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In this paper, we show that the Two Diophantine Equations
2"+ 3 =Zand 2°+ 7' = Z* have a unique solution (3, 0, 3)
in non-negative integer.
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9I‘IT RODUCTION

2002, J. Sundor studied two Diophantine equations 3* + 3’ = 6° and 4" + 18" = 22°.
After that D. Acu (2007) studied that the Diophantine equation 2x + 5y = =%, He found that this
equation has exactly two solutions in non-negative integer (x, y, z) € {(3, 03), (2, 1, 3)}. In
(2011) A.S. Uvarnamani, A. Singta and S. Chotchaishit studied that the two Diophantine
equations 4° + 7 = z” and 4° + 11” = . Inspired by [1] and [3] we study the Diophantine
equation 2° + 3= z2and 2% + 7= z* have a common solution (3, 0, 3) where x, y, and z are non
negative integers.

%AIN RESULTS

nn this study, we use Catalan’s Conjecture (see [4]). It is prove there that the only
solution in integers @ > 1, » > 1, x> 1 and y > 1 of the equation ¢* + ¥’ = [ isa=y =3 and
b =x=2. Now we have the following theorems

Theorem 2.1: The Diophantine equation 2 + 3¥ = z* has three solutions in non-negative
integers.

Proof: From the Diophantine equation
2+ =7 (D)
we consider the following four cases
Case (i) : x =0 we have
1+3=2
Implies that ¥=2_1
¥l 1+ 1)
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Let
Implies that

(2)-(1) implies

z—1=3"
¥=3“(z+1)
z+1=3 ¢
2=8FFY 1)

(3)istrue foru=0,y=1.

Ifu=0in(l),weget z—1=1

z=2

Therefore in this case solution is (0, 1, 2)

Case (ii) : If y = 0 we have

Let
We get
(5)-(4) implies

X+l=2

M2 g
V)

2=(z-1)(z+1)
z—1=2"
z+1=2""

2 =g 11

If u = 0 then there is no y satisfy (7)

It is impossible to find x if y = 0.
Case (iii) : If x> 4, letx =4 in (1) we get

Implies

Let
We get from (8)
(10)-(9)

Ifv=0wegety=2 ifv=01n(9) we get

Implies

gety=0,z=3.

to ~rnca anlir
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Case (iv) : Ifx >

1613=7
¥=2-16
¥=@E-4@z+4
z—4=3"
Z+4=3""

B =92 _1]
T4 =1 g=25

i'ﬂ" givian Amia dren o

8+3=27
¥=7-8
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. (9)
.. (10)
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, let x =3 we get from the equation (1)

L.

Y=(z2-2v2)(z+2V2)

It 1s not a non negative integer case. So we can find the solution of (11), By trail we can

The solution in this case is (3, 0, 3).

Theorem 2.2: The Diophantine equation 2° + 7 = z* has three solutions in non-negative

integers.

Proof: From the Diophantine equation 2° + 7 = 2*

.. (12)
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we consider the following four cases

Case (i) : x =0 we have

1+7=2
Implies that P=g
P=@-1)(+1)
Let z—1=7" o (13)
Implies that 7=T7"(z+1)
z+1=7"" .. (14)

(13)'(14) 1mplleS 2= 7“ (7‘v u l)
It is impossible to find y
Therefore x # 0

Therefore in this case solution 1s (0, 1, 2)
Case (i) : Ify=0wehave 2 +1=7

Implies that F=z_1

2=z-DE+1D
Let z-1=2" .. (1)
We get z+1=2"7" ... (16)
(15)-(16) implies D =T 1] (17

If = O then there is no y satisfy (7)
It is impossible to find x if y = 0.
Case (iii) : [fx>5, letx=5in (1) we get

32+7 =7
Implies P=F-32
T'=(z-4V2) (z + 4/2) ... (18)

It is not a non negative integer case. So we can find the solution of (18), By trail we can
gety=2,2=9

In this case solution for the given equation is

~~

0 5,2,9).
Case (iv) : Ifx >3, let x =3 we get from the equation (1)
8+3 =7 .11

-

Implies F=z-8
Y= 2v2)(=+2v2)

It is not a non negative integer case. So we can find the solution of (11). By trail we can
gety=0,z=3.

The solution in this case is (3, 0, 3).
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oncLusion

Eﬂ this paper we find a common solution for the two Diophantine equations 2* + 3" = z*

2

and 2"+ 7' =2is (3, 0, 3).
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