solving, we get
the following expressions for the curvature k£ of a Ay—curve

k=(BD)" k, sin y .. (5.5)
k= (D epu™ AP "k, siny ... (5.6)
and k=siny (p* A%+ B k,) [A* (DA" — u"* cos ) + DB (5.7)

Multiplying equation (5.1) by B;, we can obtain on simplification
k=b(p“A“+ Bk, ... (5.8)
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Substituting the value of b from equation (5.2), we get
k=D cosec y (p“ A“+ B k,) ... (59
Since D and cosec y can not vanish, therefore from equation (5.9), we can obtain

Theorem 5.1: The necessary and sufficient condition for the curvature k of a Ao—curve to
vanish is given by the vanishing of p* 4, + B k,

Since we know that — (ko + 1y') = k™' x”*', therefore using equation (1.5), we can obtain
"YIZ - (kT)71 u’B {Aa(paaﬁ - kndaﬁ) xisot

+B (K, p+pidyp X} — kv ' X\’ ... (5.10)
Which leads to
K2 = —[u {4 (0% = kuddp) + B (g + o)} (Aot™®) - (5.11)
Applying Theorem 5.1, to equation (5.11), we obtain on simplification
{p* (Aup — B dyp) + ki (B.g + Aud’p)} wP=0 ... (5.12)

Hence we have:

Theorem 5.2: The necessary and sufficient condition for the curvature k of a Ay—curve to
vanish is given by (5.12).

T OoRSION OF A %0-CURVE

Eifferentiating the identity y' = o/xp’, with respect to s and using equation (5.3) and the
Frenet formula dyi/ds = 1B’ Eisenhart [1], we get

T (DX = cos y dx'/ds) = {(dx'/ds)x)""y {D’ — D cot y (d y/ds)}
+ D{dx'1dsox) + (dx'1ds ™) ... (6.1)

Substituting the values of 1" and @2 x'/ds? in equation (6.1) and multiplying the resulting
equation X', we obtain on simplification the torsion of a Ag—curve as follows:

T (BD) 'eop [{D’~ D cot y (d y/ds)} A"uw®
+ D{APP* + (4% o - Bdo) uw uP}]. ... (6.2)

With the help of equation (5.6) and (6.2), we can obtain a relationship between the
curvature £ and the torsion t.

SOME SPECIAL CASES

ash I: Normal Congruence. Let us consider that the congruence be normal, then in

that case we have p,=0,g=1, A’ =X, u', == d' 4 v4 =0, M'yg=—d" op, Nog=—d', dyg and
equation (2.6) can be expressed as

ecauac [k,,u”’Y day_ M”BM’B {pot(zdy5 dyﬁ+dyﬁ dvé)
—ky Q%+ d%, )} —u® u” u® {p®(dys d'o  + d'o dyp 5+ d'o 5 dip)
— ki (d%,p,5— d"s d's dig)}] ...(6.3)

Hence we have
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Theorem 7.1: For a normal congruence in an Euclidean space of three dimensions;
Ao—curves satisfy equation (7.1).

Case II : Congruence formed by tangents to a one parameter family of curves. In
such a case, we have ¢ = 0, p“ is a unit vector, A' = x', o p%, 'y = p'e, Vo = p° dyg and hence
equation (3.6) can be expressed as

Coo t'” [u" (dyg p* PP =k %) + u'® uP {p® (295 dg + 2(p” o)’
+plpds+ (O dgo), 5) — kn (20°%, 5,5 — 2p" dso d’% +p%ps

p" dyo d’s)} + u'® uP u® {{p"dys (0, g5 = P doo d'p) + p7(P', 0.5 dip
+ o dyps T (Pdo0) )} = kn{p® s = P oo oo d% = p° dyos

d'y = p° - dop A5 — d% (PO, @ doB + (p° dyp). )} 11 =0 .. (6.4)
Hence we have:

Theorem 7.2: In an Euclidean space of three dimensions, for a congruence formed by
tangents to a one parameter family of curves, Aj—curves satisfy equation (7.2).
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