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JNTRODUCTION

e recall the following definitions from Dey [5]
1.1. Difference Matrix - Let A (= 1) and m, n (> 2) be positive integers and G be a ﬁnite

additiva ahalian oronn oo ati of w1 alamante Than a diffaranca matriv 1N (A 212
auudliunvw ﬂUI'lll.-lll 5!\]“}] hUll’l‘)lllls \ll I'Il/ \-l\.rlll\.rlll') l 1wl A ulliviviive 11IAauina s \I\-IIE’ IL’ lll.l l’ Cl

Am X n matrix with elements from G such that among the differences of the corresponding
elements of every two distinct columns, each element of G appears A times.

1.2. Hadamard Matrix - A square matrix A of order n with entries from {1, —1} is called
a Hadamard matrix if HH' = nl, where I, isann x n identity matrix.

1.3. Balanced Incomplete Block Design (BIBD)

Let V= {1, 2, 3, ..., v} be a non-empty set and B = {Bi, P2, ..., P»} be a multi set of
subsets of V. Then (V, B) is a block design. The elements of V' are called treatments and the
elements of P are called blocks.

Let V= {1, 2, 3, ..., v} be a non-empty set and p = {Bi, P2, .... Bs} be a multi set of
subsets of V. The elements of ¥ are called treatments and the elements of B are called blocks.
A BIBD is an arrangement of v treatments into » blocks such that each block contains k
treatments, each treatment belongs to r blocks and each pair of treatments belongs to A blocks.
v, b, r, k, \ are called parameters of the BIBD. These parameters are not all independent but
are related by the following relations:

(i) vr =Dk (irk-1D=aAw@-1).
A BIBD for which v = 0 is called a Symmetric BIBD (SBIBD).
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1.4. Circulant Matrix

Ann X nmatrix C = [¢ijlo<i jen-1 Where ¢ = ¢j_j(moan) is a circulant matrix of order ».

Co G €z .. Cn—
Ch Co Cq T .
C=]|Ch2 Ch1 Co . Cn-z

\ 51 G2 G . & /
= circ (¢y, €1, s Cp—1)

1.5. m-class Association scheme (AS) and Association matrices

Let X be a non-empty set of order v. A set @ = {Ry, Ry, ..., R;,} of non-empty relations on
X is an m-class AS if following properties are satisfied

() Ro={(xx)}:x€X)

(i) Qisa partition of X X X i.e.

UloRi = XX X,RiNR; = pifT#].
(iii) R! = R, where R = {(x,y):(¥,x) €R;},i=0,1,..,m.
(iv) Let(x,y) €ER;.Fori,j,k€01,.. m

Bhe = ply = [tz ) € R [ |2.) €y
which is independent of (x,y) € R;.
If (x,y) € R; then x and y are called ith associates. For a given treatment « € X, the
number of treatments which are /-th associates of ais n; (=0, 1, 2, ..., m), where the number
n; is independent of the treatment o chosen. The non-negative integers v, n,, p}k (i, k,j=0,1,

..., m) are called the parameters of the m-Class AS. Every treatment is zero-th associate of
itself. These parameters are not all independent but are connected by the following relations

@) XEim=v-—1

_— n —1ifi=j
(i)  Xktq Pjr = { n ifi # j

The i-th association matrix B; = [b;ﬁ]ggigm of an m-class AS is a symmectric matrix of
o, BeEX
order v where

o {1 if a and B are mutually ith associates
a4 0 Otherwise
Association Matrices have the following properties
(i) Bo=1, (if) ZJ% B; = J, (iil) BB; = B;B; = Tpopls (ij = 0,1,2,...,m)
1.6. Partially Balanced Incomplete Block (PBIB) Design

Let X be a non-empty set with cardinality v. The elements of X are called (reatments. A
PBIB design based on an m-class association scheme is a family of b subsets (blocks) of X,
each of size & such that each treatment occurs in » blocks, any two treatments occur together in
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A (i=0,1, ..., m) blocks if they are mutually i™ associates. v, b, r, k, &; are called parameters
of'a PBIB design.

The following relations connect these parameters of PBIB design and also of the parent
association scheme:

(i) vr = bk (i) X2, n; A; = rk, where A, = 1.
1.7. Group divisible (GD) and Rectangular AS

A GD AS is an arrangement of v = mn treatments in a rectangular array of m rows and »
columns such that any two treatments belonging to the same row are first associates and
remaining pairs of treatments are second associates.

The parameters of GD AS are as follows:
v=mn,m=n—1 n2=n(mf ])
n—117]
- Py =
0 n(m—l) n—l nim-—2

Rectangular AS, introduced by Vartak [22], is an arrangement of v = mn treatments in a
rectangular array of m rows and n columns such that any two treatments belonging to the same
row are first associates, any two treatments belonging to the same column are second
associates and remaining pairs of treatments are third associates.

1.8. Group divisible design (GDD)

A GDD is a 2-class PBIB dcsign based on a GD AS of v = mn trcatments arranged with b
blocks such that each block contains k distinct treatments, each treatment occurs in exactly #
blocks and any two treatments which are first associates occur together in A, blocks, whereas
any two treatments which are second associates occur together in A, blocks. v, b, r, k, A, k; are
called the parameters of the GDD .

Let N be the incidence matrix of a GD design with parameters v = man, b, r, k, A Ay. Then
the eigen values (6;) and the corresponding multiplicities (o) of the matrix NN” are given by

O=rk,0=r—=AL0=rk=—Vh,0p=1l,as=m(n-1),=m—1.
GD designs have been classified into following three categories based on the eigen values
of NN"
(i) Singular, if ¥ =2,
(ii) Semi-regular, if » > A; and rk = v,
(iii) Regular, if r > A and rk > vi,.
1.9. Rectangular Design

Rectangular design is a 3-class PBIB design based on a rectangular AS of v = mn
treatments arranged in a rectangular array of m rows and n columns in b blocks such that

(1) Each block contains k distinct treatments
(11) Each treatment occurs in exactly » blocks

(iii) Any two treatments which are first associates occur together in X; blocks, whereas
any two treatments which are second associates occur together in A, blocks and the treatment
which are third associates occur together in A5 blocks. v, b, r, k, &, Ay, k3 are called parameters
of the rectangular design.

Rectangular designs have been studied by Suen [21], Sinha [15], Sinha et al. [16, 17, 18,
19, 20], Kageyama and Miao [9] and so on. The rectangular designs are uscful for factorial
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experiments, having factorial balance as well as orthogonality [7]. GD designs have been
studied by Bose and Connor [2], Dey [4], Dey and Nigam [6], John and Turner [§8], Rao [10],
Seberry [13]and so on. GD designs are also suitable for factorial experiment [4]. Singh and
Prasad [14] defined Generalized Orthogonal Combinatorial matrix (GOCM). Saurabh and
Singh [12] defined Generalized Row Orthogonal Matrices (GROM) and Generalized Row
Orthogonal Constant Column Matrices (GROCM). It is shown that a GROCM is in general an
incidence matrix of certain 2- and 3-associate PBIB designs. In this paper some rectangular
designs in the range of r, £ < 10 have been constructed which may be new. Some GD designs
listed in Clatworthy’s table [3] have been constructed.

For convenience, I,, denotes the identity matrix of order n, /¢y, denotes the t X u matrix
all of whose entries are 1 and Kixy = Jixy — lixu.- A @ B denotes Kronecker product of
matrices 4 and B.a! = circ. (0,0,0, ... 1, ... ,0) is a basiccirculant matrix of order n with 1 at
(I + 1)-th position such that o™ = I,,.

ZEFINITION OF GROCM

c recall the definition of GROCM

Let N = [Ny], i, je {1, 2, ., m} where N, are {0, 1} matrices of order n X s;. Let
R;= (N, Ny, ..., Ny,) be the ith row of blocks. We define inner product of two rows of blocks
R;and R;as Ry o R; = RiR] = X7, Ny Njj..

N is called a Generalized Row Orthogonal Matrices (GROM) if there exists fixed positive
integer r and fixed non-negative integers A;, As, A3 such that

op — pRT —vm N NT — rl, + LK, ifi =]
Rio Ry = RiRj = Liees NucVjie = {,121,1 + AgKy 1§ # ).

A {0, 1}-matrix N is called a constant column matrix if sum of entries in each column of
N is constant. A GROM with constant column sum k will be called GROCM.

Clearly v =mn,b = m(s; + 5, + -+ 5,). M, 1,84, S5, oo, S, V. ks Ay, A5, A3 are called
the parameters of the GROCM. Ay, A;, A3 are called concurrences of the GROCM.

eONSTRUCTION THEOREMS

]
uhcorcm 3.1. There exists a rectangular design with parameters

v=2p",b=2p"+m +my)r=p" +m+my,k=p", 4, =0,
N il

] +my +m,,

A3 = m= pT,n=2.

Proof : We know that a Hadamard matrix H of order p” + 1 can be constructed by
Paley’s type I method, where p” + 1 = 0 (mod 4). Let /; be the core of H. Replace in /{;, 1
and —1 by I, and K, respectively to obtain a block matrix &;. Let N, denotes m1, copies of
p" x 1 block matrix with blocks I i.e.
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L
I . . . :
N, = 2 and Let N; denotes m, copies of p” X 1 block matrix with blocks K; i.e.

L

K|
N; = K.z Then N = [N}, Ny, N3] is the incidence matrix of a rectangular design

N3 J V1, Ng, N3 anguia 1gn
K

required parameters.

with the

Inner product of two rows of N is
(pT + nmy + m2)12 + 0K2ifl =j
RioR; = (pr—l pT+1
2
Corollary 3.1.1There exists a rectangular design with parameters
v=2p" —-D,b=2("+m+m,),r=p" +my +myk=p"—1,A4 =0,
pr—1 pr+1 )
Azz 2 +m1+m2,A3=T,m:p’—l,n=2.

Proof: If we delete { rows of blocks of N, then we obtain a rectangular design with the
required parameters.

+m1+m2)12+( )Kzifi;&j

Some rectangular designs in the range of 2 < r, k£ < 10 using the above series which may
be new

(Hv=14,b=20,r =10k =74, = 0,4, =6, =4,m=7,n = 2.
(Qv=12b=20r=10,k=6,1 =01, =6,4; =4m = 6,n = 2.
(3)v=10,b = 20,r = 10,k = 5,4, = 0,4, = 6,43 =4,m = 5,n = 2.
Hv=8b=20,r=10,k=4,4, =04, =6,1; =4m=4,n=2
G)r=14b=1871r=9k=74,=0,4, =51 =4m=7n=2.
6)v=12b=187r=9k=61, =01, =51, =4m=6n=2.
(NHvr=10b=187r=9k=521,=01, =51 =4m=5n=2.

Than m L) Thavra avicte a Qamiramila aaior 171 maramatarg
A Vv IR T 18| CALOLD d vl bsuja UDI&IJ Yy iLll palcuu\.uua
'
p'+1

v=2p",b=2p"+ D,r=p"+1Lk=p", A, =01, = ,m=p,n=2,

Proof: Saurah and Singh [11] have shown that a GROCM N represents a GD design if
either A; = A3 or A, = A;. Hence N represents a GD design if m; + m, = 1 and thus we
obtain a GD design with the required parameters.

Corollary 3.2.1. There exists a Semiregular GD design with parameters
v=2(p"—-s),b=2(p"+1),r=p"+1k=p"—5,1 =0,
pr+1

Proof : If we delete s rows of blocks from the incidence matrix of the previous GD design
then we obtain a GD design with the required parameters.

m=p" —sn=2.
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Particular cases are SR2, SR4, SR19, SR21, SR39, SR54, SR69, SRB2.

Theorem 3.3. Let A (> 2) and ¢ (= 2) be powers of the same prime then a Semiregular GD
design with parameters v=b=Am%r=k=Am A =0, =Am=2At,n=m can be
constructed using D (Am, Am; m).

Proof: The proof is an easy verification.
Particular cases are SR67, SR72, SR92, SR95, SR102, SR108.

ConcLusion

A combinatorial structure GROCM has been used to construct some certain 2- and 3-

associate PBIB designs. A GROCM can also be used to construct some more combinatorial
designs which are suitable for factorial experiments.
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